Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathemalica
Balkanica

New Series Vol. 15, 2001, Fasc. 1-2

Generalizations of the Condition Number

Predrag S. Stanimirovié

Presented by P. KNenderov

Generalizations of the condition number K (A) = ||A||||A||, based on {1}-inverses, are
introduced. A few properties of the generalized condition number, which represent extensions
of known results concerning the condition number K (A), are investigated. The introduced
condition number by means of {1}-inverses can be used in the error analysis in computation
of these inverses as well as a measure in construction of adequate test matrices.
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1. Introduction

Let C™*™ be the set of m x n complex matrices, and C™**" = {X €
C™mxn o rank(X)=r}. By R(A) we denote the range of A, and by N (A) the
kernel of A. For any matrix A € C™*" consider the following equations in X:

(1) AXA=A4, (2) XAX=X, (3) (AX)*=A4AX, () (XA)'=X4
and if m = n, also
(1%  AMG = AF, (5) AX = XA.

Ior a sequence & of elements from the set {1,2,3,4,5}, the set of matrices
obeying the equations represented in S is denoted by A{S}. A matrix from
A{S8} is called an S-inverse of A and denoted by A(S),

TFor the sake of completeness we restate briefly a few known facts about
the condition numbers.

Definition 1.1. The condition number of a given regular matrix A,
denoted by cond(A), is defined by

cond(A) = [|A]|]] A=Y
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The condition number provides a global measure for the sensitivity of A
with regard to the numerical solution of the system of linear equations Az = b,
or to the numerical computation of the inverse A~! [8]. The condition number
is used as a magnification factor in determination of the bound of the relative
error in solving the system of linear equations Az = b.

Theorem 1.1. For « given regular matriz A of the order n X n the
following statement is valid:

|80]]

izl |
ond ) e

The notion of the condition number of an arbitrary matrix (expect the
zero matrix) can be defined as follows (see [5], p.140).

Definition 1.2. The generalized condition number (sometimes also
called pseudo condition number) I'(A) of a rectangular or singular matrix A €
Cmxn with respect to spectral norm, is defined as

K(A) = [|A] A1) .

Pseudo-condition number of any matrix A is used as an important tool for
measuring of the sensitivity of the solution of problems to small perturbations
of given data [9]. For example, the pseudo-condition number is important as
a measure of sensitivity in the numerical computation of the system of linear
equations,

(1.1) Az =0, AeC™™", 2e€C", beC"

when one actually uses Atto “solve” the system. Also, generalized condition
number is used as a measure of the inaccuracy expected in the numerical com-
putation of the Moore-Penrose inverse. Ior this purpose, it is used as a main
criterion in the construction of test matrices [8].

In the paper [2], Ben-Israel uses generalized condition number of the
matrix A in the derivation of some estimates of the relative error of the best
approximate solution @ = Afb. Besides of small perturbations in the vector z,
Ben-Israel investigated small perturbations in the matrix A as well as in the
vector b. For the sake of completeness we restate known results from [2].

Theorem 1.2. [2] If matrices A € C™*"™ and B € C™**™ satisfy
(1.2) AATB = B,
(1.3) AtAB* = B,
(1.4) AT B||

A
o
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then the following stalements are valid:

(i) (A+ B)t = (I+ AtB)~1Af,

(o]

(1.5) (i) (A+B)t— AT =>"(-1)kAlB)* Al
k=1
I ATB(||| AT
(ZZZ) II(fl-{-B)T-*Af” < T:”_AT“

Also, in [2] is studied the sensitivity of the best approximate solution
& = ATb to variations in the data A, b.

Theorem 1.3. [2] Let the system Ax = b is solvable, and x = A'b.
Then the following statements are valid:

(i) If
(1.6) (x + 6z) = AY(D + 6b),
fher oz j60]
T
1.7 < K(A)=—-.
(L.7) el < A
(i) If
(1.8) (2 + 6z) = (A + 6A4)T,
and the matriz 6 A satisfies conditions:
(1.9) AAt6A = 64,
(1.10) ATA(6A)* = (64)%,
(1.11) lAtsAl < 1,
then ;
(1.12) 6=l _ _NATlI6A] IS Al

ol < T=qarmeA] ~ XA ara—ammean:

Theorem 1.4. [2] If the system Ax = b is consistent, z = Atb and if
bz is defined by
(1.13) (z + 6z) = (A + 6A)1(b+ 6b),

where the matriz § A satisfies (1.9), (1.10) and (1.11), then

IATI (8 ATIAION +1168])) S AIA b1+ 160
1—[jAt||[|6All Al (L = [l AT{||6All)

(L.14) 18]l < = K(A)
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Stewart in [7] (Lemma 3.1) proves the part (i) ol Theorem 1.2, but as-
suming instead of the condition (1.3) the following condition:

AATBATA = B.

Generalized condition number is investigated in [2], [7], [8], [9]. In [8] the
generalized condition number is used in the construction of test matrices for the
Moore-Penrose inverse. Also, in [9] the following generalized condition numbers
with respect to used matrix norms are investigated:

Kp(A) = [|[AIA],,  p € {1,2,00, F, M,G}.
Matrix norms || - |1, || - [l25 || * llsos || < |75 || - lar and || - ||¢ are defined in [9].

The following theorem of the equivalence of condition numbers is intro-
duced in [9].

Theorem 1.5. [9] For any pair of condiltion numbers
Ep(A) = [ AlIAT,  K,(4) = (| AN,

where p,q € {1,2,00, I, M,G}, there exisl posilive conslanls ¢y = c1(p,q) and
ca = c2(p, q) such that

1, (A) < K (A) < eolKp,(A).

The constants ¢y and cy are arranged in the appropriate Table 2 in [9].

The main aim of this paper is as follows. In the parers [2], [5] are in-
troduced generalizations of the condition number of regular matrix, by means
of the Moore-Penrose inverse. TIollowing this idea, a more general condition
number by means of {1}-inverses is introduced in [4]: '

(1.15) Kp(A) = ||A||,,inf{||/l“)||,,, AW ¢ A{I}} .

In this paper we define condition numbers with respect to any selected {S}-
inverse of A, 1 € §. We investigate properties of this condition number which
represent generalizations of known results concerning the condition number
K(A) from [2], [7]. Also, we investigate properties of the generalized condition
number with respect to various matrix norms. A generalization of known result
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from [9] is derived. Introduced condition numbers by means of {S}-inverses may
be used in the error analysis in computation of {S}-inverses as well as a test in
construction of adequate test matrices.

2. Generalized condition numbers

We use a more general definition of the condition number as follows.

Definition 2.1. Generalized condition number of a matrix A € C™*",
corresponding to any generalized inverse A(S), is equal to

K5 (A) = | Al lA®]],

where || - ||, is one of the matrix norms and A) and 1 € § € {1,2,3,4,5}.

Lemma 2.1. For an arbitrary matriz A € C™*", for any matriz norm
and an arbitrary generalized inverse AS) € A{1}, the generalized condilion
numbers satisfy

Ks5(A) > 1.

Proof. Since A®) is at least {1}-inverse of A, we get [|AAS)]|, <
|AAG)||Z. Therefore, [|AA®)]||, > 1, and the proof can be completed using

AN A, > (A4S,

]

Since the introduced condition numbers satisfy K, s)(A) > 1, they can

be used as a magnification factors in some error estimates. In this way, these

condition numbers may be used in the error analysis in computation of gener-

alized inverses A(‘s), as a criterion in construction of adequate test matrices, as

well as a measure in numerical solution of the linear system Az = b when we
use A(S) to solve the system.

Theorem 2.1. If the matrices A € C™*" and B € C™*™ satisfy the

following conditions:
\

(21) AA(S)B = B,

S
(2.2) (A(I + A('S)B))( . (I 4+ A B)SAE),
(2.3) 14©) B, <1,
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then, for arbitrary S-inverse AS) of A, the following stalemenls are true:
(2.4) (i) (A+B)S) =+ A“)B) AG)

(i) (A+ B)S - A® = Z( k(s (”u) A®

1A B, A,
[ [AGVB],

2.5) i A4+ ) A(S)“) <
’

Proof.
(i) According to conditions (2.1) and (2.2) we get
(A+ B)S) = (A+ AAG B)S) = (I + A B)S) 4(5)

Since ||A|| < T implies that 4 A is nonsingular [2] (Corollary 1.4), in view
of (2.3) it is easy to verify that I + AS) B is nonsingular.

(ii) An application of part (i) implies
(2.6) (A4 B)S) — AG) = (1 4+ AS) p)=1 4(8) _ 4(5),

Since (2.3) is assumed, we get
— k
(I+AS )™ = S~ (1) (/1(5)]3) :
k=0

and

(o)
k
(A+B)S —A®) = (-1t (A(S)B> A®p — A
k=0

i(—l)k (A(‘S)B)k A©),
k=1

(iii) Starting from (i) and using (2.6), we get the following inequality:
1A+ B)S) = A, < I(1 4+ AS BY™! — 1], |4,
Now, using the following Corollary 2 from [2]:

1Al

IAl<1 = [T+ A)™ -1 < ——,
Al l ) l T— 4]
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in view of (2.3), we conclude

1A B,

) N(S) _ 4(S) A
I(A+ B) A “p__] 1A B, (1A

=
I'rom the statement (iii) of Theorem 2.1 we obtain the following corollary.

Corollary 2.1.  If the malrices A and B satisfy (2.1) and (2.2), and
if the condition (2.3) is replaced by the condition

”A(S)”P“B“P <1,

then .
| A®)]|2]| BI|,

1A Bl -

1A+ B)S — AG|, < —

Conditions (2.1) and (2.2) are derived as generalizations of the corre-
sponding conditions (1.2) and (1.4), respectively. In the following lemma we
show that in the partial case A(S) = A', the conjunction of conditions (1.2),
(1.3) and (1.4) can be derived from the conjunction of conditions (2.1), (2.2)
and (2.3).

Lemma 2.2. Conditions (1.2), (1.3) and (1.4) are equivalent to the
conjunction of the conditions (1.2), (1.4) with the following condilion:

(2.7) (a(r+ AfB))T = (I + AtB)t AT,

Proof. Using the results from [2] (Lemma 1) one can verify that the
conditions (1.2) and (1.3) imply (2.7).

On the other hand, assume the conditions (1.2), (1.4) and (2. 7) We
must verify the condition (1.3). It is well-known equivalence of the equation
(AC)t = Ct At with both of the following conditions (see [1], [3]):

AtAaccrA* = Cccrax,
CCTAAC = A*AC.
Since (2.7) is satisfied, we get

(2.8)  AYA(I 4+ A'B)(I 4+ A'B)*A* = (I + A'B)(I + A1 B)* A%,
(2.9) (I+ATBY(I + ATBYA*A(I + ATB)= A*A(I + A'B).
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In view of (1.4) the matrix I + A3 is invertible, so that (2.9) is clear. Also,
from (2.8) we have
AYA(T + AYBY(T + B*AY)YA* = (I 4+ AIB)(T + B Aty A%,
Using basic properties of the Moore-Penrose inverse and (1.2) we obtain
(I+ A'BYT 4+ B*ATYA* = (I + ATB)(A* + (AATB)7)
(2.10) = A"+ B* 4+ ATB(A* + B)
and
(2.11) AYA(L + AIBY(T 4+ B*AY)A* = A* + AYAB* + AV B(A* + B*).
IFrom (2.10) and (2.11) we immediately obtain the condition (1.3). -
We now investigate sensitivity of the solution @ = A(S)) varying the data,

contained in A and b. In this way, we generalize the results of Theorem 1.2 and
Theorem 1.3.

Theorem 2.2. Assume A € C"*" and b € C™. Also, let the system
Az = b is solvable, and the vector @ € C™ is determined by v = AW, If the
condition

(x4 éz) = AS) (b + 6b)
is satisfied, then

“51'”1)
(EP

l1601l,
101l

< Kps)(4A) where p e {1,2,00, I, M,G}.

Proof. According to the assumptions we conclude fx = A® b, which
implies

8l < 1A, B0l

Since the system Ax = b is solvable and ||b]|, < [|A[],lx]lp, we get

6|l s eolly _ - l180]l,
T2 < A Al S = K, 5y (A E,
el = 147 Al g, = Koo (D g,

n

Theorem 2.3. If the equation Ax = b is solvable, x satisfies the

condition x = A, the vector 8z is defined by

x4+ 6x = (A+64)S,
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and the matrices A € C™*" and §A € C"*™ salisfy

(2.12) AAS§A = 64,

- 2 4@5) 1) 5 41 4
(2.13) (A(1+A M)) = (T4 AD§4)S S,
(2.14) 1AL 16A4], <1,
then

o], HACSO IS Allp 1(S)
Telly < w149 Ally
. ANLl15 4]
(2.15) < Koo on(A) =i, faf,

(Ko et AN 15l
= (Kuon() G i man,)

Proof. Using 2 = AS) and « + é2 = (A +84) S, we get
By = [(A +6A)S A(S)] b.

Now, applying part (i) of Theorem 2.1, we get
6w = Y (~1)F (A)54)" A = 3" (-1)¢ (4954)" A A,
k=1 k=1

Now, it is not difficult to verify

oo
. ".
ol < 3 (1A 6AlL ) 1AS All el
k=1

and
|6 ||, (S) (S) - | S 1(S) k
il S 149l 1A el - 3 (14 LAl
¢ k=0
Il‘/l(s)”l)”(sAlIP . “A(S)A”
P*

L= [[AS, 16 All,

Finally, using || AS) Al|, < |AS||,[|A[l, = K(,.5)(A), we get the lollowing upper

bounds for Llr_;ljl% :
6|, < Kps)(A) A L18 Al
lell, — L= |AS|, 16 Al
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HANNAS L ll8 Al
Al (1 = 1AS |16 All,)

. A,
Kp.5)(A))? : r
Koo () T A7)

IX’(,,'S) ( A)

which completes the proof.

Remark 2.1. In the case 2 € S, 4 € S the matrix A A is an
idempotent and Hermitian, which implies ||AS)A||, = 1. Then the identity
(2.15) can be stated in the following form

Nozllp _ - 8 Al
< K (S (A) g " .
lell, = =R AL, (1= JAGY,[3AT)
Theorem 2.4. If the equation Ax = b is solvable, x satisfics the
condition x = A and 62 is defined by
(2.16) &+ bz = (A+ 64) S (b + 6b),

where A € C™*" and §A € C"*™ satisfy the conditions (2.12), (2.13) and
(2.14), then

A 18 Allp[1bll, + N18bll,
ALl (1 = 1AGl16A]l,)

(2.17) [182]lp < K p,s)(A) -

Proof. Using @ = ASp and  + 62 = (A + 5/1)(5)((, + 6b), we derive
(2.18) dx = [(A +64)) — A(5>] b+ (A+64)Ss0,

Applying Corollary 2.1, in a partial case B = § A, we get

AGRs Al 0]
2.1 Lt 64)S — a® ]y, < T MLNS AN ],
( 9) “ [(f + r‘) £ ] ”I = = ”A(S)“PIMAH])

An application of part (i) of Theorem 2.1 leads to

-1
(A +84))sb)l, = || (1+4©64) " A5,

IA

-1
(7 + A64) 7 1A, 851,
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Now, using again the result [2] (Corollary 2), one can verily the following

IAN 0800, o NADll6b]l,
L= |AS6All, = 1= |ASpll6 Al

(220) (A +64)Sép), <

From (2.18), (2.19) and (2.20) we derive the following transformations:

ool < TASBIALILL | 1A, 10,
L= [|AGlleAl, 1= [JAS]|6A],
”A(S)HP (”A(S)||1)“6A”7>”b||'1) + [160]l,)
L= [[AG],[|6 Al
1A pll6 ALl [0l + 116611,
Al (1= 1 AS |16 A],)

= Kps)(4)-

Remark 2.2. It is not difficult to verify the following:

(i) Theorem 2.1 represents a generalization of the statement (i) from Theorem
1.1.

ii) Theorem 2.2 represents a generalization of the statement (i) from Theorem
1 g Jd,
1.2.

(ili) Theorem 2.3 is a generalization of Theorem 1.3.

In the case 2 € § we obtain the following result.

Corollary 2.2. For arbitrary matriccs A € C™*" and B € C**™ the
following statements are valid:

(a) If the matrices A and B satisfy the following conditions:

AAR = B
NAtAB|, < 1,

then the following statements are true:

(i) (A+ B)12 = (I 4+ A2 p)~14(12),

. <o . k )

(i) (A+ B)(l’z) — A2 = Z(_l)k (zl(l')')B) A12)
k=1

(iii) ||(A + B)("Q) —/1(1’2)”,, < ||A(1,z)1}||,,||A(1,2)||p

1— [[ACD B,
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(b) If the equation Ax = b is solvable, x satisfics the condition @ —
AW, the vector 6z is defined by

x4+ 6 = (A +64),
and the matrices A € C™*" and §A € C**™ satisfy

AAUDsA = 64,
1A®D| 164l < 1,

then

lozll, _ A2, 84,
lzll, = 1= (lAG2,[l6A]l,
“A(l'2)”p”6A“p
L= [|AED,[|8A],
) 64|,
Kp,1,2(A))* - oAl :
Koy D) o e e AT,

: ||A(1'2)A“p

IA

Kp,(1,2))(A) -

Proof. lollows from Theorem 2.1, Theorem 2.3 and the following known
result [6] (Theorem 3.1): For arbitrary C' € C™*™ and D € C"*? the inclusion

(CD){1,2} C B{1,2}A{1,2}
is always true. . -

As a generalization of Theorem 1.4, where the equivalence of the con-
dition numbers K(A) is introduced, in the following theorem we prove the
equivalence of the condition numbers

K(,5)(A) = [|All,]| A

Theorem 2.5. The condition numbers

Kas)(A) = [JAILAD]l,  Kes(A), Kios)(A)
Krs)(A), Kaps)(A), Kgs)(A)

of a given complex matriz A € C™*", salisfy the following inequalilies, where
r = rani A) and max = max(m,n):
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—\/,l,ﬁl"(l,S) <Kis< vmnh s
\/#—,LK(LS) SK(psySymnk( s
I"(l ,S) < I{(G’,S) < ’IH’ILI\"(I,S)

ﬁ[\"(z‘g) S K(p,8) SVmMnk (g5

max2
mn

K2,5) < Kps) < max? K ;s

_1_]((00,3) <K s <mnk (o s)

mn
Zrn (o8 S K (s) S VMK oo,s)
(2.%-1(())0’5) < K(gsymnk (o s)
T K (rs) S (2,8 < K

nmx2
mn

I((F,S) < -l\—(Af,S) < max? ]\-(F,S)

1 _ g mn_ y-
max? K (M,S) <K (1,5) < max? K (M,S)

1
max? K Y(MS) S <K (00»5) = ma\z K (M,S)

mzx‘(l K (M,S) = <K (G, S) - ma\2 K (M,S)

mn

Il((‘,b)<IX(25)<]\(G S)

'l_I"(G,S) < 1((17,5) < I((G,S)

mn

I\(1’5)<]\(\ sySmnk g

mn

mnx"’
mn

KusySKars) < max? Kq,s)
ﬁ/\’(m) SHKag <Vmnhas )
K38 < K(psy<ri,s
K5y <K symny s)

\/m_7[\(,\, 8§ < ’\(z §)<yvmn ]x 00,8)

2
max-~
mn

I"(co,S) < [\’(1\1’5) < ma.x'z]\"(,:o,s)
7 Kns) SR as <V s
—}\/;L_T'I\-(F-S) S [\'(co,S) S vimn K(pﬁg)

]f(mg) < IX-((;’S) 777.1).,[\'( IS)

i N ,s) S K (2,8) < 225 K (1,5

11a

]\(M q)<]\([ S) < =5

= ma 1\2

I\(M S)

nm\2

mn (C. S) > <K 1,8) S <K (G.S)

n}nI (G, ) = <K (00,8) = < ‘[\((J S)

Illﬂ\
mn

K (G,8) S < [\’(‘\['Q) < mak max? ]\(

— mn

Proof. The constants presented in the table can be generated using
definitions of the condition numbers, equivalence of matrix norms (see [9]), and
that for A € C™*" any generalized inverse A€ is an n X m matrix. o
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