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In this note, we present a method to determine the lincar connections compatible with
the (g, ¢, &, n)-structure consisting on a metric tensor g, a tensor ficld @ of type (1,1), a vector
field ¢ and a l-form 5 on a differentiable manifold A wich satisly ¢ = =1 + 3O &, y(€) =1
and g(eX,0Y) =g(X,Y) —9(X)n(Y).
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1. Introduction

Let M be a (2n+1)-dimensional C'> manifold and let I'(A) be the alge-
bra of all differentiable functions on Af. We denote by TZ(Al) the I°(M)-module
of the tensor fields of type (7,s). For T}(M) is used the notation \(Af). Let
C(M) be the affin modul of the linear connections on M.

An almost contact structure on A is defined by a "> (1, 1)-tensor ficld
p, a €' vector field £ and a C* one-form 13 on M such that

(1) P=-T+9w& n&)=1,

where ® denotes the tensor product and 7 is the identity tensor. This implies
@€ =0 and 1o & = 0. Manifolds equipped with an almost contact structure are
called almost contact manifolds [1].

A Riemannian manifold A with metric tensor g and an almost contact
structure (¢, &, n) such that

(2) . (X, 0Y) = g(X,Y) — n(X)n(Y")

for all X,Y € x(M) is called an almost contact metric manifold.
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The Sasaki form @ of an almost contact metric manifold (M, g,¢,£,7) is
defined by

(3) ®(X,Y) =g(X,pY) forall X,Y € x(M).

2. Linear connections on almost contact manifolds

Let M be a differentiable manifold with an almost contact structure
(¢,&,7m). We consider the distributions I = Ker nand V = Ker ¢ = {{} on Ax
and we denote

(4) h=I-£@n, v=£(®n
the projections on H and V respectively. We have (see [2]):

h*=h, v2=wv, hv=ovh=0,

(5) p?=—h, hp=ph=¢, vp=qpv=0.

Thus h and v are complementary projection operators on M.

Definition 2.1. We call Obata operators associated to an almost
contact structure (¢, &,n) the applications A, A* : TH(M) — T}(M) defined by

1
Alw)= s(w—vow—wov+33vowov—powoy),

(©) A*(w) = w — A(w).

Proposition 2.1. A and A* are complementary projection operators

on T}(M).
Proposition 2.2. The tensorial equation
™ A*(w)=a, aeTH(M)

has a solution v € T}(M) if and only if a € Ker A. If a € Ker A, then the
general solution of the equation (6) is

(8) u=a+ A(w), we€ THM).

A similar result holds for the equations of the form A(u) = a.
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In the following, every tensor field v € T}(M) may be considered as
a field of x(AM)-valued differential 1-forms. So, if V is a linear connection on
M, then we denote with D and D the associated connections acting on the
x(M)-valued differential 1-forms and respectively on the differential 1-forms

(9) (Dxu)(Y)=Vx(uY)—u(VyY)

(10) (Dxm)(Y) = X(i(Y)) = n(VxY)
for every uw € T} (M) and X,Y € x(M).

Definition 2.2. A linear connection V on M is called a (¢, &, n)-lincar
connection, if

(11) D=0, Dp=0 VE=0.

Of course, for every (¢, £, n)-linear connection we have
(12) Vxv=vVyx, Vxh=hVy, VX €yx(M).

We see that D and D commute with the operators A and A*.
o o
We take Vx = Vx +Vy, where V is a linear connection fixed on M such

o o
that V€ =0, Dy =0 and VxY = V(X,Y), V € T}(M) for every X,Y € x(M)
and we find the tensor field V' so that it satisfies the conditions (11).
V will be a (¢,&,n)-linear connection if and only if the field V satisfies
the system of the tensorial equations

(o]
Vxop—poVx =—(Dxy) -
13 {\‘P 12 X X¥®)h VX ev(M
(3) noVx =0, V=0 x)

This system is equivalent with the system

1 ) °
(14) { A*(Vx) = =3{po Dxg+2v0 Dxh— Dyhow)
noVx =0, Vx{=0, VX € (M)

By straightforward calculus it is proved that

_ 1 o o
(15) a(X) = ——5(<poD,\'(p+2noDXh—107_\'/),0'0)
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is a nontrivial solution of the system (14) and applying Proposition 2.2 it be-
comes that the system (14) has the general solution

(16) Vx = a(X)+ A(Wx),

where W € T1(AM) must be verily the conditions

(17) no A(Wx) =0, A(Wy)(€) =0, VX € \(M).

Theorem 2.1. There are (@, &, n)-linear conneclions: onc of them is

o 1 o o
(18) Vx=Vx - E(cpoD,\'(,a-f-QvoD,\—h —]i)),\'lzo'v),

o o o o 3
where V is a lincar connection on M such that V& = 0, Dy =0, D and D being
ils associate conneclions.

Theorem 2.2. The set of all (¢,&,n)-linear connections is given by

(19) Vx =Vx + A(Wyx),

where V is an (@, §, n)-lincar connection and W € T)(M) satisfics the condilions

(17).

Observing that (17) and (19) can be considered as a transformation of
(e, &, n)-lincar connections we have the following theorem.

Theorem 2.3. The set of the transformations of (¢, &,n)-linear con-
nections together the multiplication of transformations is an abelian group. Fur-
thermore, this group, denoted by G(p,€,n) - is isomorphic to the additive group
of the tensors W € T3(M) which satisfies the conditions (17) and (19).

3. Linear connections on almost contact metric manifolds

Let M be a differentiable manifold with an almost contact metric struc-
ture (g,9,&,m). The Riemannian structure g on M can he considered as a
T§(M)-valued differential 1-form meaning that g : TH(M) — TA(M), g(X) =
gx, where gx(Y) = g(X,Y) for every X,Y € T§(M). For op € TH(M),
denotes the transpose of ¥, 9 : TY(M) — TP (M), 'P(w) = woh, Yw € TY(M).
We remark that ‘o(n) = 0. .
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Proposition 3.1.  For an almost conlacl metric structure (g,9,&,n)
on M and h, v defined by the cqualions (5) we have

gop=—tpoyg, poygl=—g"lolyp
(20) gov="'vog, goh=thoy
vog l=g lotn, hog '=g 'olh.

We also consider the Obata operators associated to g, [1],

(21) B(u) = %(u — g7 "ug), B*(u)=u— B(u).

Proposition 3.2.  For an almost contact metric structure (g,¢,€,7)
on M and for A, A* and B, B* defined by (6) and (21) we have:

1) B and B* are complementary operators on T} (M);

2) B and B* commute pairwisc with A and A*;

3) Ao B and A* o B* are projections on T} (M);

4) Ker AN KerB = Im(Ao B).

In fact,
1
(Ao B — Bo A)(u) = Z{(U oglotuoy

—g lolwotuo q)+ (g"l oluogov—gltotuotvo q)

—3(vogtotuogov—glotvoluotvoy)

1 1

+(pogtotuogop—glolpotuotpog)} =0

for every w € T} (M), or
Ao B =DBoA.

Thus we have the relations
AoB*=DB*0A, A*oB = Bo A*.
The above relations give us the possibility to formulate the following
proposition (see [6]). :
Proposition 3.3. The system of tensorial equations

(22) A(w)=a, B(u)=0b
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has a solution u € T}H(M) if and only if
(23) A(a) =0, DB(b)=0, A*b)=B*(a).

If the conditions (23) are fulfilled, then the general solution of the system (22)
s

(24) w=a+ Ab)+ (Ao B)(w), Ywe T{(M).

Definition 3.1. A linear connection V on M is called (g,9,&,7)-
connection, if

(25) Dg=0, Dp=0, Dp=0, VE=0,

where the associate connection D acts on the differential 1-forms ¢ : x(M) —
X*(M) in the following way:

(26) Dxg='Vxog—goVx, X €x(M).

Of course, for every (g, ¢, €, n)-lincar connection we have
(27) Dxh=Vxh—-—hVy =0, Dxyv=Vxvr—oVyxy =0

and the associate connections D and D commute with the operators A, A*, B
and B*. . .
We take Vy = V x+Vx, where V is an linear connection fixed on M sucly
o o
that V€ =0, Dy =0, and VxY = V(X,Y), V € TJ(M) for every X,Y € y(M)
and we find the tensor field V so that it satisfies the conditions (25).

V will be a (g, ¢, &, n)-linear connection if and only if the field V' verifies
the following system of tensorial equations

(28) {VXOSO—SOOV«Y:_ZOJ‘Pv 770‘/1\'=07

o
Wxog+goVy =Dxg, Vx&=0.
This system is equivalent with the system
1 o [ o
A*(Vx) = ——5(99 oDxp+ Dxv—3voDxv)

(29) ) -
B = é‘.’/—l oDyxg, moVx =0, Vy&é=0.
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Applying Proposition 3.3, it becomes evident that the system (28) has
solutions and the general solution is

o
(30) Vx = —%(<pol°),\r<p+ lo)_\"v—-3voD,\'v)

j o o o °
+£g'1(ng —tpoDxgop—Dygov—"voDxg+ 3tvoDxgow)

+(A o B)(Wx),
where W € T}(M) must be verify the conditions

(31) noAoB(Wx)=0, AoB(Wx)()=0, VX e x(M).

Thus we have the following theorem.

Theorem 3.1 There are (g, ,£,n)-linear connections: one of them is
o
(32) Vx =Vx + Vy,

o o o
where V is a linear connection such that Dy = 0, V&€ = 0, and Vx is given by
(80), W € TY(M) being a tensor field which verifies the conditions (31).
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