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On a Nonlocal Boundary Value Problem For
an Equation of Mixed Type
with Discontinuous Coeflicients
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A nonlocal boundary-value problem for a sccond order differential equation of mixed
type with discontinuous coeflicients in a bounded multidimensional cylindrical domain is con-
sidered. Uniqueness of a generalized solution from an appropriate class of functions is proved.
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1. Introduét ion

Let G be a bounded domain in the space R™™!, where m > 2 is an
integer number. We suppose that ¢ = (; U (o U o, where i and (4 are
domains in R™~1. For m > 3 we suppose that Gy C G, Gy = G\, OG and
o = 0Gy are (m — 2)— dimensional smooth surfaces (smooth curves for m = 3).
If m = 2, then Gl = (A],Ag), (;'2 = (/'.\2,/513), G = (r‘\],/l:;)‘ We denote
D=Gx(0,T), or =0 x(0,T), S7 =9dGx(0,T), D, =G, x(0,17), r=1,2,
where 7' = const > 0. Let &' = (21,...,@m—1), & = (X1,.+.,¥m)-

In D, we consider the operator

m—1 m
1) L= Z (L,E;)(:v)‘lta,ix] + O (@), + Z b (@)t + (),
Lij=1 i=1

where k(") ag-') € C2(D,), b, 510 o) ¢ cY(D,), ag) = a(’,.')

iihbhi=1,0..,m=1;
(r m—1 . m-—1
there exists a{” = const > 0 such that Z agf)(m)gigj > a(()") Z £, Va €

1,7=1 =1
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D,, v¢ e R L 02" T) = k()(2",0) < 0, Va' € G,. All the functions in
the present paper are assumed real-valued.
There are no any restrictions on the sign of &(")(x) for x € D,. Then the
operator (1) is of mixed type in D,.
- Let f(), defined in D,, and v(7 = 4((2") > 0 V2’ € &, be given
functions, » = 1, 2, and p € R\ {0} be a given constant.

We consider the following nonlocal boundary-value problem.

Find a function w(z) in D which satisfies the equations
(2) Lu=fT in D, r=1,2,

the boundary conditions

(3) wu=0 on St, u(z',T)=pu(z',0) in G,
(4) u(")(m T)= ,uu(r)(:v',O) in G7, r=1,2,
and the conditions
ou) ou?
(1 — ,(2) 1 _ (2
(5) u )|UT =1u IdTa 7( )aN(l)laT = 7( )aN(2)|aT )

-y 0 _ 0,0
where G5 = {2’ € G, : k(2,0) < 0}, NG = Zl (x)n; P (n1 ,
IJ—
ns,:)) is the normal unit vector outward to D, at the point & € op, u(") =
ulp,, 7 =1,2.
In the case ¢ = 0 problem (2)-(5) is local one and it is investigated in
[1]-[4], [6], [7] and other papers.
We denote by C the set of all functions, which are continuous in D,
belong to C?(D,), r = 1,2, and satisfy (3)-(5). Let W' be the closure of C
m

with respect to the norm ||ull; = (||u|| + Z]Iuac‘.”?,)l/2 of the Sobolev space
i=1

W3(D), where we used the notation ||.||o for the usual norm of Ly(D). Let

W1 be the closure in the norm ||.||; of the set of all continuous in D functions,

which belong to C%(D,), r = 1, 2, and satisfy the conditions

(6) v=0 on ST, v(m',O) = ;w(a:',T) in GT UG3.

Let f() € Ly(D), v € CY(G,), T = 1,2.
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Definition. A function u(x) is called a generalized solution of problem
(2)-(5), if w € W and

m—1

Blu, v] = / (=), g, — Z(a( D)) 1y 4+ (¢

r=1 ty=1

(7) +Zb()uJ )'y(’)u}(lL—Z/ SOy de, Vo e Wy,
In the sequel we assume 0 < |p| < 1 and denote v = =T~ 1n p2.

It is not difficult to prove the following two lemmas.

Lemma 1. Letu € C(D) and

(8) V(z)=(p—-1) o exp(v8)u(z’,0) do — p /T exp(v8)u(z’,0)do
0 Y .

for x € D. Then a constant c(i) > 0, depending only on p, evists such that
Vo < e(r)T||wllo.

Lemma 2. Letu € C and V be the function defined by (8). Then

V, Vs, € C(D); V1), V(r) C*(D,), r = 1,2; V satisfies the condzizons (6)
and Vg, = 0 on S, Vi (2',0) = uVy,(2',T) on GLU G, i=1,2,.

Lemma 3. [or each u € W1 « unique element V. € W exists with the
property: if {un,}52, C C is a sequence convergent to u in W (D) and

Tm T -
Va(z) = (e—1) exp(v8)u, (', 0) do — ;z/ exp(uO)un(.r',O) df in D
0 0 '

forn=1,2,..., then Vn — V in W}(D).

Proof. Let u € W', {u,}22, ¢ € and up — u in W3(D). From
Lemma 1 it follows that ||V;, — Vi|lo < e(u)T||un — uslo V1 € N, Vs € N. Then

V € Ly(D) exists such that V,, — V in Ly(D). For 1 <i<m—1 we find th
n—-00 "Bi

in D\ a7 differentiating with respect to z; under the sign of the integrals in

ov.
the expression for V,,, n € N. Hence aq;r-l =

neo (B — 1) exp(vay,)u in La(D). Then the generalized derivatives of V are

w; in Ly(D). Obviously, gV
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Ve =wi i=1...,m—1,V,, =(p-1) (\\p (v, )u (see [5]). Ch. 1, Theorem
4.1). Hence V, . \ in lVl(I)) and V € W due to Lemma 2.
Further, if {#@, )22, C C is convergent to w in Wi (D). then v, e Vin

Wl(D), where

R ; T , -
V()= (u—=1) / exp(r8)i, (x,6)do — ,u./ exp(v8)it, (2 ,0)d0 in D.
Jo 0
The inequality |V — Vo < IV = Vallo + ()TNl = iullo + IV = Vllo implies
that ¥V =V in D. -

m—1

We (l(‘.IIOtGﬂ.,(,-r)(.‘L) b(1 (")(1 )— Z !’ )(7 (’)(1 Ne; forji=1,...,m3
land r=1, 2.

Lemma 4. Let 7" € C*(,) and lh( derivatives b,,“,,,,,,,, /.J,,,,,,,,m

exist and belong o C(D,), r =1, 2. Lel u(r) @'\ T) = u(')(r L,0O)Va' €y, i ,J =
L...,m—=1, r=1,2, and the followmq rondzlwns

(9) 200 = 31 — pk™y > 20, in D,,  a, = const >0,
m—1 m-—1 ~
() Z [”“E';')(-T) - mn,(b)]g £ 2 “17) Z €, VxeD,,
. 1,)=1 =1
(10) ") 2 m—1 o )
and V&€ € R™=1 @i = const > — max 3
3 i o ma §;U D)

V[—'(:(r) + (1)(1 I“(l7n)v )J m] +c ‘Lm (b(:l - I‘ T )l’nu'-'m

m—

(11) (Z |/3(') in D,,

(12) (1)7 /Sj").)(l T) b(’)—/l( ))(z ,()) in Gy,
m—1 . m—1 g
, ; 1 i 1
(13) Z AV, = Z B e
(14) [ =) - abhAm 7)<k“ = (05 = £0)),, 07, 0) in Gy

hold for r = 1,2. Then a constant co > 0 exists such thal for cvery u € Wt and
for its corresponding element V' from Lemma 3 the estimale

(15) Blu, V] 2> co(1 - /L)/ exp(vam, )u? da
D
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is valid.

Proof. Let w € C and V be given by (8). Using the connection u(z) =
(1 — 1)~ texp(—=wap, ) Ve, (x) we express the first order derivatives of « by those
of V up to the second order and put them in Blu, V]. Then, integrating by
parts, we find

Blu, V] = 7 Z{/ exp(—van, )y (=00 + 5/ "y - /( N2 da

+= /e\P(—V’L1n)’7(7)Z((L,JI lla('))V V dx

4,7=1

m—1 m=—1

- - (r) — _ ()
/Dr exp(—van,)Va,, Z BV, da /D exp(—va, )V V,,, ; B, du

1
T35 / exp(— vmm)'y( )[1/( " 4 (b(r) - ’ﬁ’,,’.)a,,,) + ¢l
JD,

T'm

- (b,f,) —klr ))ln,x,,.]‘ﬂ dav + 5 / exp(—u:vm)'y(")[c(")
aD,

Tm

— (b)) _ 1.(v) 2 (7 — (r)
(62 = K)o}Vl ds} = _IZZI

r=1 j=1

The other integrals on dD,, r = 1,2, are equal to zero due to (13), (14), the
properties of V' and the choice v = =T~ 1n p2.

Using the Hélder inequality for sums and the inequality |ab| < §a® + 302
for «, b € R and ¢ > 0, we obtain the estimate

m—1

. 1 . m-—1
|I§’) I( )| < o Mmax Z[ﬁ( ()] / exp(—vam) Z szj da
Dy J=1

m-—1

= v )VE, do + — . 2 3 1\2 g
35 /Dr exp( l/mm)Vztn (l.z—}-ar /Dr exp(—vam)V (Z 135, 1) da.

Then from (9)-(12) it follows that

Blu, V] > ——E / exp(—vam V2 de.

1'-—1
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Hence (15) holds with « € C' and V from (8). The general case of Lemma 4 jg
a consequence of the considered case and Lemma 3. @

Theorem 1. Let all the assumplions of Lemma 4 hold. Then problem
(2)-(5) can have no more than one generalized solution.

Proof. If u; and wup are two generalized solutions of problem (2)-(5) )

then w = uy — uy is a generalized solution of that problem for f(") =0, r =1, 2.

We apply Lemma 4 with V, corresponding to u according to Lemma 3, and

from (7) we find that 0 > co(1 — ;L)/ exp(va,)u? dv. Hence w = 0 in D, i.e.
D

Uy = Uz in D. =

Example. Let Gy = {2’ € R?: a}+a3 <1}, Gy ={a' € R?: 1< a24
23 <4}, 0={z' € R?: a}4+2} =1}, G=G1UGU0, T =2, 1N =9I =1
We consider the equations

(16) { Ugyzy F Urpay + KD (23)Ugyzs + b:(;)ulc3 — MWy =M inD,
Upyz, + Upyzy — Uzgzy — MPu = f(2) in Dy,

where k(D(a3) = 2%(x3 — 2)%(1 — 23) and b(l), MM, M@ are constants. Let
3 3

p#0, -1 < p<1land v = —Injul. If we take bf,}’ > gkﬂs) + %k(l) and
1 -

M) > kﬁ.ls)xs - ;kgs?‘b‘ama in Dy, M3 > 0, then the assumptions of Theorem

1 are satisfied. Hence problem (16), (3)-(5) can have at most one generalized

solution.
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