Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathemalica
Balkanica

New Series Vol. 14, 2000, Fasce. 3-4

On a Class of(Hyperbolic Equations
with Order Degeneration

Rossitza Semerdjicva

Presented by V. Kiryakova

Consider the equation
L(u) := k(y)uzs — dy(l(y)uy) + a(x, y)u, + v(x,y)u = f(x,y),

with &(y) > 0, £(y) > 0 for y > 0 and k(0) = €(0) = 0; it is strictly hyperbolic for y > 0 and its
order degenerates on the line y = 0. We study the boundary value problem Lu = [(x,y) in G,
u|ac = 0, where G is a simply connected domain in R? with piccewise smooth boundary
9G = ABUACUBC; AB={(z,0): 0<x <1}, AC: z=F(y) = foy(k(t)/f(l.))‘/?dl and
BC : z =1— F(y) are characteristic curves. Under the assumptions k,r € C(G), ¢,a € C*(G)
and a(x,0) > 0 for = € [0, 1], it is proved that for cach f € L*(G) the bonndary value problem
has a unique strong solution in an appropriate weighted Sobolev space.
AMS Subj. Classification: 35120, 35L80
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1. Introduction

Degenerated hyperbolic equations in the plane are mainly studied in the
case where the type of equation degenerates to parabolic one on the line of
degeneration (see [1, 3, 8, 9] and the bibliography there). Bitsadze [1] observed
that the case of order degeneration (i.c., where the entire principal part vanishes
on the line of degeneration) deserves a special attention and requires a special
treatment. Morcover, in that case the coeflicients of lower order terms determine
whether some boundary value problems are well posed (sce [2, 4, 5, 6, 7] and
the literature cited therein).

Consider the equation

(1) L(u) = k(y)use — 9y(L(y)uy) + a(z, y)ug + r(x, y)u = [(2,y), |
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where k(y) > 0, {(y) > 0 for y > 0, £(0) = €(0) = 0 and lim,_o k(y)/{(y) exists.
The equation (1) is strictly hyperbolic for y > 0 and its order degenerates on
the line y = 0.

Let G be a simply connected domain on the (x,y) plane with piecewise
smooth boundary G = ABU AC U BC, where AB = {(2,0): 0 <2 <1}, and
AC : = F(y) = [J(k(t)/€(t))}/2dt and BC : x =1 — I(y) are characteristics
of (1) issued from the point C'(1/2,Y’), where the constant Y > 0 is determined
by F'(Y') = 1/2. Our aim here is to study the following boundary value problem

Problem B. Find in the domain G a solution of (1) satisfying the bound-
ary condition © = 0 on AC.

We set
(4,0)0 = / we, (e, v)dzdy,  luflo = (u,u)?
G

and

(u,v)1 = / [wa (@, y)va(, y) + Uy)uy(z, y)vy (2, ¥) + w(z, y)v(z,y)]da dy.
G
_ Let C’fw(a) and Cgc(—G—'), p=1,2,...,00, be the sets of functions u,v
C?(G) such that, respectively, u|lac = 0 or v|gc = 0. Denote, respectively, by

H', H}, Hpe the corresponding weighted Sobolev spaces as completions of
the spaces C°(G), CGu(G) and CgFo(G) with respect to the norm

1/2
[Jluli = (u, u)}/2 = (/G(uz +.€u3 + u?)dz (ly) .
If u € C5%(G) and v € CZ(G), then by Green’s formula
/{az(kumv) — 0y(Luyv)}dady = / (kugzvdy + Cuyvda) = 0.
G 9G

Indeed, [, = [ag+ [gc+ Jou» Where [, 5 = 0 because k(0) = 0 and ((0) = 0;
Jsc = 0 because v = 0 on BCj finally

Y
/ =—/ \/H(ux\/k/£+uy) vdy =0
CA 0

since on CA : 2 = F(y) we have do = F'(y)dy = /k/ldy and v = 0 on C'A
implies uz+/k/€ + u, = 0.
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Therefore, for u € C5%(G) and v € CF.(G)

(2) (Lu,v)o = /C{Lu -v}dady = Blu,v],

where

Blu,v] = L{—kttxvx + Luyvy + augv 4+ ruvidady.

Suppose f(x,y) € L% G). In view of identity (2) we state the following definition:

Definition 1. A function v € H), is called a generalized solution of
Problem B, if the identity

(3) Blu, ] = /G f(@, y)odz dy

is satisfied for any function v € Hj.

We consider also the notion of strong solution.

Definition 2. A function u € H), is called a strong solution of Problem
B, if there exists a sequence (u, )52, U, € C3%(G) such that

llun — ully + [|[Lun = f(2,y)llo— 0 asn — co.

Our approach is based on functional-analytic methods. We obtain by an
energy-integral method the necessary a priori estimates in Section 2.

In Section 3 the existence of generalized solution of Problem B is proved
(in an appropriate weighted Sobolev space) assuming only that a(z,y) is strictly
positive on the line of degeneration AB. This result improves the existence the-
orem in [6], where a similar statement was proved under the following additianal
assumption: £/(0) > 0.

In Section 4 we show that each generalized solution of Problem B is also
a strong solution and use this fact to prove uniqueness of generalized solution.

Our final Section 5 contains examples and comments.

2. A priori estimates

Lemma 1. If k,€ € C[0,Y] and v € CF.(G), then the boundary
problem

h(u) := e"\‘”uz = v indG, ulac = 0,

has a unique solution u € C'(G).
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Indeed, consider

(4) u(.’u,y):/' eMo(t,y)dt.
1

“(y)

Remark. Although » € (&), the function w given by (4) may not
have second partial derivative w,, because I'(y) = /k/C may not be differ--
entiable. Observe, however, that u, = ¢*v» € C'°((), which allows us to use
Green’s formula in the next lemma.

_ Lemma 2. Suppose k(y) € C[0,Y], {(y) € Co,Y), a(z,y),r(x,y) €
C(G) and
5 mg := inf a(2,0) > 0.
(5) o= fnf (¢,0)

Then for every m € (0,mg) there is A > 0 such that:
(a) for w € C3(G)

(6) (Lu,e™Muy)g > m/ N2 + u + u?da dy;

G

(b) for v € Cxn(G) and u related to v as in Lemma 1, it holds

(7) Blu,v] = Blu,h(w)] > 'm/ eV Uk + Cul + u¥)da dy.

Proof.
(a) By Green’s formula,

(Lu,e"’\”ua,)o = /(Lu')e_’\“’ul.(ln:(ly
G

i
= / g~ Az [——/\kuf, + l)\ﬂug + au? + 1'uuw] dx dy
G 2 2

—{—l g [20uguyde + (ku? + Cu? )dy] .

2 Jac Y
The line integral [, = [ 5+ [gc+ Joa is nonnegative. Indeed, [,, = 0
because £(0) = ¢(0) = 0. On BC : x = 1 — F(y) we have dx = —/k/ldy,
therefore

- Y
/ = i/ e“'\(l‘F(y))(\/I:ul, - ﬁuy)zdy > 0.
Bc 2Jo
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On AC : z = [(y) we have dv = /k/(dy, and, in addition, © = 0 on AC
implies Viug + \/Zu_,, = 0 on AC, therefore

i 0 ) ‘
/ = i/‘ C—'\I'(y)(\//_uu,,,- + \/Z'll.y)zll‘_l/ =0.
ca 2y

Hence,

(8) (~L“7(3_‘\:rum)0 2 1(’\)7

where .

(9) I(\) = E/ e~ [x\kuf. -+ /\(f-uf, + 2aui + 27'1011,1,] dx dy.
G

Taking into account that

0< / e"’\ruzdy = / (—/\e_‘\xu2 + e"“’?uux) da dy,
IG (€

we obtain

(10) I(N) > %/G e\ [(Ak + 2a)u? + )\Cuz + 2(r = Dung + Au?] da dy.

Fix m < mg and put € = (mg — m)/2. Since a(2,y) is continuous in G,
it is uniformly continuous in G, so there is a § > 0 such that

(11) a(z,y)>m+¢ Y(x,y) € G,

where
Gy ={(x,y)€G: 0<y< b}

Using the inequality
2(r — Dung > —e7H(r — 1)%u? — en?,

we obtain from (10)
1 . .
(12) I(\) > 5 / e\ [A(z, y)u’ + /\€u!2, + C(=, y)uz] dx dy,
G

where

Alr,y)=Me+2a—¢, Cla,y)=A—el(r—1)2.
Set
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and choose A > 0 so that

%% sip 2m + ¢ + 2|a(x, y)l,
G2 k(y)

A > 2m 4 supet(r(x,y) - 1)%
G

Then, by (11) and the choice of A we obtain for any (x,y) € G,
A(z,y) > 2m, C(z,y) > 2m,

which completes the proof of (a).
(b) By Green’s formula we obtain with A(u) = exp(—Aa)u,,

Blu,h(u)] = /C[—ku,('),h(u) + Luy Oyh(u) + augh(u) + ruh(u)]de dy
= / e“'\”[)\kui — kugugzy + Luyuy, + auZ_ + ruug]de dy
G

A A
= / e~ [—-kui -+ —L’uf, + au? + ruu,,.] dady + 1 g~ (- ku? + tu? )dy.

It is easy to see that the line integral

/ "\”( ku? +£’u)(ly=/ + +
aG AB BC CA

is nonnegative. Indeed, [,5 = 0 because k(0) = ((0) = 0; on BC' we have
h(u) = e My, = v(x,y) = 0, thus uy = 0,s0 the line integral on BC' equals
fo exp(—A(1 — F(y))tuldy > 0. Finally, on C'A we have v = 0, which implies
kuZ — €u? =0 on CA, sofCA_O

Honce

(13) Blu, h(u)] > I(N).
Since the right-hand side in this inequality is the same as in (8), the argument
used to prove (a) proves as well (b).

3. Existence of generalized solution

Theorem 1. Ifk(y) € C[0,Y], {(y) € C'[0,Y], a(z,y),r(z,y) € C(G)
and
mo = (15}5 a(z,0) > 0,

then for every f(z,y) € L*(G) there exists a generalized solution w € H}, of
Problem B.
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Proof. Fix m € (0,mp) and choose A > 0 as in Lemma 2. Then,

. Blu,v
(14) mfjvfo < sup [Blw, v]| e Yo e llhe,
weH) - |Iu||1

where m = mexp(—=A), €' = const > 0. Indeed, the right-hand side of (14)
follows immediately from Cauchy inequality. Since the set C'g.(() is dense in
the space [I};Q it is enough to prove the left-hand side of (14) for v € C'I';‘C('U).
Fix v € CFe(G). Then by Lemma 1, there exists w € C'}.(() sucl that h(u) =
exp(—A2)u, = v, and from part (b) of Lemma 2 it follows

Blu, h(u)] > m||ul|?.

Thus,
Blu. v]

el

mvllo = mlle™ Fuullo < mflully <

which proves (14).
Due to (14) for every fixed v € H}, the linear functional

So(u) = Blu,v], ue H)w
is continuous and its norm satisfies
mffollo < (IS < Cllo]|s.

Thus, by Riesz Representation Theorem there exists a linear continuous operator
T : Hpj. — H} . such that

Blu,v] = Sy(u) = (v, Tv)y,

and
mf[ollo < [|Tlly < Cfolli.
Fix f € L*(() and consider on the range R(T) of T a linear functional
K(Tv) = / fodady.
G
Since

1
< /llollvllo < —I1/Mlo 17°¢]11,

/ Sodady
G

the linear functional K is continuous and its norm does not exceed (1/1m)||fo-
Obviously, there is a unique linear continuous extension of A" on the IHilbert
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space R(T'). Therefore by Riesz Representation Theorem there exists a unique
w € R(T) C H} such that

K(u) = (w,u) Yu € R(T).

So, for v = Tv, v € H}, we have

Blw,u] = (w,Tv); = K(Tv) = / Sfvdady,
G

hence w is a generalized solution of Problem B.

Remark. We prove that for each f € L?(G) there is a unique generalized
solution w € R(T) of Problem B. But, if R(T) # H}., then there are other
generalized solutions of the same problem, namely for every =z € H), with
z L R(T) the sum w + z is also a solution.

4. Strong solutions
Choose n € C§°(—00,00) such that p(x) = 0il |¢| > 1 and f:l n(x)de =
1. Consider for ¢ > 0

(15) pe(,y) = sl""n (§—3E—2) 77(%4—2),

where E = supo y) v/k(y)/l(y), so
|F(y) = F(y)| £ Ely— | for y,y1 €[0,Y].

The following lemma makes an important observation: if (z,y) is fixed
in an appropriate neighborhood of AC, then for each (21,%;) € ¢ the function
we(r — 21,y — y1) vanishes. Symmetrically, if (21,¥;) is fixed in a suitable
neighborhood of BC, then the same function vanishes for all (z,y) € G.

Lemma 3. Suppose (2,y),(x1,¥1) € G. Then

(16) (Pz(x—mhy—yl);‘o Zf’L<F(y)+E,
and
(17) pe(r =21,y =) =0 if 1 =F(1n)—¢€ < 21.

In addition,
(18) pe(z—2,y—1m) =0 if yy <e.
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Proof. By (15), pe(x — 21,y — y1) # 0 only if
BE+1e<a—a; <BE+3)s, —-3ec<y—uy < —¢.

Suppose =3¢ < y —y; < —¢. If @ < F'(y) + ¢ then, since for cach (21,¥1) € G
we have I'(y;) < x4, it follows

x—a1 < P(y)+e—=Fpn) < Lly—wn|l+e < (3F+ 1),

therefore (16) holds. An an analogous way, il 1 — ['(y;) — ¢ < 2 then, since for
(z,y) € G it holds & < 1 — F(y) we obtain

t—21<1-Fy)—[1=F(y1)—¢] < Ely—wnl+e < 3L+ 1),

which proves (17). Finally, if 33 < ¢ then (since y > 0) the difference y — y; is
greather than —e, thus (18) holds.
Consider for g € L?(() the averaging operators

(Jeg) (2, y) = /'cpe(:v — @1,y — y1)g(x1, y1 )dady,

and
(JZg)(21,0) = / pe(® — 21,y — y1)g(x, y)dady.
' €]
The next lemma summarize some of the properties of operators .J, and J*. We
only sketch the proof because the arguments used are standard.

Lemma 4.

(i) Jeg € CSL(G); moreover, Jeg vanishes in a neighborhood of AC.
(ii) JXg € CF.(G); moreover, J*g vanishes in a neighborhood of BC.
(iii) (Jeg,¥)o = (9, JX¥)o  Vog,9 € L*(G).

(iv) If g € Co(G) then (J.g)(x,y) — g(z,y) as ¢ — 0 uniformly in G.
(v) ||Jeg — gllo — 0 as ¢ — 0.

(vi) Suppose € CY(G); if D = 0y, D = Oy, , or D =id and

(Ieg) (2, y) == /G D ([¢(z,y) = ¥(x1, 91)]pe(® — 21,y — 1)) g(@1, y1)dar dy,,

then ||Icg|lo — 0 as ¢ — 0.

Proof. (Sketch) Obviously (i) and (ii) follows, respectively, from (16)
and (17). A change of order of integration gives (iii). If ¢ is a continuous function
with compact support in G, then it is uniformly continuous, which implies (iv).
From (iv) follows (v), because ||Jeg|lo < ||g]lo and Co(G) is dense in L3(G).
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Finally, in case D = id (vi) follows from (iv). Il D = 9,, and g € C5°()
then by Green’s formula

(leg) (2, y) = — /[L/*(-’luy)— Py, y)]pe(e — e,y — ) gl gy )daydy,y
JG

so the claim follows [rom the case where D = id. On the other hand, one can
casily sce that
—'
17=9llo < Cllgllos

where the constant ¢ depends only on #. IFrom here, since C5(() is dense
in L?(G), the claim follows for every ¢ € L%((). The same argument works il
D =dy.
Theorem 2. If k(y) € C[0,Y],l(y) € C'[0,Y],a(x,y) € CY ),
r(z,y) € C(G) and
mo = inf a(2,0) > 0,
[0.1]

then:

(a) each generalized solution of Problem B is also a strong solulion;

(b) for each f(x,y) € L*(G) there exists a unique generalized (strong)
solution w € I\, of Problem B.

Proof.
(a) Consider
ue 1= Jeu, € >0.

Since by Lemma 4, u, € C%% and ||Jue — ullo — 0 as ¢ — 0, to prove the claim
it is enough to show that

[Lue = fllo—0 as ¢ —0.

It is easy to see that the generalized solution w is also a weak solution of
Problem B, that is we have

(19) (wL*0)o = (f;v)o Vo€ Che(D),

where

LYo = kvyy — 0,(€vy) — Ou(av) + 1o

is the formally adjoint to L differential operator.
By substituting in (19) JZv instead of v we obtain

((L+J€*)*u,v)0 = (u,L'*'J:'v)O = (f,JZv)g = (Jefyv)o
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for every v € L?(('). Therefore,
Jef = (LYJ)" w.
Since by part (v) of Lemma 4,
IJef = fllo — 0 as e —0,
it is enough to prove
|LJew — (L¥JZ) ullo = 0 as ¢ — 0.

A computation involving Green’s formula and using (16), (17) and (19) shows
that
[LJew — (LT J2)" 4] (2, )

- _ /C 00y ((9) = K(u)lpele = 1, = 12)) Doy ulor, vy
+ /C Ay, ([0(y) = Ly1)lpe(® — @1,y — 1)) Dy, u(zey, y1 )daey dyy
— /c. [C'(y) = €(y1)] pe(@ = 21,y — 1)0y, ul@r, 1 )daydy,

+ /C la( ) - (.t(ml’ Yl @e(® = @1,y = 1)y w1, y1)dw i dyy

+ /C [r(xyy) = (21, y1)] @e( — 1,y — yo)u(zer, yi)deydy,.

In view of (vi) in Lemma 4, each integral term in the above expression
tends to 0 in L%(G) as ¢ — 0, which proves the claim.

(b) If «M () ¢ H} . are two generalized solutions of Problem B, then
their difference @ = u(!) —u(2) is a generalized solution of homogencous Problem
B. By (a) @ is also a strong solution, so there exists a sequence (u,)2%; in
C5%(G) such that

[Jen — @||y + || Lunllo = 0 as n — oo.

On the other hand, by part (a) of Lemma 2 there exist m € (0,mg) and A > 0
such that for any u € CS%(G)

llull? < (Lu,e™uz)o < [[ullo lle™*usllo < [l Lullo lully
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with m = mexp(—=2A). From here'it follows
m||u|li < || Lullo Yu € C30(G).
therefore
m||unlly < || Luyllo — 0 as n — oo,

hence @ = lim %, = 0.

5. Comments

1. The following example shows the crucial role of the sign of the coelli-
cient a(w,y) for existence and uniqueness of solutions of Problem B.

Example. Consider
Lu = yup, — 9y(y0dy) — Uy,
that is, k(y) = ((y) = y, a(v,y) = —1 and r(x,y) = 0. The formally adjoint

operator is
LYu = yugy — 0,(y0y) + s

One can easily see that
Lp(x —y)=0 Vo€ C*—o00,00)
and
LY¢p(l—a—y)=0 V¢ € C*(—o00,).

Hence for a given f(z,y) € L*(G), either Problem B has no solution (e.g. if
f(z,y) = ¢(1 — 2 — y)) or it has infinitely many solutions.
2. The use of the weighted Sobolev norm

1/2
[|ulls = </([uf + Cul + 'u.z](ln:(ly)

and the corresponding Sobolev space H! is essential in order to have existence
theorem.

Indeed, consider the equation (1) with k(y) = ((y) = y? and a(x,y) = 1,
that is, :
Lu = y*uy, — 0y(y2'uy) + u, = f(a,y).

Then the characteristic AC' has equation @ — y = 0. It is easy to see that for

each a € (0,1/2),

u(z,y) = (v - y)y* € Hyo, Lu€ L*(G),

but u(z,y) does not belong to the usual Sobolev space.
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