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A starting point for this article is the famous theorem of Bichler and Hermite: Let
f(z) = a,,,,", where ar = ar + B, ar, B € R and u(z) = Y}, arzk, w(z) =
S R_o Bz lf the zeros z; of f satisfly Im zx >0 (k=1,2,...,n), then all the zeros of u(z)
and v(z) are real.

All the comsidered functions are of finite genre. We localize the zeros of ¢n =
[w?(z) + u’(z)]’ = 2[u(z)u'(z) + v(z)v'(2)] and g2 = {Log [%2—:—}]} %((;—) “( )

Under the conditions of Theorem 2 and Theorem 3, we localize the nonreal zeros of g,
and g2 in the circles which are similar to the Jensen circles for polynomials. A similar result
is obtained for the real entire functions in [4].

Further: all the sequences {"‘}L i will satisfy limp—no |zL| =00 and the Mnclaullu se-
ries off]q () = Tpeo arz®, where ax = ap+ifk, ar, B € Rand u(z) = 52, awzk, o(z) =
> k=0 Bizk.
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Theorem 1. Let

f(2) = exp(d + ez™ + bz"*! 4 az™*?) H E(—)
k=1

be an entire function, where m is a positive integer, Rea > 0, Re b < 0, Rec >0,
and the Weierstrass factors are:

.

: _ C_2 Qm
E(Q) = (1= Qexp((+ 3 + ot 22).
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Let all the zeros zy. of (=) sulisf_/ o = arg(zx) € (—zmyz> Tngz) LThen
all the roots = of g1(z) = [u?(z)+ v? (2)] = 2[w(=)w(2) + v(z)v'(2)] salisfy
Re(z) 2 0.

Proof. We have
J(2) = u(z) + iv(z) = exp(d + ez 4 bz"H 4 az"?) H Z ">

Let zp be such that ¢y(z9) = 0. Then u(zo)u’(20) + »( z0)v'(z0) = 0, and
therefore

W(zo) 4 iv(z0) __wl(z0) =iv'(z0) . [(z0) _ T2

u(z0) + #v(z20)  w(z0) — iv(z0) [(0) [(z0)

We denote zo = 2 + iy, where ,y €R, supposing that Re(z) =2 < 0.

Then
J'(z0) L =) J'(z0)
(z0) f(z0)
=m(c+T)20+ (m+1)(b+b)zo + (m + 2)(a + @)zo

A=

=0, i.e.

o 1 :—:6”_1 = 1 | 1 1
+Z( — ot )+Z( Sttt :k)

k=1 %o — k “k

2 ] 'I"."
= —ln—I{ref—c?;Q-—g+2(17L+l)Re (0)z5"+2(m+2)Re ()2 2
%0

&
~ +
i[~]e
N PN
2
? =
T+
e
i
;_:l’cz
|

2mRe(c)Z
= 2o 7n| e(lg) %+ 2(m 4+ 1)Re (b) + 2(m + 2)Re (a)zo
20 — 2k Z0 —
+ + =] = 0.
kz:,ml 20 — L|2 Z—m 3—Ek|2]
Let
2mRe (¢)Zp

B = 2 + 2(m + 1)Re (b) 4+ 2(m + 2)Re (a)2o
20

Y Tt e
|ZO‘ZL|2 =0

e 'lo—'L
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zp = & + Yk, Tk = &k — tyr, where ag, y1 € R.

Then,
2mR o ‘
C=B- [% + 2(m + 1)Re (b) + 2(m + Q)Re(a)zo]
Zo
Zo — N —0
- m + =m
"Lt LT T
zi?}jllso—zm 12 (zo = zk) + 2" | 20 — =1 |2 (%0 — 21)
k=1 Dk

where Dy =| zo — Zk |?| 2 |?| 20 — 2 |?
Let r=a -k, ¢=y=yr, s=y+ Y, 2 = pr(cos @y + singx),

zm =, |2 m 2 (=— _ -~
Zk | 20 — %k l (‘:0— :A)+ z l 00— = | (.;()—.;k)
Ap = m

Dy,

= [cos(mepy) — isin(mep)] (7 — iq) (r* + s?)

+ [cos(mepy) + i sin(mepy)] (r — is) (1% + ¢*) .
Then,

Re Ay = [r cos(mepy) — gsin(mepy)] (r? + s2)+[r cos(mepy) + ssin(mey)) (»? + )
= rcos(mey) (2r® + s2 + ¢%) + sin(mey) (r%s + ¢*s — r2q — s%¢q)
= 27 cos(mepy) (7'2 + 92+ yf) + 2y sin(mepy) (7-2 -2 +4f)

=2 (r? + y}) [r cos(mepy) + yi sin(mepy)] + 2y [r cos(mepr) — yi sin(mey)] .

Since, by assumption, ¢}, € (—omg3° Tmg3)s  We have cos(mepy) > 0, and il we
assume that 7 cos(mepy) — yi sin(mepy) > 0, then

(r — ) cos(mepy) + yi sin(mey) < 0.
Since @ < 0, @x = pp cos @i and Yy = Py sin g, we obtain:

zk cos(mpy) + Yk sin(mepr) <0, or  cos gy cos(mepy) + sin g sin(mey) < 0,
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i.e. cos[(m — 1)¢r] <0, which is impossible since ¢}, € (=322 7z )- There-
fore, r cos(mpy )=y sin(mepy) < 0. Il we assume that r cos(mey ) +yx sin(mepy) >
0, then by the same way we obtain cos [(m + 1) @] < 0 which is impossible since
Pk € (—m’%}, Emlﬁ) Therefore, r cos(mepp) + yi sin(mey) < 0 and Re Ap < 0,
i.e. Re 3 < 0, because Rea > 0, Reb < 0, Reec > 0. But A = z'B = 0, i.e.
B = 0. This contradiction completes the proof. -

Theorem 2. Lel [(z) = exp(d+ cz™ + bz"+! 4 az™+2) T, E(Z)
be an entire function, where m is a positive mqu(/, Ima >0, IImec <0 and all
the zeros zy. of f(z) satisfy ¢y = arg(z;) € (0,7;). Let V) be the disk:

Vi= {I z— Rez |<| Imzy | L | cos(mepr) |}

sin(mey,)
and let M = UL, Vi.. Then all nonreal roots z of

u(:)]' _ w'(z) : v'(2)
v(z) w(z) v(z2)

92(z) = [log'

are in M.

Proof. We have

f()—u()+u%)—enﬂ¢+v“+bw”‘+aw”ﬁflbvﬂ

~k

k=1
Let zo be such that g2(zp) = 0. Then '—;—I%:%) — 1:;'((_;:)2 = 0, and therefore
w(20) + iv'(z20) _ w(20) = iv'(z0) . ['(z0) _ J'(z0)

- = = —— .. ==,
u(z0) +iv(20)  w(z0) — iv(20) f(20) (%)
We denote zg = x + ¢y, where z,y € R, supposing that zo ¢ M. Then

['(z0) [ (20) _
© f(20)  F(z0)

i.e. zx = ap + tyr, Zr = ay — Ly, where 2,y € R. Then

A= c)..m-l + (m + 1)((, _ b)~7n ok (1771 + 2)((t _ -(T)zga-i-l

o0 1 1 zgl-—l oo 1 1 ~m=—1
- . -0
+k§;(20_2k+ +ot ) Z( + ot _,)

~k “h k=1 “0 — <~k A “k



Some Extensions of a Problem ... 93

_ 2mlm(c)z)'Z

| zo |2 +2(m + 1)Im(b)zg" + 2(m + NIm(a)z 20
20

2mlI
= z”‘[——ml 11;(lc + 2(m + D)Im(b) + 2(m + 2)Im(a)z
z20 — ZL Zo— =2
+ — 0.
;ﬁnléo—ﬁ I? Z ’"|~o—~k E P
Let
2ml En) : .
B = %1-1-('—622—2 + 2(m + 1)Im(d) + 2(m + 2)Im(«)zo

4.0— Z_.
+E~m| 0_‘1‘12 Z—ml 0""~k'2’

zk = 2k + Yk, Tk = Tk — LYk, Wwhere 2, yr € R. Then

C=p— [27111111((;_)?6
| 2o |

(oo}
_Z Z0 — 2k Z Zo— =
L Tn-aP E A 0-al

+ 2(m + 1)Im(b) + 2(m + 2)]111('(t):u}

_iﬂ’lm—ﬂl”m—%)—”ml”o—~x.I (%o — z)
= B 3

where Dy =| zo — % |?] 2" || z0 — 21 | H we put r = & — 24, = y = yi,$ =
Y + Yks 2k = pi (cos @y + sin ¢p), then as in Theorem 1, we obtain

= = pe = - | - oy |12 (= — =,
Ak:?’?lzo_“" 12 (z0 — z1) — 2" | 20 — =k |* (%o — =)

7

Py

= [cos(mey) — tsin(mey)] (7 — iq) (r? + s?)

— [cos(mepy) + i sin(mep)] (r — is) (r? + ¢%) .
Thus,

ReAj = [r cos(mepy) — gsin(mepy)] (1% + %) — [r cos(mey) + 8 sin(mey)]
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x (1% + ¢%) = dyypr cos(mepy) — 2y(r? + y* — yi) sin(mepy)

=2y [‘Zyk'r cos(mepy) — (1% + y* — y}) sin(-nup;,.)] .

Let Ci = (r?2 4 y? — y2) sin(mepy) — 2ypr cos(mey) and R =| 59 — Rezy, |, so that
r2 + y? = R?, and therefore r = ¢4/ R? — y2, where ¢ = £1. We have

Cr > (R? — y})sin(mepg) — 2 | yr | R | cos(mey) |

= sin(m@r)R* — 2| yx || cos(mepy) | R — sin(mpy)yd

= sin(mepg)(R — R1)(R — R2),
)| —1 cos(mey, 1 .
where % :I Yk l lc—(;sifln(%%[r—, Ry =| Yk I J—:E—ﬁ:—p{-lr— Since ¢ = m'g(zk) €
(0, L), we have that cos(mey) > 0. If R >| Imz | 1—";%[, then we obtain
that Cr > 0(k = 1,2,...). Hence ReA;, = =2yCr < 0, i.e. ReB3 < 0, since
Ime > 0 and Ime < 0. But A = 2§*B = 0, i.c. B = 0. This contradiction proveg

the theorem. -

Theorem 3. Lel f(z) = exp(d + cz™ + b2+ + az"T2) I3, E(Z) be
an entire function, where m is a positive integer, Rea < 0, Rec > 0, and all the
zeros z of f(z) satisfy @) = arg(zk) € (=55, 5=). Lel Vi be the disk:

1 i :
Vi = {I z — Rezi |<| Imz | +CIOSSI(};SZP)L) I} ; and let M = URZ, V..
k

Then all nonreal roots z of gi(z) = [u?(z) + 1)2(:)]/ = 2[u(z)u'(z) + v(2)v'(2)]
are in M.

Proof. We have

F(2) = w(2) + iv(z) = exp(d + ¢z™ + bz™F! 4 az™1?) H E(;)
k=1 <k

Let zp be such that g1(29) = 0 and 2o ¢ M. Then u(z)u'(z0) + v(20)v'(20) = 0,
and therefore

’lLI(Zo) + 'L.’l)'(Zo) _ _‘ILI(ZQ) - iU,(Zo) . f’(Z()) — _f'(.?o)

wGo) +iv(z) | wGo)—iv(z0) T TG) T J(z)
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The same expression was obtained in Theorem 1. With the above denotations,
after some computations we consider
=7 =, |2 ..—..
7 | 20 — Zk |* (50 — 2)
3
Py

.m = |2 T —
A= | 20 — 21 [* (30 — =)

= [cos(.nupk) — isin(mey)] (r — iq) (1 + %)

+ [cos(mp) + i sin(mey)] (r — is) (72 + ¢%) .
Then,
—ImAy = [q cos(mepy) + rsin(mepr)] (r? + %)

+ [s cos(mepy) — rsin(mey)] (r* + ¢°)

= 2y(r? + y* — y?) cos(mepy) + dyyr sin(mey).

Let Cr = (r? 4+ y% — y?) cos(mepy) + 2ypr sin(mepy) and R =| z9 — Rezy |, so that
2 + y? = R?, and therefore, » = ¢4/ R% — 42, where ¢ = £1. We have

Cr > (R? — y})cos(mepy) — 2 | yi | R | sin(mey) |
= cos(mpr)R? — 2 | yx || sin(mepy) | R — cos(mepp )y}

= cos(mpg)(R — Ry)(R — R,),
where R; =| y | lin(mes)l=t = p, =| yr | lsinlmen)l+1 = giy) 00 pr = arg(zr) €

cos(meyy;) cos(meypy,)
(=35> 30)s 20 € M, we have that cos(mey) > 0 and R >| Imz,, | 1_‘*‘0%11_
Then we obtain that Cx > 0(k = 1,2,...). Hence, ImAk = —2yC} < 0, ie.
ImB < 0, since Rea < 0 and Rec > 0. But A = 2B = 0, i.e. B = 0. This
contradiction proves the theorem. ]

Theorem 4. Let f(z) = exp(d + cz™ +bz™ ! + @z™+2) [[R2, E(Z) be
an entire function, where m is a positive inleger, Imu <0,Imb >0, Ime < 0.
Let all the zeros z of f(z) satisfy o = arg(zx) € (0, ;57). Then all the roots z,

of g2(2) = [log %%:%] - u(z) %:-)l satisfy Re(z) > 0.
Proof. We have

f(z) = u(2) + iv(z) = exp(d + cz™ + bz"F! 4 az™F2) H F(—)
k=1
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Let zy be such that g2(z9) = 0. Then, '1':((—_-;’)) — 'T}l((% = 0, and therelore

w'(z0) + iv'(20) _ w'(z9) — iv'(20) - ['(z0) _ ["(z0)
u(z0) + iv(z0) w(zp) — tv(z0) T f(=20) T(z0)

We denote zy = @ + iy, where @,y € R supposing that Rezg = @ < 0. Then

['(z0)  ["(=0)
| = —=——=0
= () f(z0)

The same expression was obtained in Theorem 2. We will consider

0 20— %k |? (o — 2k) — 2% | 20 — 21 |? (%0 — 1)
vy

A =

= [cos(mey) — isin(meg)] (r — iq) (r* + s?)

— [cos(mey) + isin(mepg)] (v — is) (r® + ¢%) .

Thus, ‘
—ImAy = [rsin(mepr) + ¢ cos(mepy)] (r? + %)

— [s cos(mey) — rsin(mey)] (r* + ¢°)

=2r(r® + y* + y}) sin(mepr) = 2u1(r? — y? + y}) cos(mey)
k P k

= 2(r% + y}) [r sin(mpp) — yi cos(mey)] + 242 [rsin(mer) + Y cos(mey)] .

Since by assumption, ¢ € (0,5757) we have sin(mypy) > 0, and if we assume
that rsin(mepy) — yx cos(mepy) > 0, then (ap — @) sin(mepy) + yi cos(mey) < 0.
Since @ < 0, ¥ = py cos @i and y, = pyg sin @, we obtain

xy sin(mpy) + yi cos(mepg) < 0,  or cos gy sin(mey) + sin @p cos(mey) < 0,
i.e. sin[(m + 1) @] < 0, which is impossible since ;. € (0, 41 )- Therefore
r cos(mepy) — Yk sin(mey) < 0.

If we assume that 7 sin(mey) + yr cos(mepy) > 0, then in the same way we

obtain sin [(m — 1) ¢x] < 0 which is impossible since ¢ € (0, ] ). Therefore

rsin(mey) + yx cos(mey) < 0 and ImAg >0,
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i.e. ImB > 0, because Ima < 0, Imb > 0, Ime < 0. But A = z'B =0, i.c.
B = 0. This contradiction completes the prool. u
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