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In this work, we consider certain embedding problems over ficlds of characteristic not
2. We make use of the well-known obstructions to realizing groups of order 16 in order to
obtain conditions for solvability of embedding problems with non-abelian groups of order 16.
Then we examine these conditions in concrete examples according to the properties of the base
field. As a result we obtain numerous examples of solvable problems as well as realizability of
these groups over ficlds of level 4. We conclude with the cyclic group of order 8.

AMS Subj. Classification: 11E57, 12F10

Key Words: Galois group, extension of ficld, emebedding problem

1. Introduction

Let I'/k be a finite Galois extension of fields with Galois group 7. The
embedding problem associated to the extension of groups

1= A— G2 F=Ga(h/k)—1

then consists of determining whether or not there exists Galois extension L/k,
such that G = Gal(L/k), K C L and o|x = «a(a), for all o € (.

In this work, we examine certain embedding problems for ihe following
groups: Dig, the dihedral group of order 16; $Dyg, the semidihedral group of
order 16; Mie, the modular group of order 16; Q6, the quaternion group of
order 16; and Cfg, the cyclic group of order 8.

If & has characteristic 2, then by a famous result of Witt [Wi] the realiz-
ability of a 2-group G over & depends only on the rank of . Therefore, from
now on let us assume & to be of characteristic other than 2.

A complete list with obstructions for the realizability of the groups of
order 8 and 16 can be found in [GSS]. There also is given a full parametriza-
tion of all extensions realizing the groups Cg, D¢, and Mg, in some particular
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cases. It is derived from the full set of C's extensions over fields with a special
property, given by Schneps [Sc]. Other questions concerning automatic real-
izability (when the realizability of one group implies the realizability of other
group) can be found in [GS]. In [Ki] Kiming gives explicit constructions of all
Ds6, SD1g, and Q16 extensions. However, we will extensively use the results in
[Le], obtained by decomposition of the obstructions as products of quaternion
algebras. (Moreover, Ledet also proves a cohomological theorem [Le, Theorem
2.4], which admits computing of the obstructions for some groups of order 2"
n > 4.)

Helping our consideration is the following salient theorem:

Theorem 1.1. Let K/k be a Galois extension with Galois group I’ =
Gal(K/k) and let B C A C G be groups such that A and B are normal in G
and F =2 G/A. Then the field L D K is a solution of the embedding problem

l1-A—-G— F=GdK/k)—1
if and only if the problem
1—-A/B—=G/B— F=GdK/k)—1
has a solution K1 O K and the problem
l—-B—G—G/B=Ga(K,/k)—1

has a solution L D K1 D K.

We will write (@, b) the equivalence class in the Brauer group Br(k) of
the quaternion algebra generated over k& by two anti-commuting clements i and
j such that i2 = a, j? = b; a,b € k* . It is known that the realizability of groups
of order a power of 2 over k is linked to the splitting of certain products of
quaternion algebras in Br(k). The following well-known facts about quaternion
algebras are often useful.

Proposition 1.2. Leta,b,c,d € k*. Then:

1) (a,b) =1 € Br(k) < 3Jz,y€k:a=2a?-by?

2) (a,b)(¢,d) = 1 € Br(k) <= 3z € k: (a,b2) = (¢,dz) = (ac,2) =
1 € Br(k).

Now, we give two definitions concerning the quadratic structure of the
base field k.
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Definition. The level s(k) of the field % is the least positive integer n
such that -1 can be expressed as a sum of n squares.

We show for example, that all these groups are always realizable over a

field of level s(k) = 4.

Definition. An element a € &* \ &*? is rigid, if the set of clements in /&
represented by the quadratic form (1,a) = % + ay?, is precisely A*2 U ak*2.

Obviously, b is not rigid if and only if there exists @ € £*2\ k*2 such that
a and b are independent mod k*? | and (a,—b) =1 € Br(k).

Let C2 = Cy x Cq = Gal(k(y/a@, Vb)/k). We will assume without further
mentioning that ¢ and b are independent mod k*2, and C2% = (p1, p2), given by
piva = —\/a, pVb = —V/b; pav/a = \/a, p2v/b = —Vb.

Our aim is to reduce the conditions for solvability of certain embedding
problems to availability of special properties (e.g. the level and number of
square classes of the base field; rigidity; presentation of given elements as a sum
of squares).

We have to say that we consider only these four non-abelian groups of
order 16 because their obstructions are most interesting. The obstructions for
the rest five non-abelian groups of order 16 do not present enough material for

studying of specific embedding problems. TFor more embedding problems with
these groups over the rational field, see [Mi].

2. The dihedral group Dy = (o, 7|0® =72 = 1,70 = 077)

Consider the embedding problem

(1) 1= Cy42 (0% — Dyg — C3 = Gal(k(v/a,Vb)/k) — 1.
O — P1, T — P2

It is well-known that the associated problem

1 — Cy 2 (0?)/(a’) — Ds = Dig/ (o) — C3 = Gal(k(va, Vb)/k) — 1

is solvable if and only if (¢,ab) = 1 € Br(k). When (a,ab) = 1 there exists a Dg
(the dihedral group of order 8) extension L/k such that L D k(/a,v/b). The
problem

1— C’2 = (0'4> b D16 =~ Ds = Gal(L/k) — 1

is solvable if and only if (a,2) = (—b,z) € Br(k), for some z € k*. By Theorem
1.1 the problem (1) is solvable if and only if («,ad) = 1 and («,2) = (=b, ), for
some x € k*.
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Also, given the extensions

(2) 1= Cs (o) = Dig — Co=(p)= CGal(k(Vh)/k) — 1,
T—=p

1= Cy =2 (0)/(0?) — C} = Dig/(0?) — Cy = Gal(k(VD)/k) — 1,
1= Cy=(0®) — Dig— C} — 1,

the problem (2) is solvable if and only if Ja € k*\ k*? : @ and b arc independent
mod k*?, (a,ab) = 1 and («,2) = (=b, z), for some x € k*.

We note that when («,ab) = («,2) = 1 in [Sw, GSS] is given a parametri-
zation of all Dys extensions. In some of the examples below this situation is
present, and the full set of solutions could be given.

Example 2.1. Let b = —1. Then (a,ab) = (a,—a) = 1 and (=b,2) =
(1,2) = 1, whence the condition becomes (a,2) = 1. Thus the problem (2) for
b = —1 is solvable if and only if 3y,z € k: y? — 222 & £i*2,

Example 2.2. Let 2 € £*2. By the previous example the problem (2),
for b = —1 is solvable if and only if 3¢ € &*\ k** : @ and -1 arc independent
mod k*? (i. e., |k*/k*?| > 4). Then L = k(¢/a,+/=1) is a solution to the problem
(2), for b = —1.

Indeed, let ¢ = 3@ + \/—_14 € k(v/=T) be a primitive Sth root of unity.
Then we can define D¢ - operation on L as follows:

o(Va) = Ya¢, o(V-1)=V-T; 7(Va)= ¥a, 7(/=1)=-V=L.
Whence o(¢) = ¢ and 7(¢) = ¥2 — /=T¥Z = (1. Then we have
T(a(Va)) = 7(Vag) = Ya(™?, and
o N (r(Ya) = o™ (Ya) = Ya¢".

1

Therefore 7o = 7! and since the rest verification is trivial, we conclude

that Dy = Gal(L/k).
Example 23. Let b = =2 and let @ = y? — 222 ¢ k*2 U (=2k*2);

Y,z € k. Then « and b are independent mod k*?, (a,ab) = (a,2) = 1. Thus the
problem (2) for b = —2 is solvable if and only il -2 is not rigid.

Example 24. Let b = —a. Then («,ab) = (a,a), and we set @ = 2 :
(=b,2) = (a,2). Thus the problem (1) for b = —a is solvable if and only if a is
a sum of two squares. '
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Corollary 2.5. Assume s(k) = 4. The group D¢ is always realizable.

5

Proof. s(k) =4 = 3a; € k*%,i = 1 + 5 such that Z(r? = 0. We set

i=1
a = a} + a}, then —a¢ = a3 + o2 + a?, hence the problem (1) for b = —a is
solvable. Note that « € +k*? and @ and —a are independent mod I*?, otherwise
s(k) < 2. o

3. The semidihedral group SDs & (0,7|0% = 72 = 1,70 = 037)

Similarly to the previous section, given the extensions

(3) 1— C"l = <02) = SDIG T C22 = (]a](/‘:(\/(_l" \/(;)//‘:) - 1a
T = p1,T = P2
1 — C2 = (0%)/(c") — Dg = SDys/(c?) — C2 = Gal(k(Va, Vb)/k) — 1,
1 — Cy 2 (o'y — SDyg— Dg — 1,

by Theorem 1.1 the problem (3) is solvable if and only if (a,ad) = 1 and (a¢, —2) =
(—=b,2) € Br(k), for some = € k*.
Also, given the extensions

(4) 1= Cs=(o)— SDis — Ca=(p)= Gal(k(Vh)/k) — 1,

T—p
1 — Cy 2 (0)/(0?) — C2 = §Dyg/(0?) — Cy = Gal(k(VD)/k) — 1,
1—-04 = ((72) — 8Dy — C2 =1,
the problem (4) is solvable if and only if Ja € k*\ k*?: @ and b are independent
mod k*?, (a,ab) = 1 and (¢, —2) = (=b, ), for some = € k*.

Example 3.1. Let b = —2a and let (¢,—2) = 1. Then (a,ab) =
(a,—2) = 1 and we set @ = 1. Thus the problem (3) for b = —2a is solvable if
and only if (¢, —2) = 1.

Example 3.2. Let b =2 and let « = y? + 222 & k*2 U 2k*?; y,z € k.
Then « and b are independent mod k*?, (a,ab) = (a,—b) = (a,—2) = 1 and we
set 2 = 1. Thus the problem (4) for b = 2 is solvable if and only if 2 is not rigid.

Example 3.3. Letb= —1andlet a« = y? 4222 ¢ £k*?; y,z € k. Then
@ and b are independent mod k*?, (a,ab) = (a,—b) = (¢,1) = 1 and (a, -2) = 1.



104 I. Michailov, N. Ziapkov
Thus the problem (4) for b = —1 is solvable if and only if 3y,z € k: y2 + 222 &
+k*2,

Example 3.4. Let-1and2 be independent mod k*2. Then the problem
(3) for b = —1 and @ = 2 is solvable, and L = k(¥/2,v/—=1) is a solution.

Indeed, let ¢ = 5@ + \/—ll.lé € k(v2,vV/=T) be a primitive Sth root of

unity. Then we can define S Dyg - operation on I as follows:
o(V2)= V2, o(v-D)=V-T, 7(V2)=V2, r(V=1)=-V-1.
Whence o(¢) = —¢ and 7(¢) = 5@ - \/:Tlg = ("' = (3. Then we have
ra(V2)) = 7(V2¢) = V2¢7!, and
a*(1(V2) = a*(V2) = - V2> = V2.

Therefore 7o = o and SDq¢ & Gal(L/k).

Example 3.5. Let —2 € £*2, therefore -1 and 2 are dependent mod k*2,
Then the problem (4) for b = —1 is solvable if and only if 3« € k* \ £*2: @ and
= —1 are independent mod k*? (i. e., |k*/k*%| > 4). As before, we will show
that L = k(¥/a,+/—1) is a solution to the problem (4) for b = —1.
Indeed, let ( = 5@ + \/:-—1-%Z € k(v/=1) be a primitive 8th root of unity,
Again we can define SD;¢ - operation on L as follows:

0( W) = \8/2;.) U(\/’_—l-) = \/—"'—17 T( W) = W, T(\/"—l) = \/—_1.

Wlence o(¢) = ¢ and 7(¢) = 5@ + \/__152@ = —(~1. Then we have
ro(Ya)) = r(Yag) = —Yac™!,  and
A(r(Ya)) = *(¥a) = Yac® = - Yac.

Therefore 7o = o3 and S Dy¢ = Gal(L/k).

Example 3.6. Let b = —a. Then (a,ab) = (¢,—1) and we sct & = —2
to get (¢, —2) = (=, ). Thus the problem (3) for b = —a is solvable if and only
if a is @ sum of two squares.

Whence we immediately get the following corollary as in the previous
section.

Corollary 3.7. Assume s(k) = 4. The group SD g is always realizable,
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4. The modular group Ms & (o, 7|0® =72 = 1,70 = 0°7)

As before, given the extensions
» 8

(5) 1—Cy42(0? — My — C? = Gal(k(va, Vb)/k) =1,
O — P1, T — P2

1= Ca 2 (0%)/(0*) — Ci x C2 2 Myg/(") — CF = Gal(k(v/a, VB)/k) = 1,
1—=0C = (0'4) — Mg — Cyx Cy—1,

the problem (5) is solvable if and only if (¢, ) = 1 and («,2b) = (-1, 2) € Br(k),
for some z € k*.
Also, given the extensions

(6) 1—=CixCr=(a?7)—= Mg — Cq=(p)= Gal(k(Va)/k)— 1,

T—0p

1 — Cy = (a?,7)/(0%) = CF = Mig/(0®) — C2 = Gal(k(Va)/k) — 1,
L= Cy = (o?) = Myg — CF — 1,

the problem (6) is solvable if and only if (¢,a¢) = 1 and 3b € k* \ k*?: @ and b
are independent mod k*2, and (a,2b) = (=1, z), for some 2 € k*.

Similarly to Djg, when (¢, a) = («,2b) = 1 in [GSS] is given a parametri-
zation of all Mg extensions.

Example 4.1. Let « = —1. Then (¢,a) = (-1,-1) =1 < s(k) =2
and set = 2b to get (a,2b) = (—1,20). Thus the problem (6) for « = —1 is
solvable if and only if s(k) = 2.

Example 4.2. Let -1 ¢ k*? and let « = 2. Il —2 € k*? we choose
b € k* \ k*2: @ and b are independent mod I*2, and set & = b. Then (a,a) =
(2,2) = 1, (a,20) = (2,2b) = (2,b) = (=1,b) = (=1,2). Il =2 ¢ k*? we set
b = —2 and x = 1. Thus the problem (6) for —1 € k*2, a = 2, is solvable if and
only if |k*/k*2| > 4.

Example 4.3. Let —1 € k*2. If @ = 2 then (¢,20) = (2,0) =1 <= 2
is not rigid. If @ #2 and 2 € £*2 then (¢,2b) = (¢,b) = 1 <= ais not rigid. If
a # 2 and 2 ¢ k*? we choose b = 2 to get (a,2b) = (a,1) = 1. Thus the problem
(6) for —1 € k*2 is solvable if and only if |[k*/k*%| > 4, when a # 2, 2 € k*? and
is solvable if and only if « is not rigid otherwise.

In particular we obtain:
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Corollary 4.4. [GS, §3] Assume 2 € I*2. The group Mg is realizable
if and only if |k*/L*?| > 4.

Corollary 4.5. Asswmne s(k) = 4. The group Mg is always realizable.

Proof. As in corollary 2.5 Ja € £Ak*?: @ and —a are independent
mod k*?, whence |[k*/k*?| > 4. I{ 2 € k*2 the group Mg is rcalizable by corollary
4.4. If 2 € k*? then (a,2b) = (a,b) = (¢, —a) = 1, hence Mg is realizable by «
and b = —a. n

5. The quaternion group Q¢ = (0,7|0® = 1,72 = 0,70 = 077)

As Dbefore, given the extensions

(1) 1 —=Cy2 (02 — Qo — C3 = Gal(k(Va, Vb)/k) — 1,

T = p1,T — P2

1 — Cy 2 (o) /(o) — Ds = Que/(0?) — C2 = Gal(k(Va, Vb)/k) — 1,
1—Cy 2 (0" — Qis — Ds — 1,
by Theorem 1.1 the problem (7) is solvable if and only if (a,ab) = 1 and
(ay2)(b,0) = (=0, ), for some & € k*.
Also, given the extensions

(8) 1= Cs (o) — Qs — Ca2=(p)=Gal(k(Vb)/k)—1,

T—p

1= Cy = (0)/(0?) — CF = Qi6/(0?) — C3 = Gal(k(VD)/l) — 1,
1= Cy=(0?) = Qs — C5 — 1,
the problem (8) is solvable if and only if 3¢ € £~ \ k*2: @ and b are independent
mod k*%, (a,ab) = 1 and (a,2)(b,b0) = (=b,a), for some & € k*. By the remark

after [Le, Example 4.4] b is a sum of nine squares and we can say when b is a
sum of three squares (in fact two or three nonzero squares, since b € k* \ &*2),

Lemma 5.1. b is a sum of three squares in k <= Ja € k* : (b,b) =
(—b,:L‘).

Proof. We have (b,0)(=b,2) = (b,—=1)(—1,2)(b,a) = (= 1,2)(b, —2) =
1 <= 3y e k*:(-1,ay) = (b,—2y) = (=b,y) = 1, by Proposition 1.2. Then
xy = u? + 02, for some u,v € k, and b = w? + ayz? = w? + (u? + v2)z2, for
some w,z € k. Conversely, let b = u? + v + w? We set @ = u? 4+ v? and get
(-L,2)=(b,—z)=1. ™
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With the help of the last lemma in [MZ] are proved the following exam-

ples.
Example 5.2. The problem (7) for a = =2, b = 2 is solvable il and
only if s(k) = 2.
Example 5.3. The problem (7) fora = 2,b = =2, s(k) = 2 is solvable.
Example 5.4. The problem (7) for b = —a is solvable il and only if «

is a sum of two squares and —e¢ is a sum ol three squares.

Corollary 5.5. Assume s(k) = 4. The group Q16 is always realizable.

Example 5.6. The problem (8) for b = —1 and —2 € k*? is solvable if
and only if Jy,z € k: y? + 22 & £i*2.

Example 5.7. The problem (8) for b = —1 and 2 € £k*? is solvable il
and only if |k*/k*?| > 4 and s(k) = 2.

Example 5.8. The problem (8) for b = y% + 1/y? , y € k*, such that
b+ (a/B) & k*? and 1/b+ (B3/a)? & k*?, where o? 4 232 = —2, is solvable.

6. The cyclic group Cs 2 (a|o® = 1)

Finally, given the extensions
9) 1 — (4= (0?) — Cs — Cy = Gal(k(Va)/k) — 1,

1 — Cy 2 (0?) /(o) = Cy = Cy/ (o) — Cy = Gal(k(Va)/k) — 1,
1— C’z = (0’4) — Cg b C"‘l hnd 1,
the problem (9) is solvable if and only if (¢,a) = 1 and Iz € k* : (a,2) = (-1, ).
When (a,a) = (a,2) = 1 in [GSS] is given a parametrization of all C's ex-
tensions, derived from [Sc], where Schneps gives a number of fields (the rational
field among others), for which this is always possible.
Example 6.1. Let a = —1. Then («,2) = (=1,2) = 1, and (¢,a) =

(-1,-1) =1 <= s(k) = 2. Thus the problem (9) for « = —1 is solvable if
and only if s(k) = 2.

Example 6.2. Let « = y?2 4+ 1/y%, y € k*. Therelore ¢« = y* +
1/y* = (y + 1/y)? — 2, hence (a,2) = 1. Since (a,a) = 1, the problem (9) for
a = y?+1/y?, y € k*, is solvable.

Example 6.3. Let (a,a) = 1. If —=2°€ k*2 then (a,2) = ('a',—l) =1,
hence the problem (9) is solvable. Therefore, we can assmine —2 ¢ k*2. By
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Proposition 1.2 (¢,2) = (=1,2) <= Iz € k*: (¢,2z) = (-1,22)=(-a,z) =1,

for some 2 € k*. Iquivalently, there exist wu; , v; € k, i = 1,2 such that
a = u?-2zv} and —a = u3—zv? (we can always set @ = z tosecure (=1,2z) = 1 ).
Then ) )

u? 4 ud

% gy 2 92
uy + u: —-Z('U- +207) =0 <= 2= 55—

1 2 2 1 'Uﬁ + znfs
where v2 + 20% # 0, since =2 ¢ k*? . Now, replace = in

w2 4 u2 w22 — 20202 u? — 92
uy +uy 5 uyv; —2ujvy  ut — 20

o =ud-2z0f=ud-2

2 4902 VT p2 0902 T 52 4 9,20
vy + 20§ vy + 207 vy + 20]
where u? = u?v2, v = u3v. Thus the problem (9) for —2 ¢ £*? is solvable
‘ 2 2
u* — 2v

< (a,a) =1 and Ju,v,uy,v; € k such that « = —— .
( y ) s Uy 01,01 'U§+2012
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