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The condition number estimation and the computation of residual based forward er-
ror estmates in the numerical solution of matrix algebraic continnons-time and discrete-time
Lyapunov and Riccati equations is considered. The estimates implemented involve the so-
lution of triangular Lyapunov equations along with usage of the LAPACK norm estimator.
Results of numerical experiments demonstrating the performance of the estimates proposed
are presented. T '
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1. Introduction

In this paper we consider the estimation of condition numbers and the
computation of residual-based forward error estimates pertaining to the numer- .
ical solution of matrix algebraic continuous-time and discrete-time Lyapunov
and Riccati equations which arise in control theory.

The following notation is used in the paper: R — the ficld of real numbers;
R™*™ — the space of m X n matrices A = [a;;] over R; AT — the transpose.of
A; omax(A) and oyin(A) - the maximum and minimum singular values of A;
[|A]]1 = the 1-norm of the matrix A; ||A||2 = Gmax(A) — the spectral norm of A;
I1AllF = (X |eij]?)!'/?) - the Frobenius norm of A; I,, — the unit n x n matrix;
A ® B - the Kronecker product of matrices A and B; Vee(A) - the vector,
obtained by stacking the columns of A in one vector; ¢ — the roundolf unit of
the machine arithmetic.

In what follows we shall consider the Lyapunov equation

(1) ATX + XA =C,
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the discrete-time Lyapunov equation
(2) ATxA-x=c,
the Riccati equation
(3) ATX+XA+C-XDX =0,
and the discrete-time Riccati equation
(4) ATXA-X+C-ATXB(R+ BTXB)'BTX A =0,
or its equivalent
X=C+ATX(I,+DX)'A=0, D=BR™'BT,

where A € R"*" and the matrices C', D, X € R™*™ are symmetric. In case of
the Riccati equations (2) and (4) we assume that there exists a non-negative
definite solution X which stabilises A — DX and ([, + DX )~'A, respectively.

The numerical solution of matrix Lyapunov and Riccati equations may
face some difliculties. I'irst of all, the corresponding cquation may be ill-
condilioned, i.e., small perturbations in the coeflicient matrices A, C', D may
lead to large variations in the solution. So, it is necessary to have a quantitative
characterisation of the conditioning in order to estimate the accuracy of solution
computed.

The second difficulty is connected with the stability of the numerical
method and the reliability of its implementation. The backward numerical sta-
bility of the methods for solving the Lyapunov equations is not proved and as it
is known [10] that the methods for solving the Riccati equations are gencrally
unstable. This requires to have an estimate of the forward error in the solution
computed.

The paper is organised as follows. In Section 2 we discuss the conditioning
of ‘the equations (1) - (4). In Section 3 we present an efficient method for
computing condition number estimates which is based on matrix norm estimator
implemented in LAPACK [1]. In Section 4 we propose residual based forward
error estimates which implement also the LAPACK norm estimator and may he
used in conjuction with different methods for solving the corresponding equation.

Finally, in Section 5 we present the some numerical examples demon-
strating the performance of estimates implemented.
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2. Conditioning of Lyapunov and Riccati equations

Let the coefficient matrices A, ¢, D in (1) - (4) be subject to pertur-
bations AA, AC, AD, respectively, so that instead of the initial data we have
the matrices A = A4+ AA, C = C+ AC, D = D+ AD. The aim of the per-
turbation analysis of (1) - (1) is to investigate the variation AX in the solution
X = X +AX due to the perturbations AA, AC, AD. If small perturbations in
the data lead to small variations in the solution we say that the corresponding
equation is well-condilioned and il these perturbations lead to large variations
in the solution this equation is ill-conditioned. In the perturbation analysis of
the Lyapunov and Riccati equations it is supposed that the perturbations pre-
serve the symmetric structure of the equation, i.e., the perturbations AC and
AD are symmetric. If [JAA]|, ||AC|| and ||AD|| are sufficiently small, then the
perturbed solution X = X + AX is well defined.

Consider first the Riccati equation (3). The condilion numbcr of lhe
Riccati equation is defined as (see [5])

AX ‘ \
Kp = lim sup {H lAA < 8)|AllL 1AC) < 8¢, 1AD]] < b||./)||} .

For sufficiently small § we have (within first order terms) [[AX||/||X|| £ K pé.
Let X be the solution of the Riccati equation computed by a numerical method
in finite arithmetic with relative precision ¢. If the method is backward stable,
then we can estimate the error in the solution error || X — X||/[|X|| £ p(n) K pe
with some low-order polynomial p(n) of n. This shows the importance of the
condition number in the numerical solution of Riccati equation.

The computation of the exact value ol K requires the construction and
manipulation of n? x n? matrices which is not practical for large n. That is why
it is useful to derive approximations of K'p that can he obtained cheaply.

In first order approximation the equation for AX can be represented as
(5) AX = Q7Y (AC) - O(AA) + TI(AD),
where

Qz) = ATZ+ zA,,

0(Z) QNZTX + X 2),

I(z) = Q°Y(XZX)
are lincar operators in the space of nxn matrices, which determine the sensitivity
of X with respect to the perturbations in C, A, D, respectively, and. A, =
A — DX. Based on (5) it is possible to use the approximate condition number

. 127TICH + NIOIAN + T2
' X1 ’

(6) Kp
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where ||[Q71],]|®]], ||TI|| are the corresponding induced operator norms. Note

that .

1907l = ————
sepp(AT, - A,)

where

\T 7 + ZA~||F
sepp(AT, - A,) := min 14 —.
lr( ¢ ) 740 “Z“F
The sensitivity of the Lyapunov equation (1) is determined by the norms of the
operators )
WUZ) = ATZ + ZA,
0(2) = QY ZTX+X2).
In the case of the discrete-time Lyapunov equation (2), the corresponding oper-
ators are determined from
U2Z) ATZA - Z,
0(2) = QYZTXA+ ATX Z).

Finally, it can be shown that the conditioning of the discrete-time Riccati equa-
tion (4) is determined by the norms of the operators

UZ) = ATZA.- Z,
o(2) QY ZTX A+ ATX Z),
(Z) = QY ATXZXA,),

where A, = (I, + DX ) A.
3. Condition estimation

The quantities ||Q7Y|y, ||©||1, ||II||; arising in the sensitivity analysis of
Lyapunov and Riccati equations can be efliciently estimated by using the norm
estimator, proposed in [8] which estimates the norm ||T||; of a lincar operator
T, given the ability to compute Tv and TTw quickly for arbitrary v and w. This
estimator is implemented in the LAPACK subroutine xLACON [1], which is called
via a reverse communication interface, providing the products T» and TTw.

Cousider for definiteness the case of continuous-time Riccati equation.
With respect to the computation of

1

127 YE = P My = —————

the use of xLACON means to solve the linear equations

Py=w, PTz=0,
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where
P=LoAT+ AToI, PT=1,@A.+A.®I,,

v being determined by xLACON. This is equivalent to the solution of the Lyapunov
equations
’ ATY + YA =V,
(7) AZ + ZAT =V,
Vee(V) = v, Vee(Y) =y, Vec(Z) = z.

The solution of these Lyapunov equations can be obtained in a numeri-
cally reliable way using the Bartels—Stewart algorithm [4]. Note that in (7) the
madtrix V is symmetric, which allows a reduction in complexity by operating on
vectors v of length n(n + 1)/2 instead of n2.

An estimate of ||O||; can be obtained in a similar way by solving the
Lyapunov equations
(8) ATy 4 YA, = VIX + XV,

AZ+ZAT =VvTX 4 XV.

To estimate [|II||; via xLACON, it is necessary to solve the equations

9) ATY + YA, = XVX,
AZ + ZAT = XV X,

where the matrix V is again symmetric and we can again work with shorter
vectors.

The estimation of [|Q||4, ||©]|1, [|TT]|; in the case of the other equations is
done in a similar way.

The accuracy of the estimates that we obtain via this approach depends
on the ability of xLACON to find a right-hand side vector v which maximises the
ratios

llyll =l

lloll” vl
when solving the equations Py = v, PTz = ». As in the case of other condition
estimators it is always possible to find special examples when the value pro-
duced by xLACON underestimates the true value of the corresponding norm by
an arbitrary factor. Note, however, that this may happens in rare circumstances.
To avoid overflows, instead of estimating the condition number KN an
estimate of the reciprocal condition number

. — =T —
_1_ _ sepl(Ac 9 _/1C)I|"Y”1

— = — e TS :

Kp  ICllx + sepy(Ac s = A)(IO]|1 | Ally + T 1D]10)
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may be determined.  Here A, is the computed matrix A, and the estimated
quantities are denoted by tilde.

4. Error estimation

A posteriori error bounds for the computed solution of the matrix equa-
tions (1) - (4) may be obtained in several ways. One of the most efficient and
reliable ways to get an estimate of the solution error is to use practical error
bounds, similar to the case of solving lincar systems of equations [2, 1] and
matrix Sylvester equations [7].

Consider again the Riccati equation (3).

Let

R=ATX +XA+C-XDX
be the exact residual matrix associated with the computed solution X. Setting
X =X+ AX, where X is the exact solution and AX is the absolute error in
the solution, onc obtains

R=(A-DX)'AX + AX(A - DX)+ AXDAX.

If we neglect the second order term in AX, we obtain the lincar system of
equations
PVec(AX) = Vee(R),

where P = [,, ® :TZ‘ + _/Tf ®I,, Ac = A - DX. In this way we have

-1

[Vec(X = X)[loo = P Vee(R)||oo < || [P'] [Vee( )] [1oc-

As it is known [2] this bound is optimal if we ignore the signs in the elements
of P~ and Vee(R).

In order to take into account the rounding errors in forming the residual
madtrix, instead of 2 we use

R=fI(C+ATX +XA-XDX)= R+ AR,
where
|AR| < e(4|Cl+ (n + 4)(|AT] IX] + IXTA] + 2(n + DIX] D] X)) =: R,

and fl denotes the result of a floating point computation. Iere we made use of
the well known error bounds for matrix addition and matrix multiplication.



Condition an Error Estimates in the ... 115

In this way we have obtained the overall hound

Y = Xllar _ W27 L (Nee T+ Neet )]
NN~ IRWIIRY;
where [|X'|la; = max; ; 4]
The numerator in the right hand side of (10) is of the form || |27 e~
and as in [2, 7] we have

(10)

I 'f‘: Dl
NP Dpllx.-

I I77_'[I/)nf'l|-»
17" Dl [l

17~ e

where Dy = diag(r) and ¢ = (1,1,...,1)7. This shows that || |P7"r|l can
be efficiently estimated using the norm estimator xLACON in LAPACK, which
estimates || Z||, at the cost of computing a few matrix-vector products involving

Z and ZT, This means that for Z = P~ Dp we have to solve a few lincat
, . s =T =T - = .
systems involving P = [, @ A, + A, & [, and P =1, & A. + A. @ [, or, in

other words, we have to solve several Lyapunov equations j{ N+ N =1V and
'ch.\'+TA?,' = 7. Note that the Schur form of A, is alrcady available from the
condition estimation of the Riccati equation, so that the solution of the Lya-
punov equations can be obtained efficiently via the Bartels-Stewart algorithn.
Also, due to the symmetry of the matrices R and R.. we only need the upper (or
lower) part ol the solution of this Lyapunov equations which allows to reduce
the complexity by manipulating only vectors of length n(n +1)/2 instead of n?,

T'he error estimation in the solution of (1), (2) and (:1) is done in a similar
way.

The software implementation of the condition and error estimates is based
entirely on LAPACK and BLAS [9, 6] subroutines.

5. Numerical examples

In this section we present four examples which demonstrate the perfor-
mance of the estimates implemented in the solution of families of Lyapunov and
Riccati equations whose conditioning vary very much. All computations were
carried out on a PC with relative machine precision ¢ = 2.22 x 10716,

In order to have a closed form solution, the test matrices in the Lyapunov
and Riccati equations are chosen as

A=TAT™", C=T"TCT™", D=TDyT",
where Ag, Co, Dy are diagonal matrices and 7" is a nonsingular transformation
matrix. The solution is then given by X = =T XyI'=! where Xy is a diagonal



146 M.M. Konstantinov, P.IIr. Petkov

matrix whose elements are determined simply from the elements of Ay, Cy, Dy.
To avoid large rounding errors in constructing and inverting 7', this matrix is
chosen as T' = 1,511, where H, and I, arc clementary rellectors and S is a
diagonal matrix,

Iy, = I,=2e"/n, c=[11,...1T.
Hy = Li=2ffT/n, [=[1,=1.1,..,(=1)"""".
S = diag(l,s,8% ..., 5", s> 1.

Using different values of the scalar s, it is possible to change the condition
number of the matrix 7" with respect to inversion, cond3(7") = s"~1,

The matrices A,C, D are computed easily with high precision. The nu-
merical solution of the corresponding equations, however, may present a diflicult
task for the methods which are of current use, since the diagonal structure of
these equations is not recognized by these methods.

Example 1. Consider the solution of a family of Lyapunov equations of
sixth order, constructed such that

Ay = diag(—=1x 107%, -2, -3 x 10%),
Cy = diag(2 x 10*,4,6 x 107%).

The solution Xj is given by
X, = diag(10%,1,1072%).

The condition number of thes equations increases quickly with the increasi ng of
k and s.

In Figure 1 we show the ratio of the condition number estimate ang
the value of the actual condition number as a function of & and s. This ratio
remains close to 1 even for large £ and s when the condition number is of ordep
10!, In Figure 2 we show the ratio of the actual forward error in the solution
and the estimate of this error for the same values of & and s. In all cases the
actual error is less than the residual based estimate. With the increasing of
the condition number the forward error estimate hecomes pessimistic, but the
difference between both quantities is at most in the last four decimal digits.

Example 2. Consider a family of discrete-time Lyapunov equations of
sixth order obtained for matrices Ag, Cy whose diagonal blocks are chosen as
A; = diag(1-107%0,1/2),

Ci = diag(107%,10%,107F).

As in the continuous-time case thesc equations become ill-conditioned with the
increase of k£ ans s. '
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The solution of the discrete-time Lyapunov equation is done by the al-
gorithm proposed in [3].

The results related to the condition number estimate, shown in Figure
3, demonstrate the good performance of this estimate for different & and s (the
ratio of the estimate and the true condition number remains close to 1).

The results related to the forward error estimate, presented in Figure
4, show that for the given discrete-time Lyapunov equations the error estimate
may be pessimistic. In any case. however, we are sure that the actual forward
error in the solution is less than the estimate obtained.

- Example 3. Consider a family of Riccati equations, constructed as
described above with

Ag = diag(Ay, Ay), Co = diag(Cy,C,), Dy = diag(Dy, Dy),

where
Ay = diag(—1x 107%, =2, -3 x 10%),
¢y = diag(3 x 107%,5,7 x 10%),
Dy = diag(107%,1,10%),
X; = diag(1,1,1).

The solution is given by
Xo = (lia.g(Xl,X1), X, = diag(1,1,1).

The conditioning of these equations deteriorates with the increase of & and s.

These equations are solved with the routines described in [11].

In Figure 5 we show the ratio of the condition number estimate and the
exact condition number and in Figure 6 we show the ratio of the exact forward
error in the solution and its estimate as functions of & and s. Both estimates
produce acceptable results in this case.

The next example illustrates the potential pessimism in the forward error
estimate for the discerte-time Riccati equation.

Example 4. Consider a family of 6-th order discrete-time Riccati equa-
tions whose matrices Ag, Cy, Do are chosen as
Ao = diag(A4,, A1), Co = diag(C4,C,), Do = diag(Dy, Dy),
where
Ay = diag(0,1,2),
Cy = diag(10*,1,107%),
Dy = diag(107%,1072** 107%).

The conditioning of these equations deteriorates with the increase of k and s.
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The accuracy of the condition number estimate for the discrete-time Ric-
cati equations is shown in Fig. 7. As for the continuous-time Riccati equations,
the condition number estimate is close to the true condition number. However,
as shown in Fig. 8, the forward error estimate becomes very pessimistic for large

k and s.

Figure 1: Accuracy of the condition number estimate for
a family of Lyapunov equations

k . 0 .
Figure 2: Accuracy of the forward error estimate for
a family of Lyapunov equations
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log 10(est/cond)

Figure 3: Accuracy of the condition number estimate for
a family of discrete-time Lyapunov equations

0
Figure 4: Accuracy of the forward error estimate for
a family of discrete-time Lyapunov equations
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Iigure 5: Accuracy of the condition number estimate for
a family of Riccati equations
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Figure 6: Accuracy of the forward error estimate for
a family of Riccati equations
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Figure 7: Accuracy of the condition number estimate for
a family of discrete-time Riccati equations
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