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0. Introduction

A nonvoid family R of binary relations on a nonvoid set X is called a
relator on X', and the ordered pair X (R) = (X', R) is called a relator space.
Relator spaces are straightforward generalizations of ordered sets and uniform
spaces [13]. They deserve to be widely investigated because of the [ollowing two
facts.

If D is a family of certain distance functions on X, then the relator
Rop, consisting of all surroundings BY = {(«,y) € X2: d(x,y) < r}, where
d € D and r > 0, is a more convenient mean of defining the basic notions of
analysis in the space X (D) than the family of all open subsets of X (D), or
even the family D, itself.

Moreover, all the reasonable generalizations of the usual topological struc-
tures (such as proximities, closures, topologies, filters and convergences, for in-
stance) can be easily derived from relators (according to the results of [16] and
[12]), and thus they need not be studied separately.

!The work of the author was supported by the grant FKFP 0310/1997
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If R is a relator on X, then according to [16],, for any A, B C X and
x,y € X, we write:
(1) Belntr(A) (B e Clr(4d)) if R[B]CA (R[B]ﬂ/\ Z0 )
for some (all) ReR;

(2) x €intr(A) (2 €cr(A)) il {a} €Intr(A) ({2} € Clr(A));

(3) yeor(z) (yepr(x)) i yeintr({z}) (yedr({r});
and moreover:

(4) Aern (A€rr) i Aelntr(d) (X\A¢Clr(A));

(5) AeTr (AeFr) if Acintg(d) (cr(A)cC 4 )

(6) Aeér (A€eDr) il intr(A)#0 (cr(A)=X).

The relations Intg, intg and ogr are called the proximal, the topolog-
ical, and the infinitesimal interiors induced by R on X, respectively. And the
members of the families 7o , Tr, and Er are called the proximally open, the
topologically open, and the fat subsets of X (R), respectively.

The proximally open sets and the fat sets are usually more important
tools, then the topologically open sets. I'or instance, if < is a preorder on X,
then 7(.; and &4y are precisely the families of all ascending and 1esulual

subsets of the preordered set X (<), respectively.

Therefore, it is not surprising that sometimes we also need the sets
Enzngn and Dy;v_:U(’P(,l’)\Dn).

By specializing some unpublished ideas of A. Szdz, a function 2 of a
preordered set I' into a set X is called a I'-net in X. And the I'-net 2 is
said to be fatly (densely) in a subset A of X if 271( A) is a fat (densc) subset
of T'. Note that these definitions would actually allow T to be an ;\i‘bil‘.r;\.t‘y
relater space.

Moreover, if R is a relator on X, then for any I'nets @ and y in X
and ¢ € X we write:

(7) y € Limg(z) (y € Adhg(z)) ifthenet (y, ) is fatly (densely)
ineach ReR;

(8) @ €limp(z) (a€adhr(e)) if a. € Limgr(z) (a. € Adhg(2) ),
where a. =T X {a}.
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To provide a general framework for the investigation of the above basic
tools, we introduce here several new definitions and establish their most impor-
tant consequences.

A function § of the family of all relators on X into a family of sets is
called a set-valued function for relators on X'. And we write g = F(R) for
every relator R on X .

In particular, a function O of the family of all relators on X into itsell
is called a unary operation for relators on X . And we write RU =0 (R) for
every relator R on X .

The set-valued function § is called O-increasing ( O-decreasing) if for
any two relators R and § on X we have SCRP < JFsCTr (Fr C
35) . Namely, in this case, §F is increasing (decreasing) in the usual sense.

Moreover, an increasing unary operation O for relators on X is called a
refinement operation if it is expangive and idempotent in the sense that R CR
and RP = RUO for every relator R on X .

Theorem 1. [f O is a unary operation for relators on X, then the
Jollowing assertions are equivalent:
(1) O is a refinement; (2) 0O is self-increasing ;

(3) there exists @ O-monotonic set-valued function § for rclators on
X.

Theorem 2. If O is a unary operation and F is a O-monolonic
sel-valued function for relators on X , then, for every relator R on X, RUP
is the largest relator on X such that Fr = Fro .

If § is an increasing (decreasing) set-valued function for relators on X,
then the operation Og, defined by

R%®={Scx®: Fmcdr} (R®={Scr¢: FrcCB})

for every relator R on X, is called the operation induced by F.

Moreover, the increasing (decreasing) set-valued function § is called reg-
ular if it is Og—increasing ( Oz—decreasing ).

Theorem 3. If O is a unary operation and §F is ¢ O-monotonic
set-valued function for relators on X, then O = Og.
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Theorem 4. If § is a monotonic set-valued function for relators on
X, then the following assertions are equivalent:
(1) § is regular; (?) 3r = 37203 for every relator R on X ;

(3) T is O-monotonic for some unary operation O for relators on X .

An increasing (decreasing) set-valued function § for relators on X is
called normal if, for every relator R on X, we have

== U Smy (Sﬂzms{ﬂ})

ReR ReR

Theorem 5. If § is a normal set-valued function for relators on X ,
then § is, in particular, regular.

Theorem 6.
(1) Int, int, o, 7,7, &, and D are normal increasing set-valued
functions for relators on X ;

2) Lim, Adh, lim, adh, Cl, cl, p, D, and E are normal de-
creasing set-valued functions for relators on X .

Unfortunately, the increasing set-valued functions 7 and F, on which
topology was based on, are not even regular in general.

Therefore, if R is a relator on X, then in general there does not exist
a largest relator R on X such that Tp = Tpo ( Fr = Fro ).

1. Unary operations and set-valued functions for relators

Definition 1.1. A function O of the family of all relators on X into
itself is called a unary operation for relators on X . And we write R® = 0O R)
for cvery relator R on X .

Moreover, a function § of the family of all relators on X into a family of
sets is called a set-valued function for relatorson X . And we write Fr = F (R)
for every relator R on X .

Remark 1.2. Note that thus a unary operation for relators is, in
particular, a set-valued function for relators.
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Important examples for set-valued functions and unary operations for
relators have been given by Szdz and Mala in [16], [17], [4], and [7].

Definition 1.3. If O is a unary operation and §F is a set-valued
function for relators on X, then we say that:

(1) O isstableif R =R whenever R = {X€};
(2) O is expansive il R C REP for every relator R on X ;
(3) O is idempotent if REP = REE for every relator R on X ;

(4) T isincreasing il Fs C Fr [for any two relators R and & on X
with SCR.

Remark 1.4. Analogously, the set-valued function § is called decreas-
ing if
SR C3Js for any two relators R and S on X with SCR.

Note that the expansivity property (1) implies that RP c RPY for
every relator R on X . Therefore, an expansive operation. O for relators is
idempotent if the converse inclusion holds.

The usefulness of the expansivity and the idempotency properties are
already apparent from the following theorem. ~

Theorem 1.5. If O is a unary operation for relators on X, then lhe
Jollowing assertions are equivalent:

(1) O is expansive and idempotent ;

(2) for every relator R on X, RU is the largest relator on X such
that RY = (RO)";

(3) there exists a set-valued function § for relators on X such that, for
every relator R on X, RUP is the largest relator on X such that Fr = Srao.

Proof. Assume that the assertion (1) holds, and let R be a relator
on X . Then by the idempotency property of the operation O we have RE =
(rRE )D. On the other hand, if S is a relator on X such that R = ST,
then by the expansivity property of the operation O, we also have 8 ¢ RP.
Therefore, the assertion (2) also holds.

Wahile if the assertion (2) holds, then we can observe that the set-valued
function § = 0O has the properties required in the assertion (3). Thercflore, the
implication (2) = (3) is obviously true.
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Assume now that the assertion (3) holds, and let R be a relator on
X . Then, from the obvious equality Fr = Fr, by using the corresponding
maximality property of the relator RP . we can infer that ‘R C RE. Therelore,
the operation O is expansive. Moreover, by writing RO in place of R in the
assertion (3), we can at once see that Frpo = Froo . Hence, since Jp = Sra,
we also have JFr = Froo. lence, by using the corresponding maximality
property of the relator RE, we can infer that REE c RU. Therelore, by
Remark 1., the operation O is idempotent. And thus the assertion (1) also
holds. -

Remark 1.6. Despite the above theorem, the most important property
of a unary operation for relators is certainly the monotonicity property.

Namely, all the important set-valued lunctions for relators are monotone.
But, some useful operations for relators are not either expansive or idempotent.,

Definition 1.7. If O is a unary operation and § is a sct-valued
function for relators on X, then we say that:

(1) O is an extension if it is expansive and increasing;
(2) O is a modification if it is idempotent and increasing ;
(3) O is a relinement il it is expansive, idempotent and increasing;

(4) ¥ is O-increasing if for any two relators R and & on X we have
SCRY < JFsC3Fr.

Remark 1.8. Analogously, the set-valued function § is called O-
decreasing if for any two relators R and & on X we have & C RE <«
Sr CSs-

Moreover, in particular, the operation O will be called self-increasing il it
is
O-increasing. That is, for any two relators R and & on X, we have & ¢
R &= SHcR.

The appropriateness of the above definitions is already apparent from
the following theorem.

Theorem 1.9. If O is a unary operation for rclators on X, lhen the
following assertions are equivalent:
(1) O is « refinement; (2) O is self-increasing ;

(3) there exists a O-increasing sct-valued function F for relalors on

X.
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Proof. Assume that the assertion (1) holds, and let R and & be
relators on X . If & C RY, then by the increasingness and the idempotency
properties of the operation O, it is clear that SO ¢ REO = RU. Wiile, if
8P c RP, then by the expansivity property of the operation O alone it is
clear that & C RU. Therefore, the assertion (2) also holds.

While if the assertion (2) holds, then we can note that the set-valued
function § = O is O-increasing. Therefore, the implication (2) = (3) is
obviously true.

Assume now that the assertion (3) holds, and let R and S be relators
on X . Then, from the obvious inclusion Fr C Fr, by using the assumption
(8) we can infer that R C RU. Therefore, the operation O is expansive. On
the other hand, from the obvious inclusion RE C RP, by using the assumption
(3), we can infer that Fro C Fr. Hence, by writing RO in place of R, we
can see that Frpoo C Fr. Hence, by using the assumption (3), we can infer
that RPY ¢ REU. Thus, by Remark 1.4, the operation O is idempotent.

Finally, if S C R, then by the expansivity property of the operation O
it is clear that S ¢ RP. Hence, by using the assumption (3), we can infer that
Ss C §r. Hence, since Fgo C Fs, it is clear that we also have 350‘ C 3Rr.
Hence, by using the assumption (3), we can infer that S® ¢ RY. Therefore,
the operation O is increasing. And thus the assertion (1) also holds. ]

Concerning refinement operations, we can also easily prove the following
theorem.

Theorem 1.10. If O is a refinement operation for relators on X and
(’R))) er s a nonvoid family of relators on X, then

(Un) = (Urs)”

i€l )eT

Hence, it is clear that, in particular, we have X

Corollary 1.11. If O is a refinement operation for relators on X and
R is a relator on X, then

RY = ( U {R}“)D.

RER
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However, it is now more important to note that, in addition to Theorem
1.9, we can also prove the following theorem.

Theorem 1.12. If O is a unary operation and F is a scl-valued
function for relators on X, then the following asserlions are equivalent:

(1) § is O-increasing;

(2) T is increasing and, for every relator R on X, RUP is the largest
relator on X such that Fpao C Fr. '

Proof.

Assume that the assertion (1) holds, and let R and S be rclators on
X . Then,if S C R, then by the assertion (1) and Theorem 1.9, it is clear that
S C RV, and hence Fs C Fr. Therefore, the function §F is increasing. On
the other hand, from the obvious inclusion RE C RUY, by using the assertion
(1), we can infer that Fpo C Fr. Moreover, if Fs C Fr, then by using the
assertion (1) we can see that S C RP. Therefore, the assertion (2) also holds.

Conversely, assume now that the assertion (2) holds, and let R and &
be relators on X . Then, if S C RY, then by the assertion (2) it is clear that
§s C Fro C Ir. While, if Fs C Fr, then by the corresponding maximality
of the relator RP it is clear that S € RP. Therefore, the assertion (1) also
holds. [}

Now, as an immediate consequence of Theorems 1.9 and 1.12, we can
also state the following corollary.

Corollary 1.13 If O is a unary operation and § is a O-increasing
set-valued function for relators on X, then for every relator R on X, RU is
the largest relator on X such that Fr = Fro.

Proof. If R is arelator on X, then by Theorem 1.9 we have R Cc RO,
Hence, by Theorem 1.12, it follows that Fr C Fra. Moreover, by Theorem
1.12, we also have Fro C Fr. Therefore, Fr = Fro.

On the other hand, if S is a relatoron X such that Fr = Fs, then in
particular Fs C Fr . Hence, since § is O-increasing, it follows that § ¢ RO,
Therefore, RU is the largest relator on X such that Fr = Sro. ™

Remark 1.14. Note that if O is a unary operation and F is a
O-decreasing set-valued function for relators on X, then the pointwise com-

plement F° of ¥, defined by

3= (U me() \ 3=
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for every relator R on X, is O-increasing. Therefore, the corresponding duals
of Theorems 1.9 and 1.12 and Corollary 1.13 are also true.

2. The induced unary operations and regular set-valued func-
tions

Definition 2.1. If § is an increasing set-valued function for relators
on X, then the operation Og, defined by

R = {Scx®: Fs3CIr}

for every relator R on X, is called the operation induced by §.

Moreover, the increasing set-valued function §F is called regular if it is
Og-increasing.

Remark 2.2. Analogously, il § is a decreasing set-valued function for
relators on X, then the function Og, defined by REs = {S C V€: Fr C sy }
for every relator R on X, is called the operation induced by §. Morcover,
the decreasing set-valued function § is called regular if it is Og—decreasing.

. Note that if §F is a set-valued function for relators on X such that § is
both increasing and decreasing, then Fr = Fp(x2) for every relator R on X.
Thereflore, the two possible definitions cannot lead to confusions.

The appropriateness of Definition 2.1 is already apparent from the fol-
lowing thcorem.

Theorem 2.3. If O is a unary operation and § is a O-increasing
set-valued function for relators on X, then O = QOgz. And thus, in particular,
T is regular.

Proof. If §$€RP, ie., {§} CRE for some relator R on X, then
since § is O-increasing we have F(5) C Fr. Hence, by the definition of R5s,
it follows that § € RUs. Therefore, RE c ROs.

While, if $ € RYs for some relator R on X, then by the definition
of RYs we have (s} C §r. Hence, since § is O-increasing, it follows that
{S} C RB, i.e., §€ROU. Therefore, R c R is also true. =

Now, as an immediate consequence of Theorem 2.3, we can also state the
next corollary.

Corollary 2.4. If § is a sel-valued function for relators on X, then
there exists at most one unary operation O for relators on X such that § is
O-increasing.
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Remark 2.5. Later we shall see that even for a refinement operation
O for relators there may exist more than one O-increasing set-valued function.

Moreover, there are important increasing set-valued functions for relators
which are not regular.
However, despite this, we can still prove the following theorem.

Theorem 2.6. If § is an increasing set-valued function for relators
on X, then ‘

(1) Qg is an extension operation for relators on X ;

(2) Fs CIr implies S C RE% for any two relators R and S on X .

Proof. By using Definition 2.1, we can easily see that

RO =|J{S: Fsc3r}

for every relator R on X . And hence, the required assertions are quite obvious.
]

Remark 2.7. Later, we shall see that the operation Oz, induced by
an increasing set-valued function § for relators, need not be idempotent.

However, despite this, we can still prove the following

Theorem 2.8. If § is an increasing set-valued funclion for relators
on X, then the following assertions are equivalent:

(1) T is regular;

(2) ¥r= Srog for every relator R on X ;

(3) Sroy CIr for every relator R on X ;
(4) S C R9s implies Fs C Fr for any two relators R and S on
X;

(5) ¥ is O-increasing for some unary operation O for relators on X .

Proof. If the assertion (1) holds, i.e., §F is Og-increasing, then from
Corollary 1.13 we can see that the assertion (2) also holds.

Wahile, if the assertion (3) holds, then since § is increasing it is clear

that S C RY% implies JFs C Snna C §r for any two relator R and S on
X . That is, the assertion (4) also holds.
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Moreover, if the assertion (4) holds, then from Theorem 2.6, itis clear
that § is Og-increasing. Therefore, the assertion (5) also holds.

Finally, if the assertion (5) holds, then by Theorem 2.3 the assertion (1)
also holds. [

Now, to guarantee the regularity of increasing set-valued functions for
relators, we may naturally have the next deflinition.

Definition 2.9. An increasing set-valued function § for relators on X
is called normal if, for every relator R on X, we have

3= U Sy

ReR

Remark 2.10. Analogously, a decreasing set-valued function § for
relators on X is called normal, if z = per S(ry for every relator R on X.

Note that if § is an increasing set-valued function for relators on X,
then Uper S(ry C §r for.every relator R on X . Therefore, an increasing
set-valued function § for relators on X is normal if the converse inclusion holds.

Now, as a useful consequence of Theorem 2.8, we can also state the next
theorem.

Theorem 2.11. If § is a normal increasing set-valued funclion for
relators on X, then § is, in particular, regular.

Proof. In this case, by Definitions 2.9 and 2.1, we evidently have

Sroe = U S

SerP%

for every relator R on X . Therefore, by Theorem 2.8, § is regular. ]

Moreover, concerning normal set-valued functions, we can also easily
prove the following.

Theorem 2.12. If § is a normal increasing set-valued function for
relators on X and (R")ie ; 18 a nonvoid family of relators on X, then

SURr = U%R;-

el iel
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The importance of the regular set-valued functions lies mainly in the
following consequence of Theorems 1.9 and 1.12 and Corollary 1.13.

Theorem 2.13. If T is a reqular increasing scl-valued function for
relators on X, then
(1) Og is a refinement (self-incrcasing) operalion for relalors on X ;

(2) for every relator R on X, ROYs is the largest relalor on X such
that Ir = Fpo ( Sra C r) -

Remark 2.14. Note that because of Remark 1.14 the corresponding
duals of the above results are also true.

Moreover, as an immediate consequence of Theorems 1.9 and 2.3, we can
also state the following.

Theorem 2.15. If O is a refinement operation for relalors on X,
then O = Og. And thus, in particular, ¢ is regular.

Somewhat more generally, we can also easily prove the lollowing theorem.

Theorem 2.16. If O is an increasing operalion for relalors on X
then

(1) RBe C RO for every rclator R on X whencver ¢ is expansive ;

(2) RO c RBe  for every relator R on X whencver O is idempotend.

Proof. If S € RBe and ¢ is expansive, then by the corresponding
definitions we have § € {5}% C R®. Therefore, the assertion (1).holds.

While, ¢ is idempotent, then in particular we have (720)o C R® for
every relator R on X . And hence, by Theorem 2.6, the assertion (2) follows
immediately. -

Remark 2.17. Note that, by Theorem 2.6, the converse of the assertion
(1) is also true.

Moreover, by Theorem 2.8, ¢ is regular if and ounly if R® = (’RD<>)<>
((ROe)® cRO).

To briefly express some further important properties of the refinement
operations for relators, we must also have the following delinition.
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Definition 2.18. If ¢ and O are unary operations for relators on X,
then we say that:

(1) O is ¢o-dominating if R® C RP for every relator R on X ;

(2) O is ¢-invariant if RY = RE®  for every relator R on X ;

(3) O is ¢-absorbing if RP = ROD for every relator R on X;

(4) O is ¢-compatible if RE® = R®Y  for every relator R on X .

Remark 2.19 In particular, the operation O will be called inversion
compatible if (RP)™! = (R-1)".

Now, as some useful consequences of the corresponding definitions, we
can also prove the following theorems.

Theorem 2.20. If & is an expansive and O is ¢ $-dominaling
idempotent operation for relators on X, then O is {—invariant.

Proof. For every relator R on X, we have RP c RP® ¢ RPU =
RY, and hence RU = ROO, =

Theorem 2.21. If & is an expansive and O is a $-dominating
modification operation for relators on X, then O is $-absorbing.

Proof. For any relator R on X, we have R C RO c REO = RO
and hence RU = RO, u

Remark 2.22. Note that if ¢ is an expansive and O is a -
dominating operation for relators on X, then O is also expansive.

Moreover, if ¢ is an arbitrary (increasing) and O is an expansive oper-
ation for relators on X such that R®Y c RU ( REC ¢ 'RD) for every relator
R on X, then O is ¢—dominating.

3. The most important set-valued functions for relators

Definition 3.1. If R is a relator on X, then forany A, B C X and
v,y € X we write:

(1) B € Intr(A) (B € Clg(A)) il R[B]CA (R[BINA#0)
for some (all) ReR;

(2) z€intr(Ad) (zedr(d)) if {z}entr(A) ({2} € Clr(A));
(3) yeor(z) (yepr(x)) il ye intg ({2}) (yecdr({})).
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The relations Intg (Clg), intg (clg), and or (pr) are called the
proximal, the topological, and the infinitesimal interiors (closures) induced by
R on X, respectively. :

Remark 3.2. If R is, in particular, a uniformity, then the relations
Clg and Intg are just the inverses of the induced proximity ér and strong
inclusion €g, respectively. ( See [1, p. 12]).

Concerning the above relations, we shall only quote here the following
theorems from [16].

Theorem 3.3. If R is a relator on X and A C X, then
Clr(A)=P(X)\ Intr( X\ A) and cdr(4)=X \intr(X \4).

Theorem 3.4. If R is a relator on X and A C X, then

cr(A) = RQR R A] and pr=R"> = (n R)—oo.

Remark 3.5. The proximal and infinitesimal closures are usually more
convenient tools than the topological closures since we have Clg 1= Clr-« and

PR = Pr-1-

Definition 3.6. If R is a relator on X, then for any A C X we
write :

(1) Aerr (Aerr) il Aehtg(Ad) (X\A¢Clg(A) )
(2) AeTr (A€Fr) if ACintr(d) (cr(d)CA);
(3) Acér (A€Dr) if intr(A)#0 (dr(A)=X).

The members of the families 7= (#r), Tr (Fr), and & (D) are
called the proximally open (closed), the topologically open (closed), and the fat
(dense) subsets of X (R), respectively.

Remark 3.7. The fat sets are usually more important tools than the
open sets. For instance, if < is a preorder on X, then 7{_y and E(<y are just
the families of all ascending and residual subsets of the preordered set X (<),
respectively.

Moreover, if for instance X = R and R is a relation on X such that
R(z) =]-oo,x]Uu{a+1} forall 2 € X, then Tipy = {0, X}, but
Ery # { X }. Thus, the fat sets may be powerful tools even in a topologically
well-chained relator space [2].
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Concerning the above families, we shall only quote here the following
theorems from [16].

Theorem 3.8. If R is arclalor on XN, lhen

rr={ACXN: X\der} and Fr={ACX: XNX\AeTr}.

Theorem 3.9. If R is a rclalor on X, then

Pr={ACX X\A¢é&r}={ACX: VBe&r: ANB#0}.

Remark 3.10. The proximally open sets are usually more convenient
tools than the topologically open sets and the fat sets since we also have g =

TR-c.

Definition 3.11. If R is a relator on X, then we wrile

Er = n Er and Dgr = U (7’(<X')\DR)'

Remark 3.12. Unfortunately, the above sets have not been introduced
and investigated by A . Szdz.

Therefore, to reveal the relationship between the relation prp and the set
Eg , we must prove the following remark.

Theorem 3.13. If R is a relalor on X, then

Pr = n p;{l(:u) and Dp = X\ Fg.
-'L‘E/\'

Proof. By the corresponding definitions and Theorem 3.4, we have
Er= (] A=) N R()= ( N R)(:u): N rz'(x).
A€esr z€X ReR z€X “RER reX

Morcover, by the corresponding delinitions and Theorem 3.9, we also have

Dr=|J A= | 4= x\B=X\ N B=X\Er,

A¢Dr X\A€sr Be€r BEeSy
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where it is tacitly assumed that A cC X . o

Remark 3.14. Note that il 2 is a relation and R is a relator on X .
then by Theorems 3.13 and 3.1 we have

Fry = ﬂ [){_“!}(.’L') = n R(x) and ligp = n pR () = I:‘{’,Fn}.
reEN 2€N reN .

Definition 3.15. A function x of a preordered set 1" into a set X s
called a I'net in X'. The I'~net & is said to be fatly (densely) in a subset A
of X if a~!(A) is a fat (dense) subset of I'.

If 'R is a relator on X, then for any -nets 2 and y in X and e e X
we write:

(1) y € Limg(x) ( y € Adhg(a)) ifthenet (y.x) is latly (densely)
in each ReR;

(2) e €limg(x) (a€adhg(x)) il a. € Limg(x) (a. € Adhg(a) ),
where a,. =1 x {a}.

Remark 3.16 Note that the above definitions would actually allow T
to be an arbitrary relator space.

However, the present generality is suflicient for several purposes since as
a slight extension of [13, Theorem 3.1] we have the following theorem.

Theorem 3.17. If R is a rclalor on X, then for any A, B C X,
we have B € Clg(A) if and only if there cxist nets @ and y in A and B,
respectively, such that y € Limg(x) (y € A(lh-;;('.'u)) .

Hence, it is clear that in particular we also have the following.

Corollary 3.18. If R is a relalor on X, then for any a € X and
AC X, we have a € clg(A) if and only if there cxists a net @ in A\ such that
a € limg(x) (a€adhg(x)).

In this respect, it is also worth mentioning that as a slight extension of

[13, Theorem 3.10] we also have the next theorem.

Theorem B3-19. If R is a rclalor on X, then for any P-nel @ in X
we have

limg(x) = ﬂ cr(a[A]) and adhg(x) = ﬂ cr(a[A]).

.“G’Dr .“Gt‘p
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Remark 3.20.  In connection with Definition 3.15, it should also be
noted that the family of all nets in the set X is not, even in the case of a simpler
definition of nets, a well-defined collection.

Therelore, by defining the limit and adherence relations induced by a re-
lator R on X', we should rather make some cardinality restrictions on domains
of nets considered in X' than to allow them to be arbitrary relator spaces.

Concerning the basic tools defined up till now, we shall mainly need here
the following theorem.

Theorem 3.21. (1) Int, int, o, 7,7, &, and D arc normal
increasing set-valued funclions for relalors on X ;
(2) Lim, Adh, lim, adh, Cl, c, p, D, and E are normal de-

creasing sel-valued functions for relators on X .

Hint of Proof. To prove the monotonicity and the normality of the
set-valued [unctions £ and D, note that for every relator R on X we have

E'R. = m A= n A= m n A = ﬂ E[R)

Aefr A€ U En RER AES[R} RER
RER

and
Dr=X\Er=X\[) Em=J(X\Em)= ] P
ReR ReR ReER
u

Remark 3.22. Later we shall see that the increasing set-valued func-
tions 7 and F are not even regular in general.

Therefore, if R is a relator on X, then in general there does not exist
a largest relator RP on X such that 73 = Tra (Fr=Fro).

This reveals a further serious disadvantage of the topologically open sots
in comparison to the proximally open sets and the fat sets.
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4. The most important refinement operations for relators

Definition 4.1. If R is a relator on X, then the relators

R*={SCcX?: 3I ReR: RcCS}.
R¥={ScX?: V ACX: Ae Int(S(A4)) }
RN={ScX?: V xeX : :vei%t(b"(:xf)) 1,
R ={ScX?: VaeX: S()er}

are called the uniform, the proximal, the topological, and the paratopological
refinements of R, respectively. Moreover, the relators

R® = {pﬁl}‘ and RA = {X X En}'

are called the infinitesimal and the parainfinitesimal refinements of R, respecti-
vely.

Remark 4.2. Our notations of the paratopological and the infinitesi-
mal refinements differ here from those of A. Szdz[17] in order that, analogously
to RY = ('R")_l, we could also write RY = ('RA)_I.

The appropriateness of the above definitions is already apparent (rom
the following theorem.

Theorem 4.3. (1) Lim and Adh are *-decreasing sel-valued fune-
tions for relators on X .

(2) Int is a #-increasing and Cl is a #-decreasing set-valued funclion
for relators on X .

(3) lim and adh are A-decreasing set-valued functions for relators on

X.

(4) int is a A-increasing and cl is a A-decreasing set-valued function
for relators on X .

(5) & is a A-increasing and D is a A-decreasing set-valued funclion
for relators on X .

(6) E is a A-decreasing and D is a A-increasing sel-valued function
for relators on X .

(7) p is a e-decreasing set-valued function for relators on X .
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Hint of Proofl. Because of the corresponding definitions, we should
show that, for any two relators R and & on X, we have

(a) SCR* <= LimgC Limg <= Adhg C Adhs;
(b)) SCR#*¥ <+ IntsC Intg < Clg C Cls;:

(¢) SCRN <= limg C limg < adhg C adhgs;
(dy SCR" <= ints C intg e clp C cls;

(e) SCRY <<= ¢&sCér < DrC Ds,

(f) SCRY <« EncC s < DsC Dr;

(8) SCR* <= prCps.

However, the assertions (a) through (e) have alrcady been established
in [13] and [17]. And the assertions () and (g) are quite obvious from the
corresponding definitions. Therefore, the proofs may be omitted. ]

From the above theorem, by Theorem 1.9 and Corollary 1.13, and their
duals, it is clear that we have the following theorem.

Theorem 4.4. The operations given in Definilion 4.1 are rcfincment
operations for relators on X such that, for any relator R on X,

(1) R* is the largest relator on X such that Limg = Limg«, or
equivalenlly Adhgr = Adhgr:;

(2) R#* is the largest relator on X such that Intg = Intgsg, or
equivalently Clr = Clpys ;

(3) RN s the largest relator on X such that limg = limga, or
equivalently adhp = adhga ;

(4) R™ is the largest relator on X such that intg = intga, or cquiv-
alently clg = clga;

(5) RA isthe largest relator on X such that Er = Era, or equivalently
Dr = Drs;

(6) RA is the largest relator on X such that Er = Ega, or equiva-
lently Dr = Dra .

(7) R* is the largest relator on X such thal pr = pre .

Simple applications of the corresponding definitions and Remark 3.14
give the following theorem.

Theorem 4.5. If R is a relation on X, then
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(1) {R}Y ={R}" whencoer Oe{#, A, o};
(2) {R} = (/ao .x'-\')'.- (3) {R = {\ x N l:(;u)}*,

reN
Hint of Prool. Note that il S € { R}2. then for cach > € X we
have S(x) € Ey. Therefore, there exists [ €N suchthat R ([f.)C S (x).
Hence., we can see that Rof C 5 forsome f€ XY and thus S € (o XNY)™,
Therelore, { R} € (RoXY)". The converse inclusion can be proved quite
similarly. . m
I'rom the above theorem, it is clear that in particular we have:

Corollary 4.6 The operalions given in Definilion 4.1 are stable.,
Therefore, we may also naturally introduce the following

Definition 4.7. If R is a relator on X', then the relator R*, given
by

R*={x?} if R={a€} and R*=P(X€) il R#£{XE},

is called the ultimate stable refinement of R .

Namely, as a close analogue of Theorem 1.4, we have the following
J ’ g

Theorem 4.8. & is a stable refincment operation for relalors on X
such that, for every relator R on X, R is the largest relator on X such that
R =R* whenever R = { V€}.

Hint of Prool. Tosee the required maximality property of the relator
R¢, note that if § is a relator on X such that § C R whenever R = { . V€}
then by Definition 4.7, we have & C R*. Namely, R* = P (X?) whenever
R # { X<}, .

By using the corresponding definitions and Theorem 3.1, we can also
casily establish the following

Theorem 4.9. If R is a rclator on X, lhen

RCR*CR*¥Cc R "c R:NR* and RAUR® C RA c R,

Remark 4.10. Later, we shall see that the relators R4 and R® are,
in general, incomparable.
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Therefore, by Theorems 2.20 and 2.21, we can only state the lollowing

Theorem 4.11. If $, 0 € {*,#.A,0, A, 4}. wherc o =A or
o, such that & precedes O in the above list, then O is both $-invariant and
Q—absorbing.

Remark 4.12. From the equality R® = {/’7?‘}*-. by using the above
theorem, we can infer that RA = {pz'}* and R* = {/)7_:'}..

In addition to Theorem 4.11, it is also worth proving the following

Theorem 4.13. The operations *, # and e are inversion compalible.
While, the operation & is both inversion invariant and inversion absorbing.

Hint of Proof. Everything stated here is quite obvious, except that
the operation # is inversion compatible. The latter fact was first established
in [13] and [17]. =

Remark 4.14. The above theorem shows in particular that the opera-
tion ¢ is also inversion compatible, and we have R~! ¢ R* for every relator
R on X.

Finally, it is also worth mentioning that we also have the following

Theorem 4.15 The operations * and 4 are normal.

Remark 4.16. It can be shown that the operations A, A, and A are
not, in general, inversion compatible. Morcover, the operations #, A, A, e,
and A are not, in general, normal.

5. Some further properties of the basic refinement operations

As a useful consequence of [17, Theorem 3.10], we have the following

Theorem 5.1. If R is a relator on X, then

™TRa = TR and FRA = FR.

Moreover, by using the operation A, we can easily prove the lollowing
addition to Theorem 3.13.
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Theorem 5.2. If R is a relator on X and x € X, then

Er = RA(x) and pre = g x X.

/

Proofl. Il S € R4, then by the definition of R4 we have S (x) € &x.
Therefore, R2(x) C &r.

While, if A € &x, then by defining S = X X A, we can at once see
that S € R® such that A = S (x). Therefore, Er C RA(x), and thus the
corresponding equality is also true.

Now, by Theorem 3.4, it is clear that we also have

pab(@) = (R®) (@) = | R*@) =) & = .

Therefore, pg 1 = X x Ex, and thus, the required equality is also true.
]

The following theorem shows that operations e and A are of no primary
importance for us since they can be expressed in terms of the operations A, A,
and —1.

Theorem 5.3. If R is a relalor on X, then

R® = RVV and RA = RAe

Proof. I'or cach 2 € X, let V.. be a relation on X such that

Vo) =X if yé€pr(e) and Vi(y) = X\ {2} if ye X\pr(x).

Then, by the corresponding definitions, it is clear that V, € R". Namely, if

y € pr(z), then R(y) C X = V,(y) forany R € R. While, if y € X such
that y ¢ pr(z), then since pr(x) = clg({z}) there exists an R € R such
that R(y)N{z} =0, and hence R(y) C X\ {2} = V.(y).

Now, since V, € R”, it is clear that V! € R*"~1 = RY. Morcover, we
can easily see that

V.l (z) = pr(2).
Namely, for any y € X, we have y € V7 !(2), i.e., x € Vo.(y) if and only if
y € pr(a). Now,since V'€ RY and V. l(2)C pr(x) forall x € X, itis
clear that
PR € RVA,
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and hence pz' € RYV. llence, by using the corresponding properties of the
operations *, —1 and A, we can infer that
o __ -1 * PVVx _ pVV
R*={prp'}  Cc RV =R"V.

Moreover, by Theorem 3.4, it is clear that R C {/;.,_,"’"}'. Ilence, by using the
corresponding properties of the operations A, —1 and *, we can infer that

R cf )™ ={r7')" = R
Therefore, the corresponding equality is also true.

Hence, by Theorem 5.2, it is clear that we also have
RY={X x En}* . {/)E} Y= RA,
n

Remark 5.4. The first statement of the above theorem was already
proved by J. Mala [3, Theorem 1] and A . Széz [17, Theorem 3.14]. Ilowever,
‘our present proof is more direct than the ones given by the above mentioned
authors.

-

Now, in view of Definition 4.1 and second statement of Theorem 5.3, it

seems also convenient to introduce the following
Definition 5.5. If R is a relator on X', tl.l(‘,ll the relator
R* = {pz'}*
is called the parainfinitesimal extension of R .

Remark 5.6. Ience, by Theorem 4.5, it is clear that R* = (pz'o X’\')*
for every relator R on X .

Moreover, by using the above definition, we can also easily prove the
following addition to Theorems 5.3 and 4.9.

Theorem 5.7. If R is a relator on X, then

R* = R*b and RAUR® c R* c RA.

Proof. By the corresponding definitions and Theorem 4.11, we evidently
have
* _ —-1\14 _ —11*A
R* ={rz'}" = {pr'}"" =R
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Hence, by the expansivity and the increasingness properties of the operations e
and A, it is clear that R® C R*4 = R* and R* C R*2 = R*. Morcover, hy
using Theorems 4.9 and 4.11, we can easily sce that R* = R®2 C R*A = RA,
5]

From the first statement of Theorem 5.7, by the corresponding propertices
of the operation .e and A, it is clear that we also have

Corollary 5.8. % is a stable cxlension operation for rclators on X .

Remark 5.9. Later, we shall see that the operation ¥ is not, in
general, idempotent.

Therefore, the assertions (3) of Theorems 1.5 and 1.9 cannot, in general,
hold for the operation O = ¥% .

As a close analogue of the first statement of Theorem 5.3, we can also
prove the following

Theorem 5.10. If R is a relator on X, lhen

R = RVA = RV and R =R =R,

Proof. If in particular R = {.1'5} , then by Corollary 1.6 we have
R4 = R. Hence, it is clear that RY = R2~! = R-1 = R is also true.
Therefore, we also have RY2 = R4 =R = R*.

While, if R # {XE} , then thereexist R € R and 2,y € X such that
y ¢ R(x). Hence, it follows that R(x) C X'\ {y}, and thus X\ {y} € &x.
Therefore, under the notation S = (X '\ {y}) x X, we have

§71 =X x (X\{y})) € R®,

and hence S € R4~! = RY. Hence, since S(y) =0, it is clear that Ere =
P(X). Thercfore, RV = P(X?) =R*.

Thus, we have proved that R* = RY2. [Hence, by Theorem .13, it
is clear that we also have R* = R*~! = RV4~! = RV, Morcover, by
using Theorem 5.3 and some of the basic properties of corresponding refinement,
operations, we can easily see that

RE = RAS _ pAVAe _ pan-lse _ RA-1A _ pVaA

and thus R® = R* ! = RY4-1 = RYY s also truec. . -
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Finally, we note that from Theorem 4.3, by using Theorem 2.3 and its
dual, we can also at once get the following

Theorem 5.11. If R is a rclator on X, then:

(1) R* = RBvLim = ROAan . (2) R# = RBm = RO« ;
(5’) RA = RBim = ROaan ; ('{) RA = ROt = RO :
(5) R® = RB: = RO ; (6) R* = RU:s = RUp s

(7) R®=RO.

Remark 5.12. Note that, because of Definition 2.1 and Theorem 3.21,
the operations O,, O, and O, must also be investigated.

Namely, for instance, by Theorem 3.21 and 2.13, O, is a refinement
operation for relators on X such that, for every relator R on X, RUe is the
largest relator on X such that og = oga,.

6. Some further useful operations for relators

Definition 6.1. If R is a relation on X, then the relation
o0
R® = U R ,
n=0
where R™ = Ro R™! and R® = Ay, is called the preorder hull of R.

Namely, we have the following well-known theorem.

Theorem 6.2. If R is a relation on X, then R s the smallest
preorder relation on X such that R C R®.

Hence, by taking some analogous definitions as in Sections 1 and 2, we
can easily get

Corollary 6.3. oo is an inversion compalible refinement operation for
relations on X .

Definition 6.4. If R is a relator on X, then the relator

R¥={R*: ReR)
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is called the preorder modification of R.

Simple applications of the corresponding definitions give the following

Theorem 6.5. oo is an inversion compalible normal modification
opcralion for relalors on X such thatl, for cvery relator 'R on X . we have

R* CR*™CR™™CR"

Hence, by using Theorems 2.20 and 2.21, we can easily get

Corollary 6.6. If O s a *-dominating refinement operalion for
relators on X, then Ooo is « modification operation for relators on X such
that RE> C RE  for every relator R on X .

Remark 6.7. If R is a relator on X and O is a *-dominating
refinement operation for relators on X, then the reiator RE™ is called the
O-modification of R.

The importance of the proximal and the topological modifications R#e
and R"™ is apparent from the following two theorems which were already
proved in [4] and [7].

Theorem 6.8. If R and & are relators on X, lhen lhe Jollowing
asserlions are equivalent:

(1) 8® C R¥#; (2) 7s CTR; (3) s C Fr;
(4) S#>= C R¥>; (5) §# C R>#; (6) S># c R~#,

Hence, by using Corollary 6.6, we can easily get

Corollary 6.9. If R is a relator on X, then R*>* is the largest
preorder relator on X such that TR = Tp#c ( FR = FR#c ) .

Remark 6.10. From Theorem 6.8, it is also clear that, for any two
relations R and S on X, wehave R C 5 ifandonly il T(sy C T(R} ('F.{S} C
Fry) -

Therefore, by taking an analogous definition as in Remark 1.8, we can
also state that 7 and 7 are oco—decreasing set-valued functions for relations on

X.
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Hence, by using a similar argument as in the proofs of Theorem 1.12 and
Corollary 1.13, we can casily see that, lor cach relation R on X', R is the
largest relation on X such that 73 = Tp~ ((Fp = Fp=~ ).
However, it is now more important to note that from Theorem 6.8, by
using Theorems 5.1 and 4.11, we can also easily get the following

Theorem 6.11. If R and S are relators on X . then the following
assertions arc equivalent:

(1) 8" CRY; (2) Ts C Tr; (3) Fs C Fr;
(4) SN C RAco’. (5) S/\oo# C -R/\oo#; (6) SAA C RAXA,

Moreover, analogously to Corollary 6.9, we can also state

Corollary 6.12. If R is a relator on X, then R is the largest
preorder relator on X such that Tr = Tpas ( Fr = Frac ).

By using the operations #, A, and oo, we may also naturally introduce
the following

Definition 6.13. If R is a relator on X, then the relators
R'={Scx?: §®°ecR*} and R*={ScXx?: S§*eR"}

are called the quasi-proximal refinement and the quasi-topological extension of
R, respectively.

The appropriateness of the above operations is apparent from the follow-
ing

Theorem 6.14. If R is a relator on X, then

RY = ROr = RE- and R* = RB7 = RO~,

Proof. By the corresponding definitions and Theorems 6.8 and 6.11, it
is clear that, for any S C X2, we have

5 eR* = {S}°CR* = rn5Cm = F5Crr
and

STER" = {SI"™CR" < T55CTr += Fs CFr.
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Therefore, by Delinitions 6.13 and 2.1, the required assertions are also true. m

Remark 6.15. A similar application of Theorems 6.8 and 6.11 gives
also that RY = RB#~ and R* = RBax,

From the above theorem, by Theorems 3.21, 2.13 and 2.6. it is clear that
we have the following

Theorem 6.16.

(1) A is an cxlension operalion for relalors on X such thal Tg C
Tr ( Fs C Fr) implies S CR* for any two relators R and S on X .

(2) 1§ is a rcfinement operation for relators on X such that, for every
relator R on X, RY is the largest rclator on X such thal T = Tpy (7r =
FRU ) .

Remark 6.17. Later, we shall see that the operation A is not, in
gencral idempotent.

Therefore, the assertions (3) of Theorems 1.5 and 1.9, cannot, in general,
hold for the operation O = A.

Theorem 6.18. If R is « rclator on X, then

(1) R¥ C RY; (2) RN CR*;
(3) R# = RHN; (4) RAS = RAX

Hint of Proof. If § € R#, then by Corollary 6.6, we also have §™ ¢
R#> c R#. Hence, by Delinition 6.13, it follows that § € RE Therefore, the
assertion (1) is true.

From the assertion (1), we can immediately infer that R#> ¢ R~ Oy
the other hand, by Delinitions 6.4 and 6.13, we evidently have that RIS ¢ R#,
Hence, it is clear that R¥> = RE*> C R#>_ Therefore, the assertion (3) is
also true. -

By the corresponding definitions and Theorem 4.5, it is clear that in
particular we also have

Theorem 6.19. If R is a relalion on X, then

{(RY'={R}* ={ScX?: RcCSs™).
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Remark 6.20. llence, in particular, it is clear that
(XM= X2 ={Sc X X2=5%).

Therefore, the operations § and A is not, in general, stable. That is. these
operations is not, in general, dominated by ¢.

7. Two illustrating examples

Example 7.1. If X ={1,2,3} and Ry, Ry C X2 such that:

Riy(l)y=A{1}, Ry(2)={2,3}, Ri3)={2,3};

Ry(1)={1,3}, Ra(2) = {2}, Ra(3) = {1,3);
then R = {Ras, Re} is an equivalence relator on X such that:

(1) R* ¢ R (2) R® ¢ R (3) (R*2)** ¢ R*2.

Note that pz' = R = Ay, and hence Ay € {pr'}" = R*. But,
{3} ¢ E€r, and hence Ax ¢ RA. Morcover, il S = X x {2}, then S € RA,
since {2} € Ex. But, S ¢ R°®, since R* = {A;\'}* and Ay ¢ 5. Therefore,
the assertions (1) and (2) are true.

On the other hand, Fr = &r =0. Therelore,

(RO =R =RA={X xER}" ={0}" =P (X?).

But,
ReA = {A.\'}*A — {A.\' }A = { Ayo :\’X}* = { _\"\'}*.

Therefore, the assertion (3) is also true.
Example 7.2. If X ={1,2,3} and R={.V€}, then
(1) Tra ¢ Tr; (2) R*™* ¢ R*; (3) R* ¢ R*.

Moreover, there is no largest relator & on X such that 7p = 7s.
And thus, there is no unary operation O for relators on X such that 7 is
O-increasing. That is, 7 is not a regular set-valued function for relators on
X.

To prove the above assertions, for cach ¢ = 1,2,3, define R; C X?
such that:
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Ri(l)={1,2}, Ri(2)= X, Ry(3)= X ;
Ry(1)= X, Ry(2)={1,2}, Ry(3) = X;
Rs(l)y={1.2}, R3(2)={1,2}, R3(3)=X.

Then, by the definitions of open sets, we evidently have
Tiry =1{0. X} ="Tr,

for cach i = 1,2. Ilence, by Definition 2.1 and Theorem 6.1, it is clear that
Ry, Ry € ROT = R™.

Thus, in particular, the assertion (3) is true.

Moreover, now we can also easily sce that
IT{R:&} = {(0’ {1’2}7 "Y}’ =T{RI'R2} C Tpa.

Therefore, the assertion (1) is true. Morecover, Rz € R*P7 = RA*X But, since
T(Ry) ¢ Tr, it is clear that R3 ¢ RO7T = R+, Therefore, the assertion (2) is
also truc.

Finally, to prove the remaining assertions, assume on the contrary that
S is a largest relator on X such that 7r = Ts. Then, since T = Tiry for
each i = 1,2, we necessarily have Ry, Ry € §. llence, by the increasingness
of T, it follows that T(p, r,} C Zs = Tr, and this is a contradiction. Hence,
by Theorem 1.12, it is clear that there is no unary operation O for relators on
X such that 7 is O-increasing. That is, by Theorem 2.8, 7 is not a regular
set-valued function for relators on X .

Remark 7.3. Note that if R is as in Example 7.2, then by Remark
6.20 we have
RE=R*={SCcX?: X2=g%}

Therefore, we can also state that R¥* ¢ RY and R ¢ R*. Thus, § is also
not a stable operation for relators on X .
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