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In this article we consider a k-dimensional diffusion process with constant drift and
diffusion parameters: unknown vector A and positive delinite matrix B, respectively. We
suppose that the discrete moments of observations are a point process, independent on the
considered diffusion process. The maximmum likelihood estimates for the unknown parameters
A and B are found.
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1. Introduction

In this article we consider the diffusion process X, = (X! X2 ... X},
L > 0, defined by the stochastic differential equation

dX, = Adt + B3dW,, t >0, Xo = 0, (1)
where A = (¢!, d?,...,a*) and
bin bz - by
B = . r ike
brr bp2 -o bpg

are unknown constant vector and positive definite symmetric matrix, respec-
tively, and W, = (W}, W2, ..., W}, is a standard Wiener process with mean 0
and variance the identity matrix .
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The solution of the differential equation (1) exists in a strong sense, it is
unique and it is the process

X, = At + B¥W,,t>0. (2)

More theoretical statements can be found in [1].

The maximum likelihood estimation problem for the model (1), when we
observe the process X;, ¢ > 0 continuously in the interval [0, T, is solved and
for one-dimensional case the solution can be seen in [2]. In the case when we
have in disposal the non-random discrete observations A. Le Breton has solved
the same problem in [3].

In the recent years many authors (see [4] and [5]) consider continuous
diffusion processes, when the observations are provided in discrete moments,
belonging to the interval [0, T].

At first, the random sampling scheme have been used by J. Beutler in
[6]. We use this sampling scheme, which is natural for some practical problems.
Let us dispose the observations @y,,...,2ty, where @y, = (27,,27,...,25) and
t1,...,tn. The moments ¢;,...,tn are the first N points of an arbitrary point
process {T;},%=1,..., N with independent identically distributed increments.
The process {T;}, i = 1,..., N is independent of the process X;, t > 0 and we
compute E(F(X7,)) = E1,(Ex(F(XTt;/ T; = t;))). The problem is to find the
maximum likelihood estimates of the unknown constant vector A and the matrix
B and to prove their properties. In the one-dimensional case this problem is
solved in [7].

Using the maximum likelihood method we prove the following results.
2. Maximum likelihood estimation

We denote z; = 2y, Az; = &; — 2i—1, A; =t —tiq, 1 = 1,...,N,
1
B, = B=.

Theorem 1. If N > 2, the statistics

iv = IN
AN = = 3)

is ¢ mazimum likelihood estimate for the unknown vector A.

We prove this theorem using the standard maximum likelihood proce-
dure.
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Proof. The statistical structure for estimation, based on given observa-

tions is:
{€ L, Pan A e LuRY), B e L(RY)},

where:

C is the set of continuous functions from Rt x R! to R*¥ x R!;

L is the o-algebra of subsets of C' generated by the family of evaluation
functionals on C';

Lyi(RF) is the set of all k - dimentional vectors;

Ly(RF) is the set of all k x k positive definite symmetric matrices.

For all (A, B) € Li(RF) x Ly(R¥), Pa p denotes the measure on (C, L)
induced every process which is a solution of (1). So P/]XB is the joint distribution
of N.k + N-dimensional random vector (X1,...,Xn,T1,...,TN), and X be the
Lebesque measure of the same dimension. Here X; = X7, = (X}',, R ,X%),,
i = 1,...,N. Then having in mind that the process {7T}}}, is independent
on Xy, t > 0 and the increments AX;,i = 1,...,N of the process X; are
independent and conditional Gaussian distributed with mean AA; and variance
BA;, we compute the likelihood function

dpN
le,...,XN,Tl,...,TN (.’l?], sy BNy, ) tN) = A8
dA
i ; N (Aw; — AAY B (Az; — AA;)
= [I(@m)"BlA) ™2 g(Ai) . exp { = D = : : L,
i=1 i=1 24;

where g(A;) is the density of T; — T;—; and A; = ¢; —t;_y,i=1,...,N.
We apply the maximum likelihood method and find the maximum of
I(A,B) =In f(A, B).

Let ¢ij, 7,7 =1,...,k be the elements of the matrix B~1.
We compute:

Jl(A,B) (Am — a;A;) (AT — apA;)
dan, Z z 2A;

i=1 j=1,j#m

m— amA ¥
aam Z Cmm .

= A
N k N

=3 > eim(Adl - 4A) + 3 cnm(Aa? - anA))

=1 j=1,5#¢m =1
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k
= cim(zh — ajtn)
i=1

forallm=1,...,k.

o dl(A, B
For a; = m—N, 7 =1,...,k, the equalities L———) = 0, are true, where
IN J Uy,
m =1,...,k are satisfied.
For the second partial derivatives we find:
0%l(A, B) 0%l(A, B)
—_— = ¢ 0, ——>—=— .
aa?n NCmm < U, dandar, INCmny, VR # m

The matrix of the second partial derivatives is:

—tnc1n —tnciz - —incik
J = . . DY . = —B_ltN.
—tncrr —tnCk2 -+ —INCkk

The matrix B~! is positive definite hence the matrix J is negative defi-
nite.

Thus we establish that the statistics (3) is the maximum likelihood esti-
mate for the unknoun vector A.

Theorem 2. If N > k, the statistics

N
-1 Az;Ax! a:N:vjv}
=y TR @

is the mazimum likelihood estimate for the unknown matriz B, when A # 0.

For A = 0 the maximum likelihood estimate is

N
. 1 Az; Az
BN B -]V =1 Ai .

The approach is different from others used in the proofs of similar propo-
sitions. For example, see [8, p.75]. Our proof is based on the following lemma.
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Lemma 1. Let y; = (y}, SyEY, i = 1,...,N, N > k, be k-

dimensional vectors such that B = E Yiy: is a non-singular matriz. Then:
i=1

a) the matriz B is symmetric and positive definite;
-1

b) C = Zy, Zyjy] yi = k.

i=1

Proof. a) We establish easily that the matrix B is symmetric.

NN (y 2 oylyg - y}y.-"’
B = E Yiy; = E . -

i= - i=1 kol ky2 ... 2

i=1 i=t \ yfy! oy (v¥)

E:(yz)2 Zy,y, s > ylyk

=1 i=1

a N N N
Z ?/, yz Z yz yl e Z(y‘k)l

=1 i=1 1=1

Let Z = (21,...,2*)" be an arbitrary k-dimensional vector. Then

k k
Z'BZ = bim2'a™
=1 m=1
N
where bj,, = Z y,ly,m Hence
=1

N k &
Z'BZ =73 % (w)yl=").

i=1 l=1 m=1
We consider the vectors ¢; = (y}z1,...,yF2%), i = 1,..., N and write:
N

N k k
Z’BZ=EZZcfc}":Z(c}+---+c£’)220.

i=1 =1 m=1 =1
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For an arbitrary vector Z the vectors yi,...,yn, Z are linearly depen-
dent. It means that the dot products y;.Z can not be equal to zero, for all
i=1,,...,N. Henceit is imposible to have ¢} +- - -+cf = 0, foralli = 1,,..., N,
So, the matrix B is positive definite.

b) Let B! be the inverse matrix of B and Bj,, be the algebraic cofactor
of the element bj,,, I, m=1,...,k,

. 1 ( Bii Biz -+ Bk )
Bl= — . C e .
IBI\ By B --- B

Then
Ny Byy Byp -
’
C= Zy, |B| ' '
i=1 Bkl Bk2 “oe
1 N k k
' IZ Zyz]BIJ ’ nyBw ’ EyJBkJ (917 Y )I
i=1 Jj=1 Jj=

N k k
1 Fi
= T3 (Z yi Biy} + nyszy. 4>y B/:jyf‘>

=1 \j=1 j=1 J=1
L& N N
=WZ(B“Z%‘%+B”ZJ'% -+Bijyfyf‘>
J=1 i=1 i=1 =1
L
=15 ]z:; (B1jb1j + Bajbzj + - - - + Byjby;) = |k|BI = k.
The result can be written in the form:

N | -1
Doy wvi| w=Nk (5)
=1 Jj=1

The proof of Lemma 1 can be written shortly using the properties of a
trace of a matrix.

Proof of Theorem 2. Let A; >10 i =1,...,k be the eigenvalues of
the symmetric positive definite matrix B, — > 0, ¢ = 1,..., k be the eigenvalues

)\
of the inverse matrix B~! and |B| = A1.M2.. /\k be the determinant of B.
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We will find a symmetric and positive definite matrix By, which maxi-
mizes the function I(A, B) = In f(A, B). We consider [(A, B) as a function of
Ay A240.05 Ak, Let Epy,m=1,...,k be the & X k matrices, whose elements e; ;
are equal to zero for all (7, 7) # (m m) and e,,,m = 1. Then there is a orthogonal

matrix S, such that B~! = § Z E — S'

7=1
After substituting Y; = Az; — AA;, i = 1,..., N, we compute the first
partial derivatives of /, considered as a function of A;,5 =1,...,k:
B2
Y/ 8 E— S
o - —— In((27)F A2 )% - Z = +1n g(A;)
SRR S ol 22 9); 2A; e
R fie lf:Y,’SESY BN
=5, /\J'_l A: =:0; Y. g =% i, ke

After summation of the above k equalities we obtain:

EN = ZYIB 1Y

Applying Lemma 1 with 3; = t = 1,...,k we see, that B =

sa,tlsﬁes this equality.

1 N
5 Z
Let us suppose, that a positive definite and symmetric matrix Dy exists,

for which the likelihood function atteins it’s maximum. Then it is true that

N
Y/ DJ'Y;
i=1

Let AP be the elgenva.lues of the matrix Dy, and let AP be the eigen-
values of the matrix By. These eigenvalues are determined from the maximum
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likelihood equation and hence /\P = AP. Then for the likelihood function we
obtain:
1 -1
Y/ BR'Y; }
b

() = [T oo {15
f(Dn) = H\/W {i—NIY}

So |Dy| = AP ... AP = 2B, . A\B = |By| and
Y! Dy Y; Y/ B ly;
SUDEY S BT
i=1 i=1
Hence L(Dn) =L (BN)
The matrix By is determined to within similarity matrix. But there is
not a different similar matrix for which the equality b) from Lemma 1 is satisfied

for the same vectors y;.
The obtained extremum is maximum, because
: |

91 1 LY/ SE; S'Y; 1 Y/ S E; S'Y;
23 = 2 (N"rj;——a,. WA

=1

N
1 LY/ SE; S8, o
__7?,-:1_?(0’ Vi=1,...,k

Substituting Y; = Aa; — AA; and AN = t’\

, we derive for By:
N

.1 2"’: (Az; — AN (A — AA;)

By =
=1
1% Azide] 1 QL AmAA; 1 L AAZIA; 1 L AAA?
- N & A N A N; A,
f: TP B 1 mNa,N 1 ’LN9,§V | _Lme;VtN

. 2
tN N tn N ty

_ 1 A’LlAli TN %N\'
TN \ 4 A tn )
=1 /

Hence By is maximum likelihood estimate for unknown matrix B,
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4. Comments
We would like to highlight the following facts.

1. From the proofs of the Theorem 1 and Theorem 2 it follows that to
estimate one of the parameters (A or B), it is not necessary to know the other.

2. The estimator Ay depends only on the last observation, the same as a
continuous time sampling, given in [2] and in the case when equidistant moments
of observation are used. It is interesting to compare the estimations given by
different sampling schemes: the point process can Le Poisson, geometric and
uniform (results of this kind can be seen in [9] and [10]).

3. The used sampling scheme is natural. We add the (N + 1)-th observa-
tion to the first N observations and do not need a new N + 1 observation. We
prove good properties of the estimations without the condition Jax, A; — 0

1

when N — oo, as in other sampling schemes.

4. The estimation of B given by (4) is not unbiased. The unbiased
estimation is
N

~ 1 Av;Axt anat
By = —— t— L
N=N_1 ; { A; tN
. D el s k + 1 2 . .
We can compute the variance of By and it is equal to mB . Obviously, it

is independent on the distribution of the random point process 14, 7T5,...Tn,. ..
and tends to zero as O(N~1), by N — oo.

The same result for k = 1 is given in [7], i.e. the obtained results gener-
alize the one-dimensional case.

5. The our algebraic approach in proof of Theorem 2 can be used for
a new proof concerning the maximum likelihood estimates for a multivariate
normal distribution.
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