Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathematica
Balkanica

New Series Vol. 15, 2001, Fasc. 3-4

Expansion Formulas and Kelvin Principle
for a Class of Partial Differential Equations

N. Ozalp ! and A. Cetinkaya >

Presented by P. Kenderov

We give some expansion formulas and Kelvin principle for solutions of a class of iterated
elliptic equations including Laplace equation and its iterates.
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1. Introduction

In [1], Almansi gave an expansion formula for the solutions of the Laplace
equation. In [2], Altin generalized the idea to a wide range of a class of singular
partial differential equations and obtained a Lord Kelvin principle for this class
of equations. Here we apply this idea to the equation

“\ (1\?[ ,0% Ju Yu
1.1 Lu= — P+ aiwi—| + — =0,
-y ’ ;(z) [“'aw,?*“ami]*rp ’

where 7, ; (i = 1,2,...,n) are real parameters, p(> 0) is a real constant and r
is defined by

(1.2) P =af +ab 4+ ... +ak.

The domain of the operator L is the set of all real valued functions u(x)
of the class C%(D), where ¢ = (21,22, ...,2,) denotes points in R" and D is a
regularity domain of u in R™.
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2. Expansion formulas

We first give some properties of the operator L. By a direct computation
it can be shown that g

(2.1) L(r™) = (m(m+ ¢)+v)r™7P,

where

(2.2) p=-p+np-1+) a.
=1

The proof of the following lemma can be done easily by using induction
arguments on k. For a special case of the lemma, see Altin [3].

Lemma 1. For any real parameter m,

k—1
(2.3) L) = [ lm = pi)(m — pj + ¢) + 7] ™%,
7=0

where the integer k is the iteration number.

Let u,v € C?(D) be any two functions. It can be shown that

yuv - 1\? Jdu v
2.4 L(uv)=ulLv+vLu— — + 2 (—) <-?____
(24) (w0) ¥ ; T Y 0w 03, )

By replacing v by 7™ in (2.4) and by using (2.1), we get
(2.5) LO™u) = ™ Pm (m + 6 + 2T u + 1™ Lu
where ;
T = Z wii.

1=1
If  is a solution of the equation Lu = 0, then by (2.5),
(2.6) L(r™u) =" Pm(m+ ¢+ 2T) u.
By a direct computation, one can show that

(2.7) LT = (p+T")L.
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In fact, for any integer k, we have, by induction on &,
(2.8) L(T*)* = (p+ T**L,

where (7*)* denotes the successive iterations of the operator T*, k times onto
itself.

Now we are ready to give the following lemma.

Lemma 2. Let uw be a solution of the equation Lu = 0. Then for
any positive integer k and for any real number m,

k-1
(2.9) L¥(r™u) = pmrk H(m —pj)(m —pj+d+2T") p w.

=0

Proof. We give the proof by induction on k. It is clear by (2.6) that,
the equality (2.9) is true for £ = 1. Now, let us assume that the equality is hold
for k — 1, that is,

k—2
LAY (rma) = oD S T (m = pj) (m— pj + ¢+ 277%) § .
7=0

By applying the operator L on both sides of the above equality, we obtain
k-2
LF(r™u) = L [pmp=1) H(m —pj)(m—pj+¢+2T*) pu
J=0

Since u is a solution of Lu = 0, by using (2.8), it can be shown that, the function

=0

Hence, by replacing m by m — p(k — 1) and u by

k—2
{ I[I(m —pi)(m—pj+¢+2T*) ) u is also a solution of the same equation.

k—2

H(m —pi)m—pj+¢+2T*) s u
Jj=0
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in (2.6), we get
. R k=2
L*omu) =1L pm=P=1) LT (m— pj)(m— pj + ¢+ 27™) b u

=0

=" "PR(m — p(k = 1))(m — plk — 1) + ¢ + 2T*)

k=2
X { Ho(m - [)j)('m — 1).] + (P + 27“)} .
J=

k-1
= ok §TL = pi) (= pj + 0 4 2’1")} u.
J=

Hence the proof is complete.
| |

Now, we give a generalization of Almansi’s expansion.

Theorem 1. Let u;(z),: = 0,1 k=1 be any k ;
' (), y Lok y k solution
equation Lu = 0. Then, the function $ of the

k—

(2.10) w=Y rur)

=0

—

gives a solution of the iterated equation L*u = 0.
Proof. By the hypothesis and by Lemma 2, we have
L* [rPui(@)] = 0, 6,5 =0,1, . k= L.
Hence, by the principle of superposition

LFw = 0.

Remark 1. It is clear that, under the hypothesis of Theorem 1 in £
’ act,

the function
k-1
w = E P ug ()
1,)=0
is also a solution of L¥u = 0. In addition, if u is solution of the equation 7,
u

then, we conclude that, for any integer ¢, r”u is also a solution of the it
equation Lu =0 (k> 2). !

= 0’
erated

The following theorem gives an expansion formula for the homog
€nheous

solutions.
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Theorem 2. Let u,(2),v =0,1,...,k —1 be homogeneous (of degree
Ay, respectively) solutions of the equation Lu = 0. Then, the function

k-1
(2.11) ' w = Z?‘"”“"’“z’\"uu(w)

v=0
gives a solution of the iterated equation L*u = 0.

Proof. Since u,(2) is a homogeneous function of degree A,, then by the
Euler theorem of homogeneous functions,

* B - . auu(a:)
T*u,(2) = Z:L,- 0.

i=1

= Au,(2).

On the other hand, since u, satisfies the equation Lu = 0, by Lemma 2, for each
v, one has

k-1

Lk[rmu,,(a:)] = pm—pk H(m —pi)(m—pj+ ¢+ 2\,)u,(2)
Jj=0

which yields _
Lk[r’”"'l’_””uu(m)] =0, j=0,1,....,k—1.

Thus, by the principle of superposition

LFw = 0.

3. Lord Kelvin principle

The Kelvin principle is studied by several authors (see, for example,
Gelebi [4], Weinstein [5]). More recently, Altin [2] established the Kelvin prin-
ciple for the solutions of the equation

(0% a; du /(0% B; du YU
i W Wil A8 L i Ju _
; (3&? u x; 8.7;1-) ; (33/3 + Yi 03/,') + R? ’
where «;, #; and v are real constants and

R?= Zn:zf + zs:y?
=1

i=1
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Here, in this section, we state a generalized Kelvin principle for the solutions of
the equation (1.1) in the following theorem.

Theorem 3 (Kelvin principle). Let u(x) = u(x1,29,...,2,) be an
solution of the equation (1.1). Then, the function v

4 —_p)=%" T T X
(3.1) p = ppHr(1-P)-Xi iy, (_1’ _2, 2
72" 52 2

is also a solution of the same equation, where r = (2§ + a8 + ... + 2f, /p
Proof. From (2.5), we already have
L(r"u)=r""Pm(m+ ¢+ 2T")u+ r" Lu.

Now, let £ = (&1,&2,.,6n), Where & = %}, 1 = 1,2,...n. Then for PP =
E+E&+..+ €h, clearly, rPp? = 1. By making a change of variables, a mess of
computations yields

(3.2) w(é) = @ M - Z& dgg
=1 1 '
and
Lu(§) i( 2+a1 - 0)+l}u(§)
i=1 5 dx rp
- ) 1—p 0
(3.3) =”2p{z(5f ' 52”5 05)+l}"(£)
—2p? [—p +n(p-1)+ Z a,-] > & agéf)
=1 i=1 1

= PP Ligyu(€) — 27T 5y u(€),

where we use the notations T7:, and L denoting, res

T* and L with z replaced by é) © Ea TEpRCEl Fhe Operators
Now substituting (3.2) and (3.3) in (2.5), we obtain

(3.4)

L{r™u(&)] = r™ Pm(m + ¢ — 2T())u(§) + P Lgyu(§) — 2r™™ P(bT({)u({)

Since u(z) is a solution of Lu =0, the equation (3.4) becomes

L[r™u(€)] = r""Pm (m + ¢ — 21(“) w(€) = 20 P $T3eyu(€)
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or, simply
(3.5) L[r™u(€)] = r™ P (m + ¢) (m - 2T(§)) ().
Hence, for m = —¢, we get
L [r"d’u(f)] =0
or, explicitly,

1-p)="" . o T1 T2 Tn _
L [,,,p+'n,( p) Z'=la U (T—Z,T—z,...,ﬁ = 0,

which completes the proof. L]

The Kelvin principle roughly states that if a solution of the equation (1.1)
is known, then one can obtain another solution just by using the transformation
mentioned above. The following simple example clears out the case.

An example of the inversion: Let, in (1.1),n =2, a1 =2, a; =1,
v = =5, p = 3 and thus » = (2} + 23)/3. By (2.1), we easily conclude that
w(z1,v2) = 7 = (23 + 23)1/2 is a solution of (1.1) with the given parameters.
Hence, by using the Kelvin principle, we obtain that

=41 T2y 4 [ %13 L R RUA
v=r u(ﬁ,ﬁ =1 [(r_z) +(r—2)] =7

is also a solution of the same equation. If we would use ©v = =5 as a solution,
then we should get v = r as the other solution under the inversion.

Lemma 3. Ifu(z) is any solution of the equation (1.1), then

k-1
3:6) Ll = e S T (m = pj + ¢) (m = pj = 2T5)) b w(®),

j=0
where £ is as given in the proof of Theorem 3.

Proof. The proof shall be done by induction arguments. For if, £k = 1,
(3.6) is reduced to (3.5) and hence the conclusion is hold for & = 1. Since the
equality (2.8) holds for = replaced by £, the rest of the proof can be done by
using the same arguments as in the proof of Lemma 2. =

By making use of the formula (3.6), and using the same arguments of
Theorem 1 and Theorem 2, we obtain the following results which state that the
Kelvin principle also holds for the iterated equation L*¥u = 0.



226 N. 62:111), A. Cetinka.ya,

Theorem 4. Let ui(x), i = 0,1,....k—1 be any k  solutions of th
cquation Luw = 0. Then, the function %

k-1 k=1
= : . ; X X X
w=r & —_>_ 7.'1).1“(5) =, ® § I"Plt,‘ ( 1 2 Un
20 02 ’
; - 1 1 r2
1=0 =0

gives a solution of the iterated equation LFw = (.

Theorem 5. Letw,(x),v=0,1,...k—1 be homogeneous (of de re
Ay, respectively) solutions of the equation Lu = 0. Then, the function e

k-1

w = Z prPt2N u,(€)

v=0

gives a solution of the iterated equation L*w = (.
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