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Let S(RG) be the p-primary component in a group ring RG of an abelian group G over
an abelian ring 2 with 1 of prime characteristic p. In the present paper a criterion is founded
for S(RG) to be homogeneous. T'he isomorphic class of S(RG) in these cases is also provided.
The established necessary and suflicient condition improves, in some instance, a result due to
‘I Mollov published in Publ. Math. Debrecen (1971).
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1. Introduction and known facts

Throughout this work, let p be a fixed but arbitrary prime and RG be
an abelian group ring of a group G over a ring R with identity of characteristic
p. Denote by N(R) = U,Z, B(p") the nilradical (a Baer’s radical) of &, where
R(p*) = {a € R:a?" = 0} are its p"-socles, and G, = Us=, G[p"] denotes the
p-component of G' where G[p"] are its p"-socles, i.e. G[p"] = {y € G :y*" =1}.
IFor the most part, the notations and terminology of [2] will be followed.

In the present paper research a criterion (i.e. a necessary and sufficient
condition) is established for S(R¢) to be homogencous when R and (i are abso-
lute arbitrary commutative algebraic systems. Now, for the sake ol completeness
and for convenience ol the reader, we shall formulate below the following three
statements in this direction, given by the author in [1].

First, we start with the next definition: The ring R is called perfect if
R = R, where R? = {+?:7 € R}. And so, we can state the following theoremni.
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Theorem. ([1]) Suppose G is an abelian group and R is an unitary
commulalive ring with 1 and char R = p. Then S(RG) is divisible, if and only if
Gy # 1, G is p-divisible and R is perfect; or Gy = 1 and N(R) = 0; or Gp =1,
1 # G is p-divisible and 0 # N () is perfect; or G = 1.

Next, we continue with the following theorem.

Theorem. ([1]) The group S(RG) is bounded if and only if there

is a natural numbu m wzlh the property that N(RP") = 0 and G o= 1; or

m

N(RP™) # 0 and G”'

In the other words, it is easy to see that the last theorem could be restated
thus: S(RG) is bounded if and only if N(R” ) = 0 for some i € N and G is
bounded; or N(RP") # 0 for every i € N and G is a bounded p-group.

Any abelian p-group A is called elementary if A = A[p],ie. AP =1, je,
A is a direct sum of cyclics of the same order p.

So, applying the above theorem we derive the next corollary.

Corollary. S(RG) is elementary if and only if N(RP) = 0 and Gh =1;
or N(RP)# 0 and GP = 1. '

2. Main results

Following [6], we give the next definition.

Definition. A p-primary abelian group will be said to be homogeneousg
il it is either divisible or a direct sum of cyclic groups of a fixed order p! where
t is a natural.

For the specific notation and terminology, we follow the monograph of I,
I'uchs [2]. Our central conclusions are based on the following results of T, Szel(;
(see [5] or [2], p.109, Exercise 7), namely:

Criterion. (Szele, 1951) Suppose A is an abelian p-group and AP' — 1
Jor any fized positive integer t. Then A is homogeneous, i.e. A is a direct sum
of CJ('IZC.S of the same order pt if and only if for each element a of A is Julfilled:
a € AP 1°) where o(a) is the order of a.

Now we proceed by proving the following main assertion, which is our
goal here.

Theorem. 1 # S(RG) is reduced homogencous no elementary, i.e it
is a direct sum of cyclics of the same order p* for 2 < t € N if and only if the
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Jollowing are valid

(%) Gp=1, G=G? and R”'(p) =0 plus 0# R(p') = ,I?,pc_i(z)i)

Joral i=1,...,t—1.

Proof. ”Necessity”. Assume G # 1. Take 1 # g € G}, such that
o(g) = p' and besides choose 1 # g, € G, so that o(g,) = p. Hence the
clcment zg =14 _/(1 — gp) has order p and moreover lies in S(RG). Indeed,
=14 g”(1 - 9 ) = 1. Further, by vntue of the Szele thcmun and [1] we

(leduce, z, € SPT(RG) = S(RP'T'GP'TY). But since g # g gy, then a, is a
canonical element and so g € GP'™',i.e. g € G’gt—l. Observe that SP'(RG) = 1
obviously implies th = 1 and thus g? € G,’;t =1, i.e. ¢ = 1 immedeately. This
contradiction yields automatically that G, = G[p], i.e. G5 = 1. Apparently
N(RP) # 0, otherwise the above corollary leads us to S(RG) is elementary,
contradicting with the hypothesis.

Letnow 1 £ g € G and 0#7 € Rgp) Therefore 1 + (1 — g) has order
p and it belongs to (R e N = s (RG’) # 1. Consequently, g € G?'™'
and r € RP'™' ie. G = G? and R(p) = R (p) Furthermore the ﬁlst equality
implies G, = 1, and the second preliminary theorem ensure N(R” ) =0, ie.
nr (p) = 0. By a reason of symmetry we obtain R(p') = R”'—l(p") for every
t=1,...,t — 1 using the element 1 + »(1 — a), where 0 # r € R(y)i) \ R(pi~1)
an(l l ;é a € G. The choosing of r is correct since R(p') # R(pi~!); otherwise

(p) = 0 that is false. This proves the first half.

?Sufficiency”. Tor the converse, because G, = 1, we observe that
each element of S(RG) can be written in the form 1 4+ > 74(1 — ¢), where
0 #ry € N(R) and g,1 € [] is the complete set of representatives (i.e. the
transversal) of G with respect to < 1 >, which simple fact we leave to the
reader. Evidently since S?'(RG) =1 (see [1]) and whence S(RG) C S(RG)[pY,
then we have r, € R(p*). Moreover, the order of such an element in S(RG)
is equal to the maximal exponent of some ry, when g € [] certainly. If all
Ty € R(p‘)\R(pt"l), then clearly y, = 14+ 3 rg(1—g) € S(RG) = §7'/°Wwa)(RG)
because o(yy) = p'. But now, if 0 # rg1 € R(p), 0 # 1y € R(»*)\ R(p),..., 0 #
ry; € R(pP)\R(p’~1) for some j < t, then we conclude o(1+2, 1 Tal(1— _/1)) =p’
for g € G (1 < 1 < j). Next, since 7y € RP'™ for all 1 <1 < g7, we get
that 1 + 21 1 Ti(l —aq1) € 8P _](RG), and thus the second part is verified in
accordance with the Szele criterion. Then, the theorem is proved in general. m

The following remarks hold.



261 P. Danchev

Remark 1. It is a simple matter to sece that N(R) # NP(R); in
the remaining case S(RG) must be itsell divisible by making use of the first
preliminary theorem. Thus S(RG) = 1, contrary to our hypothesis.

Remark 2. According to our main result presented above and in view
of [3, 4], we may establish the structural type of the homogencous (reduced or
not) group S(RG).

3. Concluding discussion

Our aim in the present article, to derive a criterion when S(RG) is ho-
mogencous by the above minimal restrictions on R and G, however, is finished,
That is why, the study of S(2G) in this way is completely exhausted. Morecover,
our central theorem extends the result for direct sums of cyclic p-groups proved
by Mollov (1971) in Publ. Math. Debrecen (see the bibliography in [0]).
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