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The main purpose of this paper is to study the complete lifts of derivations of special
types, that is, those of Lie derivations, covariant dilferentiations and derivations determined
by a tensor field of type (1,1).
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1. Introduction

Let M, be an n-dimensional manifold of class €'>°. Consider the luns'()r

buundle T¥(M,) = U TF(P) and denote the natural projection 17 (M) —
. I)ef‘ln

by 7. Let 27,5 = 1,...,n be local coordinates in a neighborhood 7 of a point p of
M,. Then a tensor l of type (1) q) at p € M, which is an element of 77 (A,,) is
expressible in the form (.zj,t, "') = (ad,ad),a) = L“ "’ , §=n+1,.., n+n.7’+‘l ,
whose 1 "]:’ are components of ¢t with respect to the lld.tll ral frame ¢;. We may
consider (a4, LJ) as local coordinates in a neighborhood 7 l(u) of T,f(/\l,,)

To a transformation of local coordinates of M, : wd = ( ¢?), there

corresponds in 17 (M,,) the coordinates transformation

N o
g = 'LJ (11),

(l) ] i , 1! ( )
@l =11 Th = ALLLAL AL At = Al A,
where o, .
A 46) = T Y LAY S <L
() 1( = A 'Anij{"‘Aj(’,’Al = o ,A]-, =07
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The Jacobian of (1) is given by the matrix

! ij).rjl 3'1;1, -y
. (f)wJJ) =\ o < 02 A a8 HO() )
Jx adad Oad i N 5
Ow Dzl 927 t(k) (‘/1 fl(J/)) /1( 1(:;,)

where J = (4,7), J = 1, ...n+ nPt, [E/)) = fk, 'II:
We denote by S%(AL,) the module over F(M,,) of C™ tensor fields of
type (p,q) (I'(My) is ring of real-valued C*° functions on M,,).
If « € S}(M,), it is regarded, in a natural way, by contraction, as a
function in T7 (M), which we denote by a. If @ has the local expression a =
J"()“ ©...®0j, ®da" ®...®da' in a coordinate neighborhood U(a? ) C M,,

lllen wv has the local expression

F1eeedq 4i1emrip
1.eelp "J1..20q

with respect to the coordinates (xi,mT) in #=1(U).
We first prove a lemma which will be of use later.

Lemma 1. Let X andY be vector fields in TP(M,,) such that X (1) =
Y (1), for any a € SH(My). Then, X=Y,ie Xe¢ SUTE(M,)) is completely
determined by its action on functions of type 1.

Proof. It is sullicient to show that il Z (1a) = (X — Y)(r) = 0, then
7 is zero. If Z has components Z7 with respect to the coordinates (;l:i,..vj") in
7~ 1(U), then we have ‘

(3) [(1(1) — 7.13 (a,Jl .Iqtu lp)+ AJ()—(Q J., z[ z,,)

dp o J1ee lp J1- g
iy .2
Z]t 1 pd ]1 Jq + 4] ]1 Jq =0.

It this.holds for any 1 € i‘r;’,(ﬂ/[n), ajai:::j’:’ taking any preassigned values
at a fixed point, from (3) (homogeneous system of linear equations), we have
(4) thn ]q = 0, 77 = 0.

From the first equation of (4), it follows that Zi=0 at all points of TF(M, )

except possibly those at which all the components t‘ J.” are zero: that is, :.t
Jq

points of the base space. However the components of Z are continuous and so

77 is also zero at points of the base space.
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Thus Z7 = 0 at all points of ~1(U). Therefore, taking account of the
second equation of (4), we see that 7 is zero in 7~ 1(U) and so Z=0in Te (M),
Thus Lemma 1 is proved. ]

2. Vertical lifts of tensor fields and y-operator

Let A € S%(M,). Then there is a unique (see Lemma 1) vector field
VA e SHTP(M,)) such that for a € SH(M,,),

(5) VAGa) = a(A)om =Y (a(A)),

where V(a(A)) is the vertical lift of the function a(A) € F(M,). We note that,
the vertical lift ¥V f = f o of the arbitrary function f € F(M,) is constant
along each fibre 7~1(p) = TF(p). We call V A the vertical lift of A € I}(M,,) to
T3 (My) (see [1]).

IfVA=Y Akg, +Y A"'f)g, ak = ti}ll,’jq, then we have from (5)

k Zl lp Jl Jq 3 Ll Lq ky.. le lp
VAR i 4V ATgfihe o gfileglid

Using the argument similar to that used in the proof of Lemma 1, we see that
the vertical lift ¥ A has components of the form

(6) ‘%=(Z§)=<AOM>

with respect to the coordinates (a7, a7) in TP(M,).
Let ¢ € S1(M,) and € € Sh(M,,) :

17
p= SOJF®(I’LJ

d d
é= Eji g ® @5 ® da' @ ...® da’a.
We define a vector field y¢p in #=4(U) C TF(M,,) by

i 11...m... i
w=(2 e )g’— (r>1,420),

(7)
75(19 == E _11...m...Jq(P_7,‘> 5%}"7 (I) 2 07(1 Z 1),
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and a vector field v in =1 U) by

(

5
(%) "
=z

dard

- ;,‘Pm) D (p> 1,43 0).

. 99}',‘,) s (P2 0,02 1)

with respect to the coordinates (2, ad) in TY(My). From (2) we casily seo
that the vector fields yep, Fep and vy, o defined in cach #='(U) (lct(‘l.'lnine
respectively global vector fields in T3(M,,). '

I'rom (6) and (7), we have

e =V (@e) Fee =Y ($)),

where wg € (M) (@ € SG(M,)) and

q . ) d O
. _ Clewetbeily ) < 5 < ] ; 7
ve = | DGR | gam @0 g 0 de?t © o dute
n=1 ’ '
lI o
~ _ R m ” . - N
PYe = z :{jl...m ‘IDJM amil D @ ()_l @ {ll“ & date
l[,:l

are respectively, local expressions of g and @g, with respect 1o the coordinatos
ad in U C M,. :

From (7) and (8), we see that, y:9, ¢ and v¢, 7o have respectively
components :

0
(()) Yep = P fi-l'“"”mi"' ix 5
= J1eedy m
0
( 10) ;)7599 = ! i1eip m
‘gl fjl ...m...j,l‘ro_,“ ’
0
(11) Yo = L2 [l.'J dy, gy s
1 eeedy m
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0
12) ip n
( J Z t.“...l’n..._lq‘P;[l

p=1

with respect to the coordinates (mj,arf) in m~Y(U) C TP (M,,).

3. Complete lifts of derivations and y-operator

(2.
We now put S(M,) = > SH(M,), which is the direct sum of all tensor
Pg=0
modules in M,. A map D : I(M,) — S(M,) is a derivation in M,, if, [1]:
a) D is linear with respect to constant coefficients,
b) for all p,q, DSE(M,) C SH(M,),
¢) for all tensor fields 77 and T3 in M,,

D(Ty®Ty) = (DT1) @ To + Th ® (DT3),
d) D commutes with contraction.
From the definition of the tensor derivation, we have
(13) D1 =0,

where I = (61‘) denotes the identity tensor field of type (1,1) in M,.
For a derivation D in M, there exists a vector field p in A, such that

(14) pf=Df, feF(M,).
If we put
(15) | D(3;) = Q10w

in cach coordinate neighborhood U of M, then from (13) and (da')(9;) = b;
We have in U

(16) D(da") = —Qhda’.

Let « be an element of S3(M,,) with local expression a = a“ J"O

L ® (’)jq ® daz" ® ... ® da'r. Then, from (15) and (16) we see that Da lldVO
components of the form

(17) 'Da (I)"L()‘nlajl ]q + Z ajl'""n.”JqQ'In - "jq gy 7‘“)

u...m....z,, 1A
A==l
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in M,, p" being the components of p € o(M,) given by (14). The pair (", Qh)
is called the components of the derivation D in U, [2, p.20).

Let D be a derivation in M. Then there is a unique (see Lemma 1)
vector field €D € SY(TT(M,,)) such that for a € S3(M,,), [1],

(18) ¢ D) = o Da).

We call ¢ D the complete lift of D to TF(M,,) .
From (17) and (18), we have

cpig; (Lhiradi- ,)+ D705 (i adiin)

.:Jq ’1 ~Jq tp
. . p .
_ 4ieipom Jie. Jq § : Jl---m'--Jq § : J1-eedg
= ey ol _ J q m
]1...]q(2 a’” + Q au...m...i,, )a
A=1
or
} C Pira. Jie i. ‘p Jreed
(1()) DJ(aJail )t + Dj 7 1:
. . ])
_ ytlelp m J1- Jq J1.. Jq n B seilasat, .
=Py, a + a E v 1o Mecip Ay
Jl.eedq I m ( Jl“‘m-".lq t]1...jq m)'
A=1

By the same token as in the proof of Lemma 1, it follows from (19) that
¢ D has components ’
o
c
(20) D= Maniip
Z t m .Jq E l ! m

with respect to the coordinates (29, a?) in TP (M,,).

When a derivation D in M, satisfies the condition Df = 0 for any f g.
F(.Mn) D determines an element ¢ € S}(M,) in such a way that DX = ©X,
VX € SU(My). In such a case, D is (leuoted by D and called the (leuvauo“

determined by ¢. From D,f = 0 and Dy,.X = X , we casily verify that the
D¢ has local components
(21) Dy : (0,¢8),p" =0, QF = o,

where @ are local components of ¢ in M.
From (11), (12), (20) and (21), we have

0
c i ' i ¥
D = Zq: fireip m _ Zp: Lt iy =7 76,

71 Jq 9 n
=1 Jq I3 =1 J1--2Jq T
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or
(22) ©(Dy) = Fp — 7¢.

Let th(M,,) be a pure tensor subbundle with respect to ¢ € I (M,,), [3]
(sce also [4]), i.e.

(23)
ipedp r z1 z,, ,1,712 z,, ip,i1. z,,_11 df’f .. 1,.

Ul . —_ p— —
‘Pj;lrjz...j,,—' ‘PJ,, J1eedg=1T =@ Jredg T = ¢ ’Jn wdq (1( )) g

From (22) and (23), we see that along the pure tensor subbundle ¢(D¢)

reduces to
©(Dg) = (¢ - p)¥ (1))

4. Complete lifts of Lie derivations

Suppose that V € S3(M,). We define the complete lift “V of V to
TP (M) by [5],

Vi

. c Cyi
(24) V = ( CV;—) s Z tn...??&...lpa ‘/1’\ _ Z t“ 1p J“ ‘/m

J1eedq _71...m..._7

Let Ly denote Lie derivation with aspect to V, i.e. Ly is a tensor
derivation such that

Lvf=VfNfeFM,),
LyW = [V,W],YV,W € S§(M,),

where [V, W]is the Lie bracket of V and W. From [V, W]* = Vig;W" - WiV,
we see that the Lie derivation in M, having components

(25) Ly = (V" —o;v™).
Using (20), (24) and (25), we have

“(Ly)=°V.
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5. Complete lifts of covariant derivations

Let V be an afline connection in M, and Vy denote covariant derivation
with respect to V, i.e. Vy is a tensor derivation such that

Vvf=V/,

va—i—_qH"‘Y = va‘X + .(/VVV-’Y, vfa.(/ € F(A/]n)vv‘/v ”’I’ Xe S(l)(l‘ln)

From (VyX)r = VIg; X" +V J'F?iX" (I‘;‘i are local components of V

in M,), we sce that the covariant derivation Vy is a derivation in M,, having
components
(26) Vy = (VR virh).

Using (20) and (26), we can easily verify that “(Vy) have components of the
form

Vi

J1.+-Jq J1-emledy Jin

y C _ P . . L q . . )
(27) (VV) = _ Z tllmlp‘/‘]l-\;,)n + E tl,-l“.lp . I/]Pm’.
A=1

p=1

We introduce now an affine connection 7 in M,, by

(28)  VxY =VyxY -S§(X,Y)=VxY —(Vx¥ - VyX - [X,Y])
= VyX +[X,Y],VX,Y € S}(M1,),

where S(X,Y) is the torsion tensor of the given affine connection V. We have
from (28)

“h _ ph
(29) I =13,
where I"?i are components of the new afline connection V.

Now taking account of the formulas (20), (24), (27) and (29), we find
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V=0(vy)

0
PO iy, i 5 /i ir g 4. i : .
( \z:l t;i;’; ‘P(()m,‘/’,\ + F;’;\nvj) - Zl tjll:l_]q(o‘]p | VAL F;}}“ I/J) )

A= P

0
P ceeMeeilp /¢ 5 -1 < q 481 eeet. . . Bm .
( S o ) - 3 t,-’,...,z..‘,-qwj,,vm+F;,.ﬁ“>)

0
= Pl i emipg ; e inand x
POR AN AL ID DR SN

A=1 pn=1

Thus, we have

(30) “(Vv) =TV = 1(Vv) +7(Vv).
As a corollary to (30), we have
“(Vv) =9V = (Lv),

if Vi = 0.
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