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1. Introduction

Let ¥ denote the class of functions of the form

o
n
+ E anz -,

n=0

W | =

f(z) =

which are analytic in the punctured open unit disk D = {z: 2 € C and 0 <
|z] < 1}. We denote by ¥*(y) the subclasses of ¥ consisting of all functions
which is meromorphic starlike of order vy in 4 = DU {0} (0 < v < 1). For
analytic functions g and h with g(0) = h(0), ¢ is said to be subordinate to h,
if there exists an analytic function w such that w(0) = 0,|w(z)| < 1 (2 € U),
and g¢(z) = h(w(z)). We denote this subordination by ¢ < hor g(z) < h(z).
Let

i 14 Az
() L+

$*[A, B] = {f €A S < T

(z €U ; —15B<A§1)}. (1.1)
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In particular, we note that X*[1 —2vy,—-1] = X*(y) (0 <y < 1). Furthermore,
from (1.1), we observe [5] that a function fis in ¥*[A, B] if and only if

A—-B
1 - B2

z2f'(z)  1—-AB
) T

(<1< B<A<L1;z€el). (1.2)

A function f € ¥ is said to be in the class T.(v, ), if there is a meromorphic
starlike function g of order 7 such that

e {2£2)) .
—Ite >,B (OS,B<1,~EU)
9(2)

Libera and Robertson [2] showed that ¥.(0,0), the class of meromorphic
close-to-convex functions, is not univalent. Also, X.(v,3) provides an interesting
generalization of the class of meromorphic close-to-convex functions [6].

In the present paper, we give some argument properties of the aforemen-
tioned classes of meromorphic functions in the open unit disk. An application
of a certain integral operator is also considered.

2. Main results

In proving our main results, we need the following lemmas.

Lemma 2.1. ([1]) Let h be convex univalent in U with h(0) = 1 and
Re (Bh(2) +7) > 0(8,7 € C). If q is analytic in U with ¢(0) = 1, then

) z¢'(= 3 s
q(=) + O hz) (z€U)

implies

q(2) < W(z) (z€lU).

Lemma 2.2. ([3]) Let h be convex univalent in U and X be analytic in
U with Re A(z) > 0. If q is analytic in U and ¢(0) = h(0), then

q(2) + A(2)2q'(2) < h(2) (2 €U)

implies

q(z) < h(z) (z€el).
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Lemma 2.3. ([4]) Let ¢ be analytic in U with ¢q(0) = 1 and ¢(z) # 0

in UJ. Suppose that there exists a point zg € U such that

T
|arg a(2)| < T for |1 < Izol

and .
arg q(zo)l = n (0<n<).
Then we have ,
2o¢'(z0) ikn,
4(zo)
where .
k> 3 (a + -) when arg ¢(zo0) = =7
1 1
k< -3 ((/, + E) when arg q(zo) = —gn
and

q(zo)'ll = +ia (¢ > 0).

By using the above lemmas, we now derive the following theorem.

Theorem 2.1. Let f € ¥ and suppose that

1+B>a(2+ A+ B) <—1<B<A§1;0<a<_—l-

i

azg'(z) + (1 - a)g(z) 2

Jor some g € ¥*[A, B], then

o (5|5

where 1 (0 < n < 1) is the solution of the equation:

nsin[5{1 — (A, B, a)}]

2

§=n+ —tan™!
T

1+B

(l_-tA +1_ 1) +ncos[E{1 - t(A, B, a)}]

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

arg (_az(zf'(z))’+(1—a)zf/(z) —ﬂ)‘ <Ts (0<p<l;0<6<1)

(2.7)
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and

2 . _ A-B
(A, B,a) = zom ' <(§ - 1)(1-B?%) - (1- AB)> '

Proof. Let
_ 1 rzf(2) ~_ 29'(2)
902)=-1_3 ( 9(2) +ﬂ) and (=)= -y
Then, by a simple calculation, we have
_1 (az(zf'(Z))' +(1—-a)2f'(2) + ﬂ)
1-8 azg'(z) + (1 — a)g(z)
_ z¢'(2)
a(z) + sy
Since g € ¥*[A, B], from (1.2), we have
r(z) < :lligj (z €U).

If we let .
—r(2)+ (5 - =pF (zeu),

then it follows from (1.1) and (1.2) that

)

1+B

1_ - L - —B)—(1-—
{ (GDAEB)-(td) ) o G=U0-B)-(-4)
-t(A,B,a) < ¢ < t(A,B,a),

(2.8)

where t(A, B, a) is defined by (2.8). Let h be a function which maps & onto
the angular domain {w : |argw| < Z%é} with A(0) = 1. Applying Lemma,
2.2 for this A with A(2) = _T(T:_%—_T, we see that Re ¢(2) > 0 in &/ and hence

¢(z) #0in Y.

If there exists a point zo € U such that the conditions (2.1) and (2.2) are

satisfied, then (by Lemma 1) we obtain (2.3) under the restrictions (2.4),

and (2.6).
First, we suppose that

' {e(20)}7 =ia (a>0).

(2.5)
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Then we obtain

o _azo(z0f'(20)) + (1 — @)z0f'(20) _
“E ( azog'(z0) + (1 — a)g(z0) f’)

S z0¢'(%0)
= arg <1( o) + —1-(zo)+(§ — 1)>

= areg { a(z 2oi o) :
= arg {[( 0) (1 + (](20) —’I‘(Zo) + (21; - 1)> }
= arg {¢(z0)} + arg (1 + i77k(ﬂei%¢)_1)

nksin[Z(1 — ¢)] )
p + nk cos[5(1 — ¢)]

) nsin[F{1 — #(A, B, @)}]
i_ -B)—-(1-A s
(GED0BCoAY | cos{3{1 - (A, B, @))]

=T —i—ta.n'1

7y _ T
> 577 + tan = 56,

where 6 and (A, B, «) are given by (2.7) and (2.8), respectively. This evidently
contradicts the assumption of Theorem 2.1.
Next, we suppose that

1
q(z0)" = —ia (a > 0).
Applying the same method as above, we have

_azo(20f'(20))' + (1 — @)z0f'(20)
arg ( azog'(z0) + (1 — a)g(2o) ﬂ)

S __g_n _ tan_l . nSin[%{l - t(A’B, a)}] — —'7216,

L _1)1-B)-(1—-4 T
( e=1)( 1-B) U )) + ncos[F{1 — t(A, B, @)}]

where 6 and (A, B,a) are given by (2.7) and (2.8), respectively. This also
contradict the assumption of Theorem 2.1. Therefore, we complete the proof of
Theorem 2.1. ]

Letting A =1, B=0 and § =1 in Theorem 2.1, we have

Corollary 2.1. Let fe X. If

az(2f'(2)) + (1 - @)2f'(2) 1
_RC{ QZg/(z)+(1_a)g(z) } > B (0<a<3, OS,H<1)
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Jor some g € ¥ satisfying the condition:

zg'(z)
9(=)

+ll<1 (zeu),

then

e {2 _
Re{g(z) > B (0<B<1).

If we put g(z) = % in Theorem 2.1, then by letting B — A (A < 1), we
obtain

Corollary 2.2. Let fe X. If

2 Pl = F1(2)
lmg (_~(f( )+ a f())_ﬂ)'<,£6 <0<a<%;0§/3<1; 0<551)

1 -2« 2

then
T

|a1-g {_z2f/(::) — /3}| < 5

where 11 (0 < n < 1) is the solution of the equation:

2
b=n+ ;tau (an). (2.9)

The prool of Theorem 2.2 below is much akin to that of Theorem 2.1
The details may be omitted.

Theorem 2.2. Let f € ¥ and suppose that

1+B>a(2+ A+ B) (—1<B<A51;0<a<%),

If
N az(zf'(2)) + (1 —a)zf'(2) T . _
e (“ azg'(z) + (1 - a)y(=) ) <gz? (B>L0<igy)
for some g € ¥*[A, B], then
s (o4 55| <50
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where 1) (0 < 1 < 1) is the solution of the equation (2.7).

For a function f belonging to the class ¥, we define the integral operator
I, as follows:

Falf) = Falf)(2) = i:f_‘j /0 T2 rae (2.10)

1
(0<a<§; z € D).

The following lemma will be required for the proof of Theorem 2.3 below.

Lemma 2.4. Let f € ¥ and let h be a convex (univalent) function in
U with h(0) = 1 and Re{h(2)} >0 inlU. If

_zf'(2) .
f(z) < h’(") (“ € U),
then ()
_ﬁ' < /L(Z) (z € U),

Jor max,ey Re h(z) < 2 —1 (0 < a < 1), where F, is defined by (2.10).
Proof. From the definition (2.10), we get
azlg (f)(2) + (1 — a)Fa(f)(2) = (1= 2a)f(2) (2.11)

Let
zF4(f)

Fo(£)

()G e

Taking logarithmic derivatives in (2.12) and multiplying by z, we get

w(z) )
@i G

9(z) = -

Then (2.11) yields

q(z) +

< h(z) (z €U).

Therefore, by Lemma 2.1, we have that ¢(2) < h(z) for max,ey Re h(2) <
1 _1(0 < a< }). This evidently completes the proof of Lemma 2.4. =
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Next, we prove the following theorem.
Theorem 2.3. Let [ € ¥ and suppose that

l+B>(¥(2+A+B) <_—1<B<AS]-;0<G’<%).

If
’.“. . (_ az(zf'(z)) + (1 — a)zf'(2) B
me azg'(z)+ (1 - a)g(z)

(

ﬂ)l<§5 0<a<l;B>10<8<1)

Jor some g € X*[A, B, then

o ez(FE () + (L= a)z () 7r
arg (— azFl(g)+ (1 —a)Fa(g) ﬂ)’ <3

(2.13)

where Fy is given by (2.10) and 7 (0 < n < 1) is the solution of the equation
(2.7).

Proof. Since g € £*[A, B], by applying Lemma 2.4, the function Fy(9)
belongs to the class X[A, B]. Then, from (2.11), we get

xR + (L= a)zB(f) __22)

azll(g)+ (1 —a)Fa(y)  —  g(z) °

Hence, by the hypothesis and Theorem 2.1, we have (2.13), which completes the
proof of Theorem 2.3. -

Taking A =1, B =0and é§ =1 in Theorem 2.3, we have
Corollary 2.3. Let fe X. If

_Re{adaﬂwn“+(l—akf%ﬂ
azg'(z) + (1 - a)g(z)

} > B (0<B8<1)

for some g € X satisfying the condition:

z9'(z)

9(=)

<1 (zel),

+1

then

PR LEEAEA(ERI )

«azFl(g)+ (1 - a)lFu(g) } > B (0<B<1).
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=

Putting g(z) = T in Theorem 2.3, and then by letting B — A (4 < 1),

we obtain

Corollary 2.4. Let fe X. If

2(f1(2) + azf"(2) T 1 , .
arg | — ; - = < 53 0< ; <1),
ug,( 120 /3)<2b (0<a<2 0<p<L;0<6<L1)
then

52 FL(f zF” 1 )
arg (— ( “({)__i_;; alf) _ ﬂ) < gn 0<ax X 0<A<1;0<6<1),

where 7 (0 < n < 1) is the solution of the equation (2.9).
By a similar method of the proof{ in Theorem 2.3, we get the next theorem.

Theorem 2.4. Let f € ¥ and suppose that
1+B>a(2+ A+ B) (—1<B<A§1-; 0<ax< %)
If

g (54 SLE 0= e/

azg'(z) + (1 — a)g(z)
Jor some g € ¥*[A, B], then

_ az(zFL(f)) + (1 - a)zF'(f)
8 (ﬂ T TR (0) F (L= @) Faly) )

)‘<gé O<a<l; f>1;0<6<1)

< gn, (2.13)

where F, is given by (2.10) and 1 (0 < 1 < 1) is the solution of the equation
(2.7).

Finally, we prove

Theorem 2.5. Let fe X. If

o« [ (S 00 TE) 4] | <Js @<onspcnoss
mg[ (a ¢'(z) +(1 )g(z)) /3] <_26 (a<0;0</8<1;0<6<1)

for some g € L*{A, B], then

™
<3
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and 1 (0 < n < 1) is the solution of the equation:

—ansin[Z{1 — sin“(f“,@)}] )
)

2
§=n+ =tan~! -
T <{—‘_{%—aqcos[ Z{l — sin~!(&

1— AB

Proof. Setting

q(z) = I (z_f’(_z_) +ﬂ> and 7(z) = _z29'(2) ,

1- 9(=) 9(2)
we have
1 ( () 2f(2) ) w2 ()
- + (1= q(z)+ —==.
s \“ v TR D+ 20
The remaining part of the proof of Theorem 2.5 is similar to that of Theorem
2.1, and so we omit it. .
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