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In this paper the exact constants in estimations of the error of the quadrature formulae
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1. Introduction

Let M[0,1] be the set of all bounded and measurable on [0, 1] functions
and II; be the set of all alge’ aic polynomials of degree at most k. The k—th
order local modulus of smoothness of f € M0, 1] at the point & € [0, 1] with a
step 6 € [0, 1] is a function (see Definition 1.4 of [2])

T : -\ def ! ké k6
(L.1) wr(f,2;0) e sup{|A1’;,[O,1]f(’l,)| y L+ kv e [a: - 7,:u+ 2]},

where

. o [ SEoDFE) fla+it) i w,a 4kt €[0,1);
A::[O,l]f(m) d:f{ . 0 [ ]

otherwise.
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The k-th order L;-averaged Sendov-Popov modulus of smoothness of a function
f bounded and measurable on [0,1] is (see Definition 1.5 of [2])

PP def s
(1.2) (£, 8)ri10,1) = Nlwr (S, 5 6)llL,[0,1)-
We consider the well-known quadrature formulae of Simpson
.. ! 2 1 . 1 _
(1.3) [ f@)de ~ Q30 = 5 (10 +47 (5) + 1)

and the n-composite quadrature formulae of Simpson

1 h n—1 n %5 Z:
| 1@~ Qi = ¢ (f(0)+2;f(@'i)+42f (=) +f(1)> ,

i=1
(1.4)
where 2; = th and h = ;IL-
We estimate the error

1
(15) R2(F) ¥ |Q2(s) - / f(z)de
(0]

Our aim is to find for some fixed £ and @ > 0, constants Ck,o and &,
such that

B2 (/)

1.6 k, = _— N
(1.6) (k. 2) seMlo],neN { Tk(Sy @h) L, [0,1) }
and 2(/)

R
(1.7) ék,a) = sup {—"ﬁ} .
fec[o,1],neN (S, ah)Ll[O,l]

In Section 2 we find the exact constants ¢ (4,}) and &(4,1) for non-
periodic functions. In Sections 3 and 4 we consider periodic functions (1-periodic
for simplicity). We find for these functions c(k,a) and é&(k,a), where k € N
and @ > } and ¢(2,]) and é(2,%). The methods in Sections 3 and 4 are
applicable for other n-composite quadrature formulae Q% of Newton-Cotes type,
constructed with respect to s knots.

2. Estimations of the error of the quadrature formulae for non-
periodic functions

In this section we consider non-periodic functions and a step a = }T The
Quadrature Formulae of Simpson is exact in II3. Then (see [1]), we can consider
k = 4. We first prove the following lemma.
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Lemma 2.1. Let f € M[0,1] and n € N. Then
RN <gm(figm
" T 4n

L, [011] ‘

Proof. Using (1.5) and (1.4) for [a,b] = [0, 1] we have

(f( )——(f( ;) +4 ("’—”r—z)w(wm))) da

n
/A“f(a,)dt+ /A tf(mi+1)dt+§/‘a;*f (EL;i—zt) dtl
1—0 0

n—1

<z; / AS fla)de| + 4 f(wip)dt
h
+£/TA4f Tt Tk o) gy
9(Jo ¢ 2 '

From (1.1) we have the next four inequalities are true for ¢t € [0,% 5

’ h
(2.2) |A§f(3"i)| < wy (f, x; + 2t; Z) ;
h

(2.3) IA‘-l—tf(a:i+1)| < wy (f, Tiy1 — 2t Z) ;
(2.4) Aly (3’—% = 2t>‘ < wy (f, M + g — 2t %) ;

i + Tig .'L'+:2:,' 1 h h
2.5 Al (“———T——z)‘< ( ity b o R
(2.5) e f 5 t) Sws(fi = 5 + 27

Applying the estimatoins of (2.2)-(2.5) in (2.1) we obtain

Jai(f)SGZ/ w4(f,m +2t )dt-{-GZ/ w4(f, ip1—2t; h) dt

i=0 1=0

zit iy _h . h ity h_,, R
QZ/ ""4(f’ 2 2+2t’4 wq f’—2—+§—2t,1 dt

=0



306 I. A. Parvanova, P. I5. Parvanov

h

n 1 wity h 1 Xig1 h
= Z .—/ wy | fro;—)dae+ wy | S, 2) de
e 3 /... 4 3 Sl 4
=0 4 tT2
1 Lig1 h 4 n Tig1 h
+5/x' wy (L:L’;Z) d:vzggfxi wy (f,:v;jl) da

4 h
= g™ (f; T) :
) Ll [Ovl]

Lemma 2.1 is proved. -
Let n = 1. We prove that the constant 3 in Lemma 2.1 is exact. More
then, this constant is the solution of another problem. This is (see (1.6)) the

constant ¢ (4, 17) for non-periodic functions.
\n

Lemma 2.2. There is a function f € M[0,1] such that

#H =5 (1.3)

Ll [011] -

Proof. Let B be the set of the binary rational numbers. For every
natural number m we define

2s — 1 |
Bm (l=cf {'L EIB; /- s , S=0,...,2"”_1}_

‘2 m

Let ¢ = % We consider the function

1 if @=0o0rl;

1 if o = L.

def 6 it w= 2
f(z) =

scm3 if e B, m>3;

0 if m:%, %, or v & .

Obviously, f € M[0, 1]. We prove that
(2.6) sup {Aff(m) ;< %} < 1.

Let « € [0, %) . There are 4 cases of finite dillerencies:
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I) ALf(0); ) A‘%f(O); 1) A1 . f(x); IV) A}f(xz) for which 0, 1
4 L 41

and % are not knots.

1 1
In IV) we have sup {Atlf(l,) ;1< :l-} < 8max {f('l) ;e #£0,1, —2-} =
In I), IT) and III), if ¢ B, we have A} f(z) = 1. Else, (2.6) is equal to:

I)1- 862f(Bm) + GCf(-Bm) + f(Bn) £ 1,
I) 1—8¢f(Bm)+6f(Bm)+ ¢f(Bm) < 1
HI) zf(Bm) - Scf(Bm) +1< 1.

The last three inequalities are true because of the choise of ¢. The situa-
tion for 2 € (3, 1] is the same. In this way we prove (2.6).

1 e # L =]
Hence, w, (f,a,, 4) { 3 if p= i and 74 (f, 4)[”[0,1] = 1.

Applying (1.5) for this function, we have R3(f) = 2. Then Lemma 2.2 is
proved. ]

Lemma 2.3. There is a functional sequence {fm}ey s fm € C[0,1]

such that
R?
lim i)
m—00 T, (fm, 4)L, [0,1]

_ 4
=3

Proof. Let f be the function of Lemma 2.2 and for m = 1, ..., 00,

2
mx
def e(mr)é-l if |me| <1,
) =

gm(m
0 if |ma|> 1.

We set fr,(2) gef Zf( ) go2m+1 (’L - 51_1) .

For this functlona.l sequence we have

S € C¥(0,1], f(@) = f(x) Vo € | J Biand lim fu(2) = f(x) Ve € [0,1].

i=1



308 I. A. Parvanova, P. E. Parvanov

Also for the error of the quadrature formulae and for the local modulus

. 4 1
of f,, we have respectively R2(f,,) > 9~ 3Im=T and

1 . . 15 ‘ 3m—45m—3 » 15\ ™ P
wy (fm,.’l:;z) =1+ (0.1—6+1)W=1+const. (ﬁ) , 1,;6%

Since . . "
T4 (fm; ") = 1+ const. (E) ,
4/ Lo 16

we finally obtain

2
lim i(lfl"—)— = 4 .
m—o0 T4 (f,n, Z)Ll [0,11 9
Lemma 2.3 is proved. -

Summarizing the statements from Lemma 2.1, Lemma 2.2 and Lemma
2.3, we obtain the following theorem. .

Theorem 2.1. For non-periodic functions,

1 . 1 4
C<4,'LI> —C(L,Z> —5 .

3. Estimations of the error of the quadrature formulae for 1-
periodic functions and a step > ’2—’

In this section we consider 1-periodic functions and a step a > % There
are not periodic algebraic polynomials out of Ilp. Then (see [1]), we can make
estimations with 7, for each £ > 1. We first prove the following lemma.

Lemma 3.1. Let f € M[0,1] be 1-periodic, k,n € N and o > % Then

B < e (1,2

()" e

. . oy = 1 _
Proof. We prove the statment for a = 3, because the modulus (1.2) is
an increasing function of a.
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1) Let k = 2m. Using (1.5) and (1.4) we have

Ri(f) =

1 [uts 2 h, 2 [or
w-3 [ e s 5= / ).

Applying in the last equality the trivial equality
m
S 2m
L) =~-1
Zn’f Z( (m - j) ’

we obtain

-T1+§

Z3nf(%z)+ @) Z(— )J( am )/ 7 f(w)de

m i=1 =7

(3.1)  Ri(f) =

2. | h 4 <~ if 2m *mwa:
+a (@t 2)+—3(2n’?‘) > (-1) (m_j> /x‘ f(z)d

i=1

n—1 1 m ( 1)] 2m n—1 -’L'H'"
=0a (x1)+ 2m Z Z/l f(z)da

'm j=1 l_"'

m ( 1)] 27n n—1
+23"f(%1+ )+ &) Z E/ f(&)dx

j=1

n—1 m 2m n—1 53—1

(- 1)1 (n ” J= wit+(s+1) &

- w0+ g 30 T S N
1= 1=0 s=—j zit 82

n—1 21n n—l] 1 .+(s+2)'i

¢35 s> SIS [,

=1 —Os——] '+(3+1)h

' = —1)7( 2™ raitik
f( )+Z3 7y Z( )j(m_J)/x X f(2)dz

=0 ]—1 l_.72

= n 1) ( 2m Tt 24l
(- ) )L Fa)dz

+Z f(l;'*‘ )+Z32m m_J

=0 1= _7=1

i+3-i%



310 I. A. Parvanova, P. E. Parvanov

h

n—1 92 2 om
— Z :—W/‘ At f(:l:t - m,t)(lt
1=0 '3( m) 0 et K
4 2 h
+ ; 3(27:;;) /0 A" [+ 5 mt)dt

h
= Z 2m /2 |AZ™ f(a; — mt)|dt
0

771

n—1 I
/
+ Z 2m / |AF™ f(@: + % — mt)|dt.
1"0
From (1.1) we have the next four mequalltles are true for t € [0, ’2—‘]
: I
32)  |AF G- mi)| < oan (fri b mi - ;)
. 2m h h
(33) lAt f("l"i —mt)l _<_w2m fa:Lt mt+7712 2
. h h h h
(3.4) AP f ('bz + 3 mt) ‘ < wam (f, z; + 3 + mt — my; 5) ;
h h h h
2m ' - t < o ' L. hoh
(3.5) Aj f(m +2 m)}_wz (f,m -i-2 mt+m2,2),

Applying the estimatoins of (3.2)-(3.5) in (3.1) we obtain

n—-1 h
(3.6) RANH<Y 5(—217;,,—) /02 (wzm (f,:c,- + mt — mg; %)

=0

h h
+w2m(f,.’L, mt-{-m2 2)>dt

h

n—1
2 2 h h h
+ZW/O (wzm (f,$.i+§+mt—m§;§)

+ wam (f,l,-f— -’E—mt—%-m;1 Z)) dt

n—1 E o % h h
1 /a:'.'-m2 ( h) /T.+5+m§ ( -
= E w ,x;— ) de+2 m f, 2 =) da
3m(2m) ( zi-mg S 2 zit+g-mp Pl ’l" 2) da

=0 m 2
n-—1 .
1 Tig1 h
= w , o= | dx
Syl e (543)
1
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2) Let k = 2m + 1. Using the same arguments as in 1), we have

n—1 h
2 2
Z 3(2m+1) (‘/0 AP (2 — mi)dt

1=0 m

(3.7) RY(f) =

h
+ /2 AP fa; — (m+ 1)t)(lt)

S (L

1=0 m

h

A2 (o + — = mt)dl

+ /2 A2 o + g - (m+ 1)'t)dt>
0

h
nzl 3 o (2m+1y <'/0E |At2m+1f(-'vi - mt)l dt
i=0 m .
+ /0? |AZ™H f(wi — (m + 1)t)| dt)
— '2—‘ 2m+ h ) :
+ ; 3 211[1.);{-1) <A At f('vt + 5 = mt) dt

_Iil_
+ / dt) :
0

Also as in 1), from (1.1) we have the next four inequalities are true for
te[o,%]:

I
A f(a; + % —(m+ 1))

(3.8) |AZ" f(2; — ml)| € wamia (f, bl mg; /2_1) ;

(3.9) A" f(2i = (m + 1)t)| < wam (f,ﬂ«z mt + mg g)

(3.10) 515

AmLf (CL‘i + % - mt) ' < Wam+1 (f,ibz +3 h +mt — ml h)

(3.11)

h
< Wom41 (f, z; + - —mi+ mlzl ;)

Afm"'lf (a:; + % —(m+ l)t)

Applying the estimations of (3.8)-(3.11) in (3.7), we obtain

~1 A
(3.12) Ry(f) < Z 3 2m+1) / W2m+1 (f, x; + mt; g)

1=l
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h
+ wom+1 (f, x; — mt; 5) dt

n—1 h
2 2 h h h
+ Z 3(2m+1) A Wom+1 (fa ;i + 2 + mt; —2-> + wom+1 (f’mi + 5 — mt; IEL) dt

1=0

n—1 1 1:,'—{-771% B h
= ng—(%l-{-_l—) /:L‘.'—m'l W2m+1 f,-’b,§ da

=0 m 2
;J:.'+'5’-}-m-2'l h
+2/ n_ . O2mHl (f,w;—) da
Tity—my 2

2
n—1 .
1 o h 1 h
= ZW/ W2m+41 (f,:v;g) dx = T T2m1 <f; .—) .
=0 m i ( m ) 2 Li[0,1]
The inequalities (3.6) and (3.12) complete the proof of Lemma 3.1. -
Lemma 3.2. Let k,n € N and & > §. There is a I-periodic function
f € M[0,1] such that
a

Tk(f—

’ n)Ll[O,l] :

RL(S) =

Proof. There are many trivial bounded and measurable 1-periodic func
tions which prove this lemma but we construct such a function which we use
in the next lemma. We use the notations B and B, from Lemma 2.1. We set

2k—l _

k
der __[il__ def _Ii def 12,
Q@ = <1,z = ) +1and $;y = Ui:(l—l):k+1Bi’ 1> 1. Let

k
2
n =1 (for n > 1 the idea is the same if we assume that [xi,@ipq] = [0, 1]). We
define the function
det (qe)'=1 il 2 € Ok
f(z) =
0 if «¢B.

Obviously, f € MJ0,1]. For the finite difference A¥ f(z) with v < 3 and z €
- n
[0, 1] we have 3 cases:
I) The knots of the finite difference are binary rational;
II) The knots of the finite difference are not binary rational;
ITI) The knots of the finite difference accept one are not binary rationa)
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In I) the absolute value of the finite difference is < ( k). In II) we
have that the value of this difference is 0. In III) the absolutc value of the
finite difference is < ([%]) (=" iff f(x) = 1). Then wi(f, ;%) = ([51) and

(f, ) = ( l,: ) On the other hand, applying (1.5) for this function,
npon \[3]
we have R2(f) = 1.

Then Lemma 3.2 is proved. [

Lemma 3.3. Letk,n € N and o > % There is a sequence of 1-periodic
functions { fm Yoy s fm € C*°[0,1] such that

R2(fm)
1 =
irco 7% (fns n)Ll[O 1] ([

[NIEat ol o

)

Proof. Let f be the function of Lemma 3.2 and for m = 1, ...,00, gm(2)
be the functions of Lemma 2.2. We set

2"12k

def S S
fu(2) S Z f (2m2k) Gop2mzyt1 (m - szk)'

$=0

For this functional sequence we have f,, € C*[0,1], fm(z) = f(x) for
every v € U-F B; and  lim fi,(2) = f(x) for every a € [0, 1].
m—00
Also for the error of the quadrature formulae and for the k-th averaged
modulus of f,, we have respectively,

' k
lim R2(fn)=1 and lim 7 ( fim, = | ey |5
Jm R =1 and i (1), = (1)
Lemma 3.3 is proved. ]

Summarizing the statements from Lemma 3.1, Lemma 3.2 and Lemma
3.3, we obtain the following theorem.

Theorem 3.1. Letk € N and a > % For 1-periodic functions

1

()

c(k,a)=¢é(k,a) =
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Remark. Obviously the methods in Sections 3 and 4 are applicable for
other n-composite quadrature formulae @3, of Newton-Cotes type, constructed
H A ot s . . 2 NP 1 n F . .
with respect to s kll?ts. Le.t k, n, $ € Nand a > +. I'or l-periodic functions we
can prove the following estimation:

a)
y )
n/ Ly[0,1]

Ry()) < ﬁm (s

k

2

where the constant is exact in M[0, 1] and C'*°[0, 1].

4. Estimations of the error of the quadrature formulae for 1-
periodic functions and a step < 12—‘

In this section we consider 1-periodic functions and a step a < % There
are some specific problems. IHere we use not only finite differencies centered
in the knots of the quadrature formulae. We demonstrate this for & = 2 and
o= il We first prove the upper estimation.

Lemma 4.1. Let f € M[0,1] be I-periodic and n € N. Then,

. 2 1
Bn<in(fg)
4n L1[0,1]
Proof. Using again (1.5) and (1.4), we have

n—1 n—1

h h
1 [+ _. 2 [%1 .
S5 [ atr@-nas 3 [ Aff(wi-i-/,l—z "
,'_—_o'3 0 i=03 0 2

(4.1) RL(f) =

n-—l.l h /

2
-3 _—/ ALf (-2 +t)at
‘~ 3 Jo ry ) 4

1=0

n—1

b n—1 h
1 [, 5 ‘ A 2 [
=0 1=0
n—1 h
1 [2 h
a A2| T [
+§ 3/0 nf (m T+ t)

Atzf (-’Ui + % = 't) dt

dt.
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Again as in the previous sections, from (1.1) we have that the next three
inequalities are true:

h ‘ ; J;H...’l
a  flstre-oasd [ (1) e
0 2 a:,'—-l‘i 4
T 1 [ei+3%
Af( +l——) dtgi/ 4w2<f,:v;l—l)(l:u;
2 .’L‘,‘-{-L‘- 4

(4.3) / '
0
| o h ”"*'4
(4.4) AL fla;—=+t]|dt < fya; =) de.
' 0 4 4 a:.'—"‘l

Applying the estimations of (4.2)-(4.4) in (4.1), we obtain

n— 1 2 1
2 — -
Rn(f) < Z / (f’ 5 -z._> d = 37-2 (f, 471/) Lifo,1] '

1=0

(ST

Lemma 4.1 is proved. ]

Lemma 4.2. Let n € N. There is a I-periodic function [ € M[0,1]

such that
R = 2m, (f, ) .
4n L1[0,1]

Proof. Let n = 1 (for n > 1 the idea is the same il we assume that

[zi, 2i41] = [0,1]). We define the function
(1 if a=0or1
ael f 3 if = %
f (<

()= 2 if 'ce[l-l-) (lé]

172 274)1

L 0 if we(0,5)U(31)
Obviously, f € M[0,1], R2(f) = % and = (f TlL)L 1) = 2

Lemma 4.2 is proved. o

Lemma 4.3. There is a sequence of 1-periodic functions {fi}
fm € C*°[0,1] such that

o
m=1"

2
lim B (fm)

2
m—oo Ty (fm’ 417)[«1[011] 3
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Proof. Let f be the function of Lemma 4.2 and for m = 1, ..., 00, I ()
be the functions of Lemma 2.2. We set

24 gm (v -3) it w e [5,3];

def

fm(ﬂ:) = 20m ('L = l}) +.(/m(m) if ae€ [0, %) ;

2‘(/7“ (IL' - %) +gm(1 - ‘E) if ze€ (%’1] :

For this functional sequence we have f, € C*[0,1], fn(z) = f(z), if 2 =
113
X il’ 5079 land lim f,(2)= f(2) for every z € [0, 1].
4 m—0oo
Also for the error of the quadrature formulae and for the 2-th averaged

modulus of f,, we have respectively,
. 2 4 . 1
lim R.(fm)= 7 and lim 7| fp,,— = 2.
m—0o 3 m—co 4n Li[o,1]

Lemma 4.3 is proved. .

Summarizing again the statements from Lemma 4.1, Lemma 4.2 and
Lemma 4.3, we obtain the following theorem.

Theorem 4.1. For I[-periodic funclions,
1 1 2
Y =E(0 =) =2,
(23) =+(23) -3
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