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1. Introduction
Let
f(z)=2"+ p12" 1+t arz+ ao
be t?le polynomial with the simple or complex zeros z;, i=1,...,n1If z?, zg, a2
are initial approximations to these zeros, then the iteration formula
o

n
1 k1 Lk k

J# T J
i=12,...,m; k=0,1,2,...,
where

k
i

(G

[t - )

J#i

,1=1,...,n
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and hy € (0,1]is an acceleration parameter, defines the successive overrelaxation
(SOR) Tanabe’s method [6], [1].

It should be noted that the SOR Tanabe’s method (1) has a form of
prediction-correction procedure. The method (1) is often used in practice be-
cause of its perfect computing properties, and attempts at modification have
been made with regard to the rate of convergence [4], [5].

Investigations of divergent starting points for some numerical methods
show that for any monic polynomial f of degree n there exists a set Gy C C™
such that these methods, starting from z° = z € & f, do not converge to the
zeros of f, [2]. .

This set yielding divergent starting points and obtained as the of solutions
of nonlinear systems of n equations, will be called a NS - divergent set, [3].

The aim of this paper is to prove similar assertion in the case of the SOR

method (1).

2. New results. An effective formulation of SOR method (1)

The procedure (1) has several properties, which will be listed below.
First, we have the following theorem.

Theorem 1. Let z‘k"'l be determined by (1) for i = 1,...,n and
k=0,1,..., then the following relations are valid:

n

1 k1 1

Ay = (k- )ZZ ~ 1,
=1

=1

3

n . n
1 k+1 = k k
D 3= (ﬁ; - 1) ZZI +anz = 3 ofor,

i= FES) I<s I<s
(2) n n n
ﬁZz‘.k“H zlk - ( — 1) Z z," t — Qp_3 — Za{"as‘
=1 l,s#1,1<s I<s<t I<s p#l,s
n n n n n
AN TR = (o k k ok k
R 2% zj = (nk 1) [1=5+ (=1rao =D ofok I] 2
i=1 J#i J=1 I<s p#l,s

Proof. Let Q(z) = H(z - z;‘) Then Q'(zF) = H(zf - z;‘) Using (1)

e i
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we obtain

n
St -
Z; =
=1 =)

37

zl” - hLZU + hLA

=1
where
n n O'k
A= Z”f PR
=1 j#i % T F
Using the Euler formula
St 1=
Z": (zlc)t i=1
A=) ,
i=1 Q,(zik) 1, t=n-—1
0, 0<t<n—-2
we have . .
Sk =3 fzH) - fGEH
S OSsa S6H
H(Zi - z)
J#i
kyn kyn—1 2}
z(z "+ an—1(2F) k+ -+ a,z¥ +a0 _ zf‘ S
Q'(zF) —
Evidently,
A= f(:k) f(zé 1 N f("‘u 1
et -=h | T -HF -3 Tlet-HF -4
J#1 J#2 S
(z2) (21) : + f(::;) 2 : + -
k k : ok
BICEEINI CEERE T[GE- 5% %
2 i#1 i#n
G f(z%) 1 f(z_) 1 k
H(:'ILL - H(/«l = Z;) zE — z]k. H ("n— ,,. n - Zh_1
J#1 Jj#Fn—1 -

J#n
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_ Z G )f(& 1 4 1 .
B - 2k —zk k2K )T
1<l,5<n; I<s H(zlk _ "‘_;")H(zé _ zf) 1 s s [
J#l J#s
and
n n n
Sok =3 (zz,-k + ) ,
i=1 ==l i=1
i.e.

Lk
H;Zf+l= (h—k-—l) ZZ — Qp-1

i=1
The other equations (2) are proved similarly. For example, we will prove

the last one n o
> ] = B+ G,

i=1 i#i
where
n n
B =30+ - moh[[%,
i=1 J#i
n n a,lg n
_ k J k
G E"izz,k _zl,eHzJ'
=1 A T
Hence
k k(o k k k_k k kk k
B = zhek . h (2 — hiob) + . ZE(E — o) -4 222
n
x(zF — hpok) = nnzf —hy(2E25 .. Kok 2k Pl L R . S Y
i=1
n n n k
_ k g _ Lk f( )
=]l - mll=d 0 = ]I - hAH > e ey
i=1 j=1 =171 j=1 i=1“
L e s kyn—-1 ~kyn—2 n
k k ) (=) 1
<ol -l (TG + e G+ et
j= j=1 i=1 Q (Z‘ ) ( ) i=1 Q (Z‘)

n 1 5 1
i = 1

i=1
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= (n — k) [[ 25 + (=1)"aohs,

Jj=1

k k k k

o o 1 o o
C=of k_2_k+"'+_k_n—5 Kok 2F 4ok -_k_l—E++_L_n_E
27 — 25 zy — 2 25 — 25 23 — 2

k k
k_k k _ k 91 On k ko _k
X173 Zn + =0p-1 % % +-+ il 3! Zp—22n
Zn-1 A Zn-1 " %n

n—1

k k k k
_ 0703 k& k On-1%n_ _k k ko (K k
= —k-l—zkz;’;zi .. .zn(zz - zl) +- —k"—kLzl 23 - Zn_a(2n-1— 2n)
2y — 29 2n — Zp-1
n n
==Y ofat I] =,
I<s p#l,s
i.e.
Ez"‘”nz =(n-— hk)nz + (—1)"aohi — hkzdt o} H Zp-
=1 FE) J=1 I<s p#l,s
Hence
, szﬂnz (__1) Hz + (- 1)"ao—Za,a’°Hz .
Lk =1 J#t j=1 I<s p#l,s
Thus, the theorem is proved. =

3. The divergent feature

Can we state such initial conditions under which the considered numerical
method fails 7 We present non-attractive starting point for the algorithm (1)
which facilitate the choice of the initial approximations for the user. Actually,
we have the following theorem.

Theorem 2. Let 29,29,...,29 be the initial approzimations and 0 <
ho < 1. The SOR Tanabe’s method (1) will fail if these approzimations satisfy
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the system

(L _ 1) : 20— a1 =0,

n n

2 - 0.0 0,0 —
(3) (H — 1) zzg +an—2 — Za, o, =0,
) I<s I<s
n n n
(7;"; - 1) 294 (=1)"a0 — > el [[z0=0
i=1 I<s p#l,s

Proof. for k = 0, the system of equations (2) in vector form reads:
(4) Mz' =,

where z! = (22,...,29) is the vector of approximations obtained in the first
iterative step by (1), r is the vector whose components are the terms on the
left-hand side of (3) and

M =

1770 LTT1.0 ... LTT:0
\honj o 1175 ho 117 /

J#1 i#2 i#n
is the matrix of system (2). It is easy to find
1 17/.0_ .0
detM = FH(z,. -9 #£0.
0i<j
Hence, and from (4), having in mind that r = 0 due to (3), we obtain
z! = (29,27...,22) =(0,0,...,0)

and the SOR Tanabe’s method is not defined at the 2-nd step. Thus the theorem
is proved. ]
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The optimal values of k¥ (optimal in the sense that convergence is guar-

anteed) are not known.
4. Numerical method for solving the not-attractive initial ap-
proxiimations

We introduce a mapping P : ¢ — C™,

f(2,...,20) z?
fQ(Z?,...,Zg 28
F(ZO) — , ZO — c Cm,
Filz)5::020) Z0
where
n
h(29,...,29) = (% - 1) Ez? —ap_y,
i=1
n n
f2(29,...,29) = (% - 1) Zz?zg + ap—2 — » opo?,
I<s I<s

(5)

n n n
el z2l )= (% - 1) Hz? + (=1)"ao — Za?a? H 2

Jj=1 I<s p#l,s

Let (v1,...,v,)T = (29,...,29)T be the vector of solutions obtained by (5).

We apply the modified Newton method for solving nonlinear equation
F(V)=0
(6) VL vk privhRWVE), k=0,1,2,...,

where -
( 3]111][' \
df2(V
2

v2

Fl(Vk) =

Vv=Vk

By
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Using Werner’s formula

ul‘—vE- ) t 75 j,
da* t
ok .y
d 1- Zv, —ufF t=D
I#1
we find
. 2]
b, = 5,% = ﬁ -1
n
ko= 9 (2 _ k_
b = SE= (hk 1) Z”z 3u2 Z”
i#2 =l g
n o6 n
_ 2 k k
= (B-1) Y- Ty oY S
J#2 J# J#2 #i
n n
— 2 _ k _ -
- (rk 1) zv‘ 1 Zv‘ - ZO‘ Eu —vk
J#2 l#2 J#2 J#2 J#*
3 n—1 n ok n n—1 n—1
bk = 55:,%:(;:‘7—1)]:[1)5‘ Ea Za Hv ZUfa{‘va
j=1 =1 J#L s#i) i<t s#l,t
n—1 ook -1 o
= k Tn k k
- (-0 T - S T - > ot IT o
=1 J# s#Fnyg i=1 J#EL s#i]
n—1
oot
i<t s#l,t
(h,,_ )Hv I_Zv k—vk ZO’ H’I)
]—1 l#n Jj#n s#n,J
n—1
Zu i of [ ot - ~Sotot 1ot
7=1 JFT s#i] i<t s#lt

Evidently, the matrix Fj is non-singular. Then the matrix
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[ (o) \

(b2)~"
Frl =

\ CARY,
exists and (6) converges for Ay < 1.

5. Convergence properties of the SOR Tanabe’s method

We will consider method

(7) ebtl = af —mL(2¥)  i=1,2,...,m k=0,1,...,
where
n Wiz
I,-(a;f‘):W,-(a;f)(l— a,kj(f;,’)‘) i=1,2,...,n; k=0,1,....
gy T

Let Wk = max |Wi(2¥)], di = n;:n |a¥ — ’L_l;l In practice, the initial conditions
<ikn i#]

for the convergence of an iteration method for the simultaneous determination
of polynomial roots is often given in the form of inequality W° < wdo/n, where
w > 0 is a constant. In the case of SOR Tanabe’s method this condition is
replaced by

wd

(8) , AW < —.
2n

(For simplicity, we will omit iteration index and write h, d, W, instead hy, d, wk.)

In further consideration we will find the upper bound for w.

Lemma 1. If the inequality (8) holds, then

. 2nh — nw +w . = I’Vj("fl")
(l) Il—-O'IkI > T, where a'ikz ﬁ’
#i ot T

iy 2nh + nw — w
— ok —-—
(i) |1-oF|< 2(75hh N ) )
k 3 w(zn nw — w
(1) |aFtt — 2k < inZh d,
4n’h — (2nh + w — w)w
4n2h

(iv) |ab* — ok >

J d’
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anth —2(2nh + nw — w)w
d.
4dn2h

(v) |kt — b+ >
j

1

Proof. By the delinition of d and (8), we find

= ]’Vj(.‘l:lj)

) D e
oy €] T

>1—(n—1)W/d

[1-0of > 1-

9

. 2nh — nw + w

> 1—(n-1 2nh = ——
(n Yw/2nh onh

which proves (¢). Hence, we estimate

n Wi(ak
1-of < 1+(> _k’( 1_2, <1+ (n—-1)W/d
i T
. 2nh + nw — w
< 1 n—1lw/2nh= ———M
+( Jo/2n 2nh
. . ; 3 2nh + nw — w)w
k
|&5+Y — | = hE(2¥) < hW|1 - of| < ( Tz ) d
|:cf+1 = L5‘| = |a:f"'1 — :Lf‘ + xf — ’L_I;l > I"Lf - 15[ — |:L'£-‘+1 — 1{‘[
e (2nh + nw — w)wd _4n?h — (2nh 4+ nw — w)w .
4n?h - 4n2h ‘
aktl "L;'+l| = |aktl — ok 4ok - zk +ak - :L';‘f“l
> ok — o] - Jab* - k] - o84 — o)
s d- 2(271/1, + nw — w)w( _ 4n?h — 2(2nh + nw — w)w .
4n2h - 4n2h @
4n%h — 2(2 -
Here we assume that n ( Z;;Z — w)w(l > 0 for every n > 2

which request w/h < /5 — 1. -

Lemma 2. If the inequality (8) holds, then

w(2h + w)

ol et - e ———— ~R(w,h)
T X

Il| 75— <e 4 (1+ w(2h + w) ) ,
LT 4h(1+ R(w,h))

i

where R(w,h) =1 —w — w?/2h.
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Proof.
n A+1 K k+1 k&
.'Li ’L — "L
H R _ l.+1 = H (1 + L+1 4+1 )
J# e FE J
i (2nh + nw — w)w =l
< 4n2h — 2w(2nh + nw — w)
(14 nw(2h + w) w? )"—1
- dnh(n — 1) + 4nh(l — w — w2 /2h) + 2w?
h n—1
<(14 w(2h + w)
4h(n — 1) + 4hR(w, h)

= (5 w(2h + w) n=1+R(w,h) 1+ w(2h + w) ~Riwh)
- 4h(n — 1) + 4hR(w, h) 4h(n — 1) + R(w, h))

w(2h + w)
<e 4h (1 +

w(2h + w) =H{w:)
4h(1+ R(w,h))

By the Lagrangean interpolation formula we have

©) s =TT -=h(1+ Z i),

i=1 J

Lemma 3. If the inequality (8) holds, then

w(2h + w)
Wizt <e  4h (1 +

w(2h + w) =B {aih)
4h(1 + R(w, h)))

X (1 —h+ M)mf,-(xm.

4h
Proof.
LI P S p W;(z%)
’ 41y — k41 _ ok
Wil = e = | or s 1+Z e

J#
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< h|Wi(a¥)|[1-af|

: i Wi(ah)
+Z P _ ok €
J
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w(2h + w) , R
_ . - ( )
ah (1 § A2 w) ) .

4h(1 + R(w, h))

- W,-(. )] _ W,(mé‘) i lfV,-(:vj‘f)
‘1 | Il ez B -y
g=1 " i i gt i
From (7) we obtain
Wi(a¥) 1
"“”H - a,f - h(1 - 0'!‘)
Wi(a}) 1 L Wiz})
1 =1 - —m8— — e
l +Z ak+l a:j h(l-—a‘f‘)+§z"+l .'L'Jk-'
n Wi(zh) o t Wi(ak)
ll - o’ + Z L+1 Z L+1 2k
J#z J# € g
I U L O Z": Wi(fvf)(w{ - w?“) S z": Wi(a¥)
1—a¥| h < (@51 —2k)(ak — oF) ol L+l e
1 1- — D)W |ak — 2fH! g (n—1DW
< - ( + ('ll Z 1|"’t T l + |azkl (71' ) )
[1—-0o7|\ & |aftt — 2¥|d laitt — ok

(n—1)W

1 (1—h+
Il_a.kl h ka-’-l

L+l k k
n (I'L o + o |d))
xj|d

. 1 (1—h+
T

(n — 1)wdn?h (wd|1 + o[
2nh(4n2h — w(2nh + nw — w))d 2n : )

< 1 (1—h+
|l—a"| h

(n — Dw2n(w + |oF|lw + 2n|af|)
(4hn(n — 1) + 4nh — 2nhw — nw? + w?)2n

(n = Nw(w+ (2n + w)laf‘l)

1 1-h
|1 — of| ( h + 4hn(n — 1) + n(4hR(w, h) + 2hw + w?) +w2)

< 1 (1—h+
[1—ck|\ h

(n — Dw(2nhw + (2n + w)(n — 1)w)
2n2h(4h(n — 1) + 4hR(w, h) + 2hw + wz))

1 (1-h,
ST-of\h

(n — Dw?(2n 4+ w —2(1 — h))
2nh(4h(n — 1) + 4hR(w, k) + 2hw + w2))

- 1 (1——h+
|1_g-£‘ h 4h2 4

w?(1 4+ w/2n) )
AhR(w, b) + 2hw + o?

n—1
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Having in mind that 4hR(w,h) + 2hw + w? >0 for w/h< V5 — 1 we find

1 1—h + w1+ w/2n))
[1—ckI\ & 402

k+1

’ n Wi(ah)
1
%

— 2k
1=1 :LJ

<

1 (l—lz+w2(1+w/4)
A 4h? ’

w(2h + w)

—R(w,h)
ok 17 w(2h + w)
[Wi(z;7)l < e J (1+ Th(L T R, B)

X (1 —h+ fiﬁlﬂ)l‘%(mﬂl-

Let
w(2h + w)
z(w,h) =€ 4h (1 +

w(2h +w) | R w?(1 4 w/4)
AR+ R(w,h))) (1 == )

S ___ #(w,h) o T e
o = h = h, y(W,h)— 1_(2+w/h)w, W*=WwW ) d —dk+1.
4

Lemma 4. If ay(w,h)<1l , y(w,h)<1, then
wd*
. ’* *
(¥) VW < o’

(i) (i) < o, ML) -

Proof. Evidently,

B < :c(w h)th h*z(w,h)d*dw  h*z(w,h)d d*w

hd*2n - hd* 2n
h*z(w, h)d d*w h*a(w,h) d*w
4n2h — 2(2nh + nw — w)w 2n (2h + w)w 2n
h h—~———
4n2h 2n
h* z(w, h) d*w d*w d*w
<% _ (2t w/h)w 2n G h) 2n’

1
4

3 1-
L(EY)] = |1 — ok Wb )| < ( 1L ol

|1 ".‘|

IZT ) z(w, h)Wi(z L)
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(pk
(1+(n—1)J(w )= )L( J),|11'(_l§,.2-||

o (n= 1w |L;(2b)] 2h+w. N

< (1+ 5k ).L(w,/z)1 (n Do < h—w w, M) ()]
T ouh
-
21 v

Define ¢(w, h) = l+wb( w, h).

Lemma 5. Ifw/h < 0.828, then q(w,h) > y(w,h).
Proof.

/
(o, h) > yw,h) = htw 1

2h —w N 1 (24+w/h)w
4

= (2h4w)d-w(2+w/h)) > 4(2h-w) <= —w?/h—dw—-4h+8 >0 <=

—

< h(2+w/h)?* <8,
and from w/h < 0.828 => h(2+ w/h)? < 8. i

hiyq
hy

Theorem 3. Let hy < hgy1 and a= mka.x . If the inequalities

aq(w, hg) <1
‘”L()

w(2hg — w)
hold and w/hg < 0.828, then the iterative process (7) is convergent.

> g(ag(w, ho))

Proof. For fixed w < 0.82 the function ¢(w, i) is monotonically decreag.
ing and from ¢(w, ho) < 1 = ¢(w, hi) < 1 for every k.

Irom ag(w,ho) <1 = gq(w,ho) < 1 and if w/ho < 0.828, then froy,
Lemma 4 and Lemma 5, we obtain

(i) hW* < -2‘% k=0,1,...
(45) hppr|[T(2fH)| < aq(w, ho)bi|li(zF)] &k =0,1,...,

which means 2¥ — 2} and a7} are zeros of f(2). The next condition guaranteeg
% Lk L% .2 . . .
that a7 # 27 for ¢ # j. Evidently,

do > g(aq(w, ho))(hol Li(=?)] + hol L)),
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w
and from hoW0 < o Ve have

n n2hg 0
dy > ;(/1»01“’Vi(?"?)| + ho|Wj(29)]) > m(hol-’i(-’"?)l + holI;(z3)]) =
n2hg .
——— > g(aq(w, ho)).
w(2hy — w) 9(aq(w, ko))
This must be right for n > 2, but:
n2hg 4hg . N
q(w, h
w(2ho —w) ~ w(2hg — w) > glaq(w,ho)),
which completes the proof of the theorem. ]
We represent in Figure 1 and Figure 2 the quantities ¢(w, k) and w—(,‘,";f—‘_w—)--—

9(q(w, 1)) as functions of w taking h as a parameter. From the equation ¢(w,1) =
1 we find the upper bound for w. From the above consideration it is clear that
the choice of a small & is not advisable.
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