Mathematica
Balkanica

New Series Vol. 16, 2002, Fasc. 1-4

On Walsh Functions with Respect to Weights !

Ferenc Schipp

Dedicated to the 70th birthday of Professor Bl. Sendov

The orthogonal polynomials are constructed from the power functions by means of
the Schmidt orthogonalization process in which the scalar product is generated by weight
functions. There is another general construction with probabilistic method in the background
that can be applied to obtain orthogonal and biorthogonal systems. Namely, an important
class of orthogonal systems can be received by starting from normed martingale differences,
or more generally, from conditionally orthonormal systems, and taking their product system.
Among others, the Walsh system and its generalizations can be originated in this way. These
systems are effectively applied in image and data processing. Moreover, the Fourier coefficients
with respect to these systems can be calculated by FFT algorithms.

In this paper we consider the dyadic stochastic basis, but instead of the Lebesgue
measure we take a probability measure, generated by a positive weight function p € L. For
every such weight function there exists a sequence of martingale differences, the product system
of which is orthogonal with respect to the weight function. In particular, with proper choice
of the weight function we receive the so called Walsh similar functions constructed by Sendov
[12], [13].

In this paper we construct Walsh-type systems based on a product decomposition of
p but under more general condition than in [7]. We show that under fairly general conditions
also the reciprocal system is the product system of a normed dyadic martingale system if a
proper weight function is used. The Fourier partial sums with respect to product systems
can be expressed by martingale transform operators. This can be applied for the study of
convergence problems of these series.
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1. Introduction

In this paper we fix a weight function p € L!([0,1)), p > 0, with
fol p(z) dz = 1 and investigate dyadic martingale with respect to the probability
measure spaces (I, A, 1), where A is the collection of Lebesgue-measurable sets
in I:=[0,1) and p(A) = [, p(z)dx (A € A). Denote by

A = {27, (k+1)27) : k=0,1,---,2" — 1} (n€N)

the set of dyadic intervals with the length 27" and let A4,, the o-algebra, gener-
ated by A,,. The set of real A,, measurable functions, defined on I is denoted
by L(A;). Obviously

L(A,) =span{xs: I € T} (n €N),

where 7 is the characteristic function of the set I. The conditional expectation
Ef, with respect to A, is of the form

S f(s)pls) ds
Jrp(s)ds

It is known (see [2], [3], [8]), that

(1.1) (Eff)(x) (xeleAfe L,lj(]I)).

(1.2) Ef(Nf) = MELf, ES(ENL) = Elinpmm S

(A€ L(Ay), f € Ly(I),m,n € N).

In the case p = 1 we shall use the notation E,, := E! (n € N). Obviously,

En(pf)

(1.3) ENf = B

(f € Ly(I),n € N).

The sequence ® = (¢, n € N) is called a normalized dyadic martingale difference
sequence in the probability space (I, A4, u), if

(14) 3) én€ L(Ann)s i) EL(6w) =0, ii)) EL(lon/) =1 (n€N).

It is clear that in the case p = 1 the Rademacher system R = (r,,n € N)
satisfies (1.4). Recall (see [8]) that

(@) _{ 1, (z€[k27™, (k+1/2)27))
T 21, (e [(k+1/2)27 (k + 1)27)
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In the general case, taking the standardization of 7, in the space (I, A, 1)
we get the system

b

Tn — Eﬁrn Tn n
ok
bn

T VE(rn = Bira®) /1

satisfying (1.4).

We remark that if for the sequence a,, € L(A;) (n € N) the condition
lan] =1 (n € N) holds, then ¢, := an¢, (n € N) satisfies (1.4) too. Moreover,
every sequence ¢, (n € N) satisfying (1.4) can be written in this form.

The product system of the system ® = (¢,,n € N) (see [1], [5], [8]) is
defined by

En(m"n)

En(p) (neN),

by == Efr, =

(1.5) ¢ :

(1.6) Ym =[] o} (meN),
k=0
where the numbers my, € {0,1} are the digits in the dyadic representation

0o
(1'7) m = kaQk.
k=0

Especially, the product system of the Rademacher system is the Walsh system
in Paley’s enumeration, which is orthonormed in L?(I) (see [8]).

In the papers [4], [5], [9] and [10] product systems of normalized martin-
gale difference systems have been investigated in a more general form. Applying
these results for this special case (see Lemma in [5]) we get the following result.

Theorem A.
The product system WP = (¢, n € N) is orthonormal in Lz, i.e.

w%¢mw=4¢4wmawmwdm=&m (m,n € N),

where Oy, is the Kronecker symbol (see Lemma in [5]).
The weight function p can be written in the product form

o0

_ e = Bilery)
p= ]'1;10(1 +bjrj), bj = () (J €N).

Indeed, it is easy to see that for the partial product we have

n—1

P = H(l +0bjrj) =E,p (neN)
=0
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and consequently, p, — p a.e. and in L!(I) norm as n — oo (see e.g. [8]).
Indeed, po := 1 = Ep(p). Since (see [8]) Ent1p = Enp + rnEn(rnp), by
induction and by definition we get

En(rap)

Pn+l = Pn + Tnpnbn = Emp + rnEnp E = En—l—lp-

We remark that the construction of Walsh similar functions by Sendov
(see [11], [12], [7]) was based on a starting function 1) > 0 given in the form

o

V? =T+ b)),

J=0

where b; € R are numbers and
> bl <o, bl <1 (j €N).

It turns auto that in this case the Walsh-similar functions introduced in [11] can
be expressed by the product system generated by the weight p = 12, namely
(v/P¥n,n € N) coincides with the Walsh-similar system of Sendov.

By (1.5) the reciprocal function of ¢,, is of the form

Tn+bn  T(1+byry)
NN

We show that under certain conditions the product system of this system, i.e.
U1 .= (¢po1 n € N) is orthonormal with respect to the weight function

(1.8) Ot =1/ = (n € N).

(1.9) = = bjry).
7=0

We remark that the partial product

n—1

po =1 pp = [[(A=bry) (neN)
=0

forms a dyadic martingale with respect to the Lebesgue-space, i.e.

P € L(An), En(ppq) =pp (neN).
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Furthermore,
pr@)>0, [pryat=1 (meNze

i.e. the martingale (p,,,n € N) is L-bounded. This implies (see [2],[3]) that the
infinite product in (1.9) converges a.e. to the limit p~ > 0 and p~ € L(I) (see

2], 3])
We will prove (see next section) the following theorem.

Theorem 1.
Suppose that the maximal function of the martingale (p;,,n € N) satisfies

(1.10) sup p,, € LY(I).
neN

Then U~ is orthonormal with respect to the weight function p~.

The partial sums

n—1

(1.11) SAf =0, Sif:=> (f,dn)n (ne€N)

k=0

of the function f € L})(H) can be expressed by the conditional expectations
Ef (n € N) (see [5]).

Theorem B. For every f € L,l)(]I) and for any m,n € N we have

k=0

where

Fi=Y "m2 (keN).

J=k

In the case when p = 1 we have ¥»2 = 1 and the partial sums can be
expressed by the martingale transform operator

T f 3:ijrj fT] ij j+1 — )f (feLl( ))
=0

Namely,
(1.13) Smf = YmTm(fbm) (m € N).
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This formula is the background of the convergence theorems with respect to the
Walsh system.

In order to get the analogue of this formula in the general case we intro-
duce the martingale transform operators

(1.14) Thf:=> ahEl (6, )¢yt (feL, ,meN),
k=0

where the Aj measurable coefficients are defined by
(1.15) ak = my,
We remark that in the case p = 1 the martingale transform operator T}, coin-

cides with T;,.

We will prove (see next section) the following generalization of (1.12).

Theorem 2. For any function f € L[l)(]l) we have

(1.16) Sof = Va5 (fpm) (p:=p/p~,m €N).

2. Proofs

Proof of Theorem 1. We show that the system (¢,,!,n € N) is a
normalized dyadic martingale difference with respect to the weight p~. Since
bj € L(A;) (j € N) we have

Ej(l — bj’l"j) = Ejl =1.

Thus for the products

m o
Pnm = H(l_bjrj)a pn = H(l_bjr]')
j=n j=n
we get by (1.2) that
Enpnm = En(Pn(m—l)Em(l — b)) = En(Pn(mfl)) == Ey(pnn) = 1.

Taking the limit as m — oo condition (1.10) implies

(2.1) E.p" = E,( lim ppp) = lim E,ppm =1 (n€N).
m—0o0

m—0o0
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Consequently by (1.2) we have
(2:2) En(p™) = pn En(p") = p, (n€N).

In order to show (1.4) for the system (¢, !,n € N) we apply (1.2), (1.8) and
(2.1) to get

En(rn(l + bnrn)pi) . p:zEn(Tn(l + bn"an)(l - bnrn)En+1pn+1)

E, (67 1p7) = —
(¢ p7) ) T
_ P (1 — b%)Enrn _
V1-102

Consequently,

— 1y Ea(eytp)

EP (1) = 2t —,
(@) En(p~)

In a similar way, by (1.2),(1.8) and (2.1) we get

1 E.((1 + barn)?p7)  pr En((1 4 byr)?(1 — bprn) By 1p™ )
En(’(bnl’Qp ) = — b2 = 102 *

pn (1- bz) n(1+ bprn)

Then by (2.2) we have

I En(l9,'1?07)
By (o) = 2o P ) —
(1 7F) En(p™)
Applying Theorem A we can finish the proof of Theorem 1. ]

Proof of Theorem 2. Applying Theorem B we get

SOF = M EL(fthst ).

k=0

Set,
9= ftbmp/p~.

If my, = 1 then for the k-th term of the last sum we get by (1.2), (1.6) and (1.7)
that

EX(fthypper 1 )Upisr = H (b Ek- (fompdy oy
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k—1 _
—2m; P - _ _
=¢m [ 4, JP—’ZE{; (995 )y -
j=0

Thus, in the case my = 1 we have

_ R . | 2
Py “om;  yp (L—bjry)t (1 —bjry) (1 + byry)
Hd) J_1_4[ j H (1+bj7“j) 1—b§

j=0 §=0,m;=1

therefore -
M B (b Vi = mpap, EY, (99, 1o,
Applying Theorem B, we get Theorem 2. ]
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