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0. Introduction

Fuzzyness was first introduced in the celebrated paper [12]. For the
notion of H-fuzzy derivative, see [7] and [9]. First we give some background
from Fuzzyness, motivation and justification, necessary for the results to follow.
In Propositions 1—4 we calculate basic H-fuzzy derivatives. In Lemmas 1 and 2
we give results on fuzzy continuity, and in Propositions 5 and 6 we give basic
properties of H-fuzzy differentiation. Then come the main results.

Theorem 1 is on H-Fuzzy Mean Value Theorem, Lemmas 3, 4 and 5 are
auxiliary on fuzzy convergence and fuzzy continuity, Theorem 2 is on univariate
H-fuzzy chain rule, and Theorem 3 is on multivariate H-fuzzy chain rule.

We conclude with Theorem 4 on the interchange of the order of H-fuzzy
differentiation, and the development of the multivariate H-fuzzy Taylor formula
with integral remainder, see Theorem 5 and Corollary 1.

1. Background

We start with the following

Definition A (see [9]). Let μ:R→ [0, 1] with the following properties:
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(i) is normal, i.e., ∃x0 ∈ R: μ(x0) = 1.

(ii) μ(λx + (1 − λ)y) ≥ min{μ(x), μ(y)}, ∀x, y ∈ R, ∀λ ∈ [0, 1] (μ is called a
convex fuzzy subset).

(iii) μ is upper semicontinuous on R, i.e., ∀x0 ∈ R and ∀ε > 0, ∃ neighborhood
V (x0): μ(x) ≤ μ(x0) + ε, ∀x ∈ V (x0).

(iv) The set supp(μ) is compact in R (where supp(μ) := {x ∈ R; μ(x) > 0}).

We call μ a fuzzy real number . Denote the set of all μ with RF .
E.g., X{x0} ∈ RF , for any x0 ∈ R, where X{x0} is the characteristic

function at x0.

For 0 < r ≤ 1 and μ ∈ RF define [μ]r := {x ∈ R: μ(x) ≥ r} and

[μ]0 := {x ∈ R:μ(x) > 0} .

Then it is well known that for each r ∈ [0, 1], [μ]r is a closed and bounded
interval of R. For u, v ∈ RF and λ ∈ R, we define uniquely the sum u⊕ v and
the product λ¯ u by

[u⊕ v]r = [u]r + [v]r, [λ¯ u]r = λ[u]r, ∀r ∈ [0, 1],

where [u]r+[v]r means the usual addition of two intervals (as subsets of R) and
λ[u]r means the usual product between a scalar and a subset of R (see, e.g., [9]).
Notice 1¯ u = u and it holds u⊕ v = v ⊕ u, λ¯ u = u¯ λ. If 0 ≤ r1 ≤ r2 ≤ 1
then [u]r2 ⊆ [u]r1 . Actually [u]r = [u(r)− , u

(r)
+ ], where u

(r)
− < u

(r)
+ , u

(r)
− , u

(r)
+ ∈ R,

∀r ∈ [0, 1].
Define

D:RF ×RF → R+ ∪ {0}

by

D(u, v) := sup
r∈[0,1]

max{|u(r)− − v
(r)
− |, |u

(r)
+ − v

(r)
+ |},

where [v]r = [v
(r)
− , v

(r)
+ ]; u, v ∈ RF . We have that D is a metric on RF . Then

(RF ,D) is a complete metric space, see [9], with the properties

D(u⊕ w, v ⊕w) = D(u, v), ∀u, v, w ∈ RF ,
D(k ¯ u, k ¯ v) = |k|D(u, v), ∀u, v ∈ RF , ∀k ∈ R,
D(u⊕ v,w ⊕ e) ≤ D(u,w) +D(v, e), ∀u, v,w, e ∈ RF .
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Let f, g:R→ RF be fuzzy real number valued functions. The distance between
f, g is defined by

D∗(f, g) := sup
x∈R

D(f(x), g(x)).

On RF we define a partial order by “≤”: u, v ∈ RF , u ≤ v iff u
(r)
− ≤ v

(r)
− and

u
(r)
+ ≤ v

(r)
+ , ∀r ∈ [0, 1].
We need

Lemma 2.2 ([3]). For any a, b ∈ R: a, b ≥ 0 and any u ∈ RF we have

D(a¯ u, b¯ u) ≤ |a− b| ·D(u, õ),

where õ ∈ RF is defined by õ := X{0}.
Lemma 4.1 ([3]).

(i) If we denote õ := X{0}, then õ ∈ RF is the neutral element with respect to
⊕, i.e., u⊕ õ = õ⊕ u = u, ∀u ∈ RF .

(ii) With respect to õ, none of u ∈ RF , u 6= õ has opposite in RF .

(iii) Let a, b ∈ R: a ·b ≥ 0, and any u ∈ RF , we have (a+b)¯u = a¯u⊕b¯u.
For general a, b ∈ R, the above property is false.

(iv) For any λ ∈ R and any u, v ∈ RF , we have λ¯ (u⊕ v) = λ¯ u⊕ λ¯ v.

(v) For any λ, μ ∈ R and u ∈ RF , we have λ¯ (μ¯ u) = (λ · μ)¯ u.

(vi) If we denote kukF := D(u, õ), ∀u ∈ RF , then k · kF has the properties of
a usual norm on RF , i.e.,

kukF = 0 iff u = õ, kλ¯ ukF = |λ| · kukF ,

ku⊕ vkF ≤ kukF + kvkF , kukF − kvkF ≤ D(u, v).

Notice that (RF ,⊕,¯) is not a linear space over R, and consequently
(RF , k · kF ) is not a normed space.

We need

Definition B (see [9]). Let x, y ∈ RF . If there exists a z ∈ RF such
that x = y+z, then we call z the H-difference of x and y, denoted by z := x−y.

Definition 3.3 (see [9]). Let T := [x0, x0 + β] ⊂ R, with β > 0. A
function f :T → RF is H-differentiable at x ∈ T if there exists a f 0(x) ∈ RF
such that the limits (with respect to metric D)

lim
h→0+

f(x+ h)− f(x)

h
, lim

h→0+
f(x)− f(x− h)

h
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exist and are equal to f 0(x). We call f 0 the derivative or H-derivative of f at x.
If f is H-differentiable at any x ∈ T , we call f differentiable or H-differentiable
and it has H-derivative over T the function f 0.

The last definition was given first by M. Puri and D. Ralescu [7].

Examp l e. Let f :R+ → RF be such that for any λ, μ ≥ 0 it holds

f(λx+ μy) = λ¯ f(x)⊕ μ¯ f(y), ∀x, y ∈ R+.

Then the H-derivative f 0(x) = f(1), ∀x ∈ R+.
P r o o f. By f(x+ h) = f(x)⊕ f(h), that is the H-difference

f(x+ h)− f(x) = f(h) ∈ RF .

Thus
f(x+ h)− f(x)

h
= f(1), h > 0.

Similarly, f(x) = f(x − h) ⊕ f(h), for h > 0 small, that is the H-difference
f(x)− f(x− h) = f(h) ∈ RF . Hence

f(x)− f(x− h)

h
= f(1).

But
lim
h→0+

D(f(1), f(1)) = 0.

Clearly for f 0(0) we take the right-hand side H-derivative.

We need also a particular case of the Fuzzy Henstock integral (δ(x) = δ
2)

introduced in [9], Definition 2.1.
That is,

Definition 13.14 (see [5], p. 644). Let f : [a, b] → RF . We say that f
is Fuzzy-Riemann integrable to I ∈ RF if for any ε > 0, there exists δ > 0 such
that for any division P = {[u, v]; ξ} of [a, b] with the norms ∆(P ) < δ, we have

D

ÃX
P

∗(v − u)¯ f(ξ), I

!
< ε,

where
P∗ denotes the fuzzy summation. We choose to write

I := (FR)

Z b

a
f(x)dx.
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We also call an f as above (FR)-integrable.

We are based on the following fundamental theorem of Fuzzy Calculus:

Corollary A ([1]). If f : [a, b]→ RF has a fuzzy continuous H-derivative
f 0 on [a, b], then f 0(x) is (FR)-integrable over [a, b] and

f(s) = f(t)⊕ (FR)
Z s

t
f 0(x)dx, for any s ≥ t, s, t ∈ [a, b].

No t e . In Corollary A when s < t the formula is invalid! since fuzzy real
numbers correspond to closed intervals etc.

We need also

Lemma 1 ([1]). If f, g: [a, b] ⊆ R → RF are fuzzy continuous (with
respect to metric D), then the function F : [a, b]→ R+ ∪ {0} defined by F (x) :=
D(f(x), g(x)) is continuous on [a, b], and

D

µ
(FR)

Z b

a
f(u)du, (FR)

Z b

a
g(u)du

¶
≤
Z b

a
D(f(x), g(x))dx.

Lemma 2 ([1]). Let f : [a, b] → RF fuzzy continuous (with respect to
metric D), then D(f(x), õ) ≤M , ∀x ∈ [a, b], M > 0, that is f is fuzzy bounded.
Equivalently we get χ−M ≤ f(x) ≤ χM , ∀x ∈ [a, b].

Lemma 3 ([1]). Let f : [a, b] ⊆ R→ RF be fuzzy continuous. Then

(FR)

Z x

a
f(t)dt is a fuzzy continuous function in x ∈ [a, b].

Lemma 4 ([1]). Let f : [a, b] ⊂ R → RF fuzzy continuous, r ∈ N. Then
the following integrals

(FR)

Z sr−1

a
f(sr)dsr, (FR)

Z sr−2

a

µZ sr−1

a
f(sr)dsr

¶
dsr−1,

. . . , (FR)

Z s

a

µZ s1

a
· · ·
µZ sr−2

a

µZ sr−1

a
f(sr)dsr

¶
dsr−1

¶
· · ·
¶
ds1,

are fuzzy continuous functions in sr−1, sr−2, . . . , s, respectively. Here a ≤ sr−1 ≤
sr−2 ≤ · · · ≤ s ≤ b.

Additionally we mention

Lemma 5 ([2]). Let f : [a, b] → RF have an existing H-fuzzy derivative
f 0 at c ∈ [a, b]. Then f is fuzzy continuous at c.
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We need the Fuzzy Taylor formula

Theorem 1 ([1]). Let T := [x0, x0+β] ⊂ R, with β > 0. We assume that
f (i):T → RF are H-differentiable for all i = 0, 1, . . . , n−1, for any x ∈ T . (I.e.,
there exist in RF the H-differences f (i)(x + h) − f (i)(x), f (i)(x) − f (i)(x − h),
i = 0, 1, . . . , n−1 for all small h: 0 < h < β. Furthermore there exist f (i+1)(x) ∈
RF such that the limits in D-distance exist and

f (i+1)(x) = lim
h→0+

f (i)(x+ h)− f (i)(x)

h
= lim

h→0+
f (i)(x)− f (i)(x− h)

h
,

for all i = 0, 1, . . . , n− 1.) Also we assume that f (n), is fuzzy continuous on T .
Then for s ≥ a; s, a ∈ T we obtain

f(s) = f(a)⊕ f 0(a)¯ (s− a)⊕ f 00(a)¯ (s− a)2

2!

⊕ · · ·⊕ f (n−1)(a)¯ (s− a)n−1

(n− 1)! ⊕Rn(a, s),

where

Rn(a, s) := (FR)

Z s

a

µZ s1

a
· · ·
µZ sn−1

a
f (n)(sn)dsn

¶
dsn−1

¶
. . .

¶
ds1.

Here Rn(a, s) is fuzzy continuous on T as a function of s.

N o t e . This formula is invalid when s < a, as it is totally based on
Corollary A.

For the interest of the reader we given the following

Theorem 5.2 ([6]). Let f : [a, b] ⊆ R → RF be H-fuzzy differentiable.
Let t ∈ [a, b], 0 ≤ r ≤ 1. (Clearly

[f(t)]r = [(f(t))
(r)
− , (f(t))

(r)
+ ] ⊆ R.)

Then (f(t))
(r)
± are differentiable and

[f 0(t)]r = [((f(t))(r)− )
0, ((f(t))(r)+ )

0].

The last can be used to find f 0.

Next C[0, 1] stands for the class of all real-valued bounded functions f
on [0, 1] such that f is left continuous for any x ∈ (0, 1] and f has a right
limit for any x ∈ [0, 1), especially f is right continuous at 0. With the norm
kfk = sup

x∈[0,1]
|f(x)|, C[0, 1] is a Banach space [10].
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We mention
Theorem (*) (Wu and Ma [10]). For u ∈ RF , denote j: j(u) :=

(u−, u+), where u± = u±(r) := u
(r)
± , 0 ≤ r ≤ 1. Then j(RF) is a closed convex

cone with vertex 0 in C[0, 1]×C[0, 1] (here C[0, 1]×C[0, 1] is a Banach space with
the norm defined by k(f, g)k := max(kfk, kgk)), and j:RF → C[0, 1] × C[0, 1]
satisfies

(1) for all u, v ∈ RF , s ≥ 0, t ≥ 0, j(su+ tv) = sj(u) + tj(v),

(2) D(u, v) = kj(u)− j(v)k, i.e., j embeds RF into C[0, 1]×C[0, 1] isometri-
cally and isomorphically.

We finally mention the important connections of the H-fuzzy derivative
to the Fréchet derivative.

Lemma (*) (Wu and Ma [11]). If f : [a, b] ⊆ R → RF satisfies the
condition H: for any x ∈ [a, b], there exists β > 0 such that the H-differences of
f(x+h)−f(x), f(x)−f(x−h) exist for all 0 < h < β, then the H-differentiability
of f(x) implies the differentiability of (j ◦ f)(x) and (j ◦ f)0(x) ∈ j(RF ), where
the differentiability of (j ◦ f)(x) on C[0, 1]× C[0, 1] is in the Fréchet’s sense.

Lemma (**) (Wu and Ma [11]). If (j◦f)(x) is Fréchet differentiable and
(j ◦ f)0(x) ∈ j(RF), then f(x) is H-differentiable, and f 0(x) = j−1((j ◦ f)0(x)).
Here f : [a, b]→ RF , j:RF → (C[0, 1])2, and (j ◦ f): [a, b]→ (C[0, 1])2.

2. Results

We present

Proposition 1. Let F (t) := tn ¯ u, t ≥ 0, n ∈ N, and u ∈ RF be fixed.
Then (the H-derivative)

F 0(t) = ntn−1 ¯ u.(1)

In particular when n = 1 then F 0(t) = u.

Pr o o f. We need to establish that

F 0(t) = F 0+(t) = F 0−(t),

where

F 0+(t) := lim
h→0+

(t+ h)n ¯ u− tn ¯ u

h
,

and

F 0−(t) := lim
h→0+

tn ¯ u− (t− h)n ¯ u

h
,
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the limits are taken with respect to the D-metric.
First we take care of the case t > 0, n ≥ 2. Here h is a small positive

quantity approaching zero. By Lemma 4.1 (iii) of [3] we notice that

(t+ h)n ¯ u = tn ¯ u⊕
Ã

nX
k=1

µ
n

k

¶
tn−khk

!
¯ u,

where

tn,
nX

k=1

µ
n

k

¶
tn−khk > 0.

That is the H-difference

(t+ h)n ¯ u− tn ¯ u =

Ã
nX

k=1

µ
n

k

¶
tn−khk

!
¯ u

exists, and

(t+ h)n ¯ u− tn ¯ u

h
=

Ã
nX

k=1

µ
n

k

¶
tn−khk−1

!
¯ u.

Then we observe that

lim
h→0+

D

µ
(t+ h)n ¯ u− tn ¯ u

h
, ntn−1 ¯ u

¶
= lim

h→0+
D

ÃÃ
nX

k=1

µ
n

k

¶
tn−khk−1

!
¯ u, ntn−1 ¯ u

!
≤ (by Lemma 2.2 of [3])

lim
h→0+

¯̄̄̄
¯
Ã

nX
k=1

µ
n

k

¶
tn−khk−1

!
− ntn−1

¯̄̄̄
¯D(u, õ)

= lim
h→0+

Ã
nX

k=2

µ
n

k

¶
tn−khk−1

!
D(u, õ) = 0D(u, õ) = 0.

That is
F 0+(t) = ntn−1 ¯ u, t > 0, n ≥ 2.

Furthermore we notice that

F 0−(t) = lim
h→0+

((t− h) + h)n ¯ u− (t− h)n ¯ u

h
.
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We set β := t−h, which for sufficiently small h > 0 is positive, i.e., β > 0. Thus

F 0−(t) = lim
h→0+

(β + h)n ¯ u− βn ¯ u

h
.

Again we have

(β + h)n ¯ u = βn ¯ u⊕
Ã

nX
k=1

µ
n

k

¶
βn−khk

!
¯ u,

where

βn,
nX

k=1

µ
n

k

¶
βn−khk > 0.

That is the H-difference

(β + h)n ¯ u− βn ¯ u =

Ã
nX

k=1

µ
n

k

¶
βn−khk

!
¯ u

exists, and

(β + h)n ¯ u− βn ¯ u

h
=

Ã
nX

k=1

µ
n

k

¶
βn−khk−1

!
¯ u.

Then we observe that

lim
h→0+

D

µ
tn ¯ u− (t− h)n ¯ u

h
, ntn−1 ¯ u

¶
= lim

h→0+
D

ÃÃ
nX

k=1

µ
n

k

¶
βn−khk−1

!
¯ u, ntn−1 ¯ u

!

≤ lim
h→0+

¯̄̄̄
¯
nX

k=1

µ
n

k

¶
βn−khk−1 − ntn−1

¯̄̄̄
¯D(u, õ)

= lim
h→0+

¯̄̄̄
¯n(t− h)n−1 +

nX
k=2

µ
n

k

¶
(t− h)n−khk−1 − ntn−1

¯̄̄̄
¯D(u, õ)

= 0D(u, õ) = 0.

Hence F 0−(t) = ntn−1 ¯ u, t > 0, n ≥ 2. That is,

F 0(t) = ntn−1 ¯ u, t > 0, n ≥ 2.
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Next we treat separately the case of n = 1, t > 0 for the sake of clarity.
Here

lim
h→0+

D

µ
(t+ h)¯ u− t¯ u

h
, u

¶
= lim

h→0+
D

µ
h¯ u

h
, u

¶
= lim

h→0+
D(u, u) = 0.

I.e., F 0+(t) = u, t > 0, n = 1. And we see that

lim
h→0+

D

µ
t¯ u− (t− h)¯ u

h
, u

¶
= lim

h→0+
D

µ
((t− h) + h)¯ u− (t− h)¯ u

h
, u

¶
= lim

h→0+
D

µ
(β + h)¯ u− β ¯ u

h
, u

¶
= lim

h→0+
D

µ
h¯ u

h
, u

¶
= lim

h→0+
D(u, u) = 0,

where β := t− h > 0, for sufficiently small h > 0. I.e., F 0−(t) = u, t > 0, n = 1.
That is

F 0(t) = u, t > 0, n = 1.

At last we do the case of t = 0. Here we need to find

F 0+(0) = lim
h→0+

hn ¯ u

h
= lim

h→0+
hn−1 ¯ u.

For n = 1, we see that

lim
h→0+

D(hn−1 ¯ u, u) = lim
h→0+

D(u, u) = 0.

Thus
F 0(0) = F 0+(0) = u, for n = 1.

For n ≥ 2 we see that
lim
h→0+

D(hn−1 ¯ u, õ) = D(õ, õ) = 0.

Therefore

F 0(0) = F 0+(0) = õ, for n ≥ 2.

That is

F 0(t) = ntn−1 ¯ u is true for t = 0.
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R ema r k 1. Let ai, i = 1, . . ., be a sequence of real numbers all of the

same sign such that |
∞P
i=1

ai| < +∞. Then

Ã
nX
i=1

αi

!
¯ u =

nX∗

i=1

(ai ¯ u), u ∈ RF , ∀n ∈ N,

by Lemma 4.1 (iii) of [3]. Since

D

ÃÃ
nX
i=1

ai

!
¯ u,

nX∗

i=1

(αi ¯ u)

!
= 0,

one obtains

lim
n→+∞

D

ÃÃ
nX
i=1

ai

!
¯ u,

nX∗

i=1

(ai ¯ u)

!
= 0.

That is Ã ∞X
i=1

ai

!
¯ u =

∞X∗

i=1

(ai ¯ u) ∈ RF .

Next we give

Proposition 2. Let F (x) = xp ¯ u, x ≥ 0, u ∈ RF , and p > 0 not an
integer. Then

F 0(x) = pxp−1 ¯ u, p > 0, x > 0,(2)

and

F 0(o) = õ, for p > 1.(3)

P r o o f. When p > 0 and −1 ≤ x ≤ 1 from [8], p. 232 we obtain the
Binomial series, which converges absolutely

(1 + x)p = 1 + px+
p(p− 1)
2!

x2 + · · ·+ p(p− 1) · · · (p− n+ 1)

n!
xn + · · · .

In the last we plug in instead of x, hx for h, x > 0 and h ≤ x. Clearly −1 ≤ h
x ≤ 1

is automatically fulfilled and x+ h > 0. That isµ
1 +

h

x

¶p

= 1 + p
h

x
+

p(p− 1)
2!

h2

x2
+ · · ·

+
p(p− 1) · · · (p− n+ 1)

n!

hn

xn
+ · · · .
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And

(x+ h)p = xp + phxp−1 +
p(p− 1)
2!

h2xp−2 + · · ·

+
p(p− 1) · · · (p− n+ 1)

n!
hnxp−n + · · · .

By x+ h > x we have (x+ h)p > xp > 0 and (x+ h)p − xp > 0. Consequently
it holds

∆ := phxp−1 +
p(p− 1)
2!

h2xp−2 + · · ·

+
p(p− 1) · · · (p− n+ 1)

n!
hnxp−n + · · · > 0.

Therefore
(x+ h)p ¯ u− xp ¯ u = ∆¯ u exists in RF .

Hence

lim
h→0+

D

µ
(x+ h)p ¯ u− xp ¯ u

h
, pxp−1 ¯ u

¶
= lim

h→0+
D

µ
∆

h
¯ u, pxp−1 ¯ u

¶
≤ lim

h→0+

¯̄̄̄
∆

h
− pxp−1

¯̄̄̄
D(u, õ)

= lim
h→0+

¯̄̄̄
pxp−1 +

p(p− 1)
2!

hxp−2 + · · ·

+
p(p− 1) · · · (p− n+ 1)

n!
hn−1xp−n + · · ·− pxp−1

¯̄̄̄
D(u, õ)

= 0D(u, õ) = 0.

I.e.,
F 0+(x) = (x

p ¯ u)0+ = pxp−1 ¯ u, p > 0, x > 0.

Next we evaluate in D-metric

F 0−(t) = lim
h→0+

xp ¯ u− (x− h)p ¯ u

h

= lim
h→0+

((x− h) + h)p ¯ u− (x− h)p ¯ u

h

= lim
h→0+

(β + h)p ¯ u− βp ¯ u

h
,

where β := x − h > 0, for h > 0 small enough. In fact we choose h such that
2h < x, that is, h < x − h = β. I.e., 0 < h < β. Next we apply the Binomial
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series for h
β . Thus

(β + h)p = βp + phβp−1 +
p(p− 1)
2!

h2βp−2 + · · ·

+
p(p− 1) · · · (p− n+ 1)

n!
hnβp−n + · · · .

Clearly β + h > β and (β + h)p > βp > 0, by p > 0. And (β + h)p − βp > 0.
Hence

∆∗ := phβp−1 +
p(p− 1)
2!

h2βp−2 + · · ·

+
p(p− 1) · · · (p− n+ 1)

n!
hnβp−n + · · · > 0.

Therefore
(β + h)p ¯ u− βp ¯ u = ∆∗ ¯ u exists in RF .

Furthermore we have

lim
h→0+

D

µ
(β + h)p ¯ u− βp ¯ u

h
, pxp−1 ¯ u

¶
= lim

h→0+
D

µ
∆∗

h
¯ u, pxp−1 ¯ u

¶
= lim

h→0+
D

µµ
pβp−1 +

p(p− 1)
2!

hβp−2 + · · ·

+
p(p− 1) · · · (p− n+ 1)

n!
hn−1βp−n

¶
¯ u, pxp−1 ¯ u

¶
= D(pxp−1 ¯ u, pxp−1 ¯ u) = 0.

I.e., F 0−(x) = (x
p ¯ u)0− = pxp−1 ¯ u, p > 0, x > 0. That is

F 0(x) = (xp ¯ u)0 = pxp−1 ¯ u, p > 0, x > 0.

Finally at x = 0 we get

F 0(0) = F 0+(0) = lim
h→0+

(o+ h)p ¯ u

h
= lim

h→0+
hp−1 ¯ u.

Hence
lim
h→0+

D(hp−1 ¯ u, õ) = D(õ, õ) = 0, p > 1.

I.e., F 0(0) = (xp ¯ u)0|x=0 = õ, p > 1.
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It follows

Proposition 3. Let u ∈ RF be fixed. Then

(ex ¯ u)0 = ex ¯ u, any x ∈ R.(4)

P r o o f. We have

ex = 1 + x+
x2

2!
+

x3

3!
+ · · ·+ xn

n!
+ · · · , −∞ < x < +∞.

Then

ex+h = 1 + (x+ h) +
(x+ h)2

2!
+
(x+ h)3

3!
+ · · ·+ (x+ h)n

n!
+ · · · , h > 0.

Consequently we get

ex+h − ex = h+

µ
2xh+ h2

2!

¶
+

µ
3x2h+ 3xh2 + h3

3!

¶

+ · · ·+

⎛⎜⎜⎝
nP

k=1

¡
n
k

¢
xn−khk

n!

⎞⎟⎟⎠+ · · · =: ∆.
Here x ∈ R and x + h > x. Since ex is increasing then ex+h > ex > 0 and
ex+h − ex > 0. I.e., ∆ > 0.

Therefore the next H-difference and quotient makes sense in RF ,

ex+h ¯ u− ex ¯ u

h
=
∆

h
¯ u

=

½
1 +

µ
2x+ h

2!

¶
+

µ
3x2 + 3xh+ h2

3!

¶
+ · · ·

+

⎛⎜⎜⎝
nP

k=1

¡n
k

¢
xn−khk−1

n!

⎞⎟⎟⎠+ · · ·¾¯ u =: K ¯ u, K > 0.

Thus

lim
h→0+

D(K ¯ u, ex ¯ u) ≤ lim
h→0+

|K − ex|D(u, õ)

=

¯̄̄̄
1 + x+

x2

2!
+ · · ·+ xn

n!
+ · · ·− ex

¯̄̄̄
.
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D(u, õ) = |ex − ex|D(u, õ) = 0.

We prove that (ex ¯ u)0+ = ex ¯ u.

Next we evaluate

(ex ¯ u)0− = lim
h→0+

ex ¯ u− ex−h ¯ u

h
, x ∈ R, u ∈ RF .

By setting β := x− h we get

(ex ¯ u)0− = lim
h→0+

eβ+h ¯ u− eβ ¯ u

h
.

Again we have β + h > β and eβ+h > eβ > 0, and eβ+h − eβ > 0. Furthermore
it holds

eβ+h − eβ = h+

µ
2βh+ h2

2!

¶
+

µ
3β2h+ 3βh2 + h3

3!

¶

+ · · ·+

⎛⎜⎜⎝
nP

k=1

¡n
k

¢
βn−khk

n!

⎞⎟⎟⎠+ · · · =: ∆∗.
Clearly 0 < ∆∗ < +∞.

The next make sense in RF

eβ+h ¯ u− eβ ¯ u

h
=
∆∗

h
¯ u

=

½
1 +

µ
2β + h

2!

¶
+

µ
3β2 + 3βh+ h2

3!

¶
+ · · ·

+

⎛⎜⎜⎝
nP

k=1

¡n
k

¢
βn−khk−1

n!

⎞⎟⎟⎠+ · · ·
⎫⎪⎪⎬⎪⎪⎭¯ u

=: K∗ ¯ u, K∗ > 0.

Thus

lim
h→0+

D(K∗ ¯ u, ex ¯ u) ≤ lim
h→0+

|K∗ − ex|D(u, õ)

=

¯̄̄̄
1 + x+

x2

2
+ · · ·+ xn

n!
+ · · ·− ex

¯̄̄̄
D(u, õ) = 0.
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We have established
(ex ¯ u)0− = ex ¯ u,

and finally proved (4).

N o t e . Clearly (ex ¯ u)(c) = ex ¯ u, c ∈ N, u ∈ RF is fixed, x ∈ R.
Next we need

Bernstein’s Theorem 13-31 (see [4], p. 418). Assume that f ∈ C∞ on
an open interval of the form (a− δ, b), where δ > 0, and suppose that f and all
its derivatives are non-negative in the half-open interval [a, b). Then, for every
x0 in [a, b), we have

f(x) =
∞X
n=0

f (n)(x0)

n!
(x− x0)

n, if x0 ≤ x < b.

We present

Proposition 4. Let u ∈ RF be fixed, and f ∈ C∞(−ε, r), ε > 0, r > 0
and assume that f , f 0, f 00, . . . ≥ 0 on [0, r), with f(0) = 0. Then

(f(x)¯ u)0 = f 0(x)¯ u, for 0 ≤ x < r.(5)

Clearly
(f(x)¯ u)(c) = f (c)(x)¯ u, for 0 ≤ x < r, c ∈ N.(6)

E.g., f(x) = sinhx.

Pr o o f. By Bernstein’s Theorem we have

f(x) =
∞X
n=0

f (n)(0)

n!
xn,

and

f(x+ h) =
∞X
n=0

f (n)(0)

n!
(x+ h)n, x ∈ [0, r)

and h > 0 such that x+h ∈ [0, r). Since f is non-decreasing we have f(x+h) ≥
f(x) ≥ 0, and f(x+ h)− f(x) ≥ 0. Consequently we see that

f(x+ h)− f(x) =
∞X
n=0

f (n)(0)

n!
((x+ h)n − xn)

=
∞X
n=0

f (n)(0)

n!

Ã
nX

k=1

µ
n

k

¶
xn−khk

!
≥ 0.
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Thus

f(x+ h)− f(x)

h
=

∞X
n=0

f (n)(0)

n!

Ã
nX

k=1

µ
n

k

¶
xn−khk−1

!
≥ 0.

Therefore the next makes sense in RF

f(x+ h)¯ u− f(x)¯ u

h
=

∞X
n=0

f (n)(0)

n!

Ã
nX

k=1

µ
n

k

¶
xn−khk−1)

!
¯ u.

Then

lim
h→0+

D

ÃÃ ∞X
n=0

f (n)(0)

n!

Ã
nX

k=1

µ
n

k

¶
xn−khk−1

!!
¯ u, f 0(x)¯ u

!

≤ lim
h→0+

¯̄̄̄
¯
∞X
n=0

f (n)(0)

n!

Ã
nX

k=1

µ
n

k

¶
xn−khk−1)

!
− f 0(x)

¯̄̄̄
¯D(u, õ)

=

¯̄̄̄
¯
∞X
n=1

f (n)(0)

n!
(nxn−1)− f 0(x)

¯̄̄̄
¯D(u, õ)

= |f 0(x)− f 0(x)|D(u, õ) = 0.

I.e.,

(f(x)¯ u)0+ = f 0(x)¯ u, 0 ≤ x < r.

Call β := x− h, x > 0, x > h as h→ 0+. Clearly β > 0. Here

f(x) =
∞X
n=0

f (n)(0)

n!
(β + h)n,

and

f(x− h) = f(β) =
∞X
n=0

f (n)(0)

n!
βn.

Also f(x), f(x− h) ≥ 0 and f(x) ≥ f(x− h). Thus

f(x)− f(x− h) =
∞X
n=0

f (n)(0)

n!
((β + h)n − βn)

=
∞X
n=0

f (n)(0)

n!

Ã
nX

k=1

µ
n

k

¶
βn−khk

!
≥ 0.
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Furthermore

f(x)− f(x− h)

h
=

∞X
n=0

f (n)(0)

n!

Ã
nX

k=1

µ
n

k

¶
βn−khk−1

!
≥ 0.

Consequently

lim
h→0+

D

µ
f(x)¯ u− f(x− h)¯ u

h
, f 0(x)¯ u

¶
= lim

h→0+
D

ÃÃ ∞X
n=0

f (n)(0)

n!

Ã
nX

k=1

µ
n

k

¶
βn−khk−1

!
¯ u, f 0(x)¯ u

!

≤ lim
h→0+

¯̄̄̄
¯
∞X
n=0

f (n)(0)

n!

Ã
nX

k=1

µ
n

k

¶
βn−khk−1

!
− f 0(x)

¯̄̄̄
¯ .

D(u, õ) =

¯̄̄̄
¯
∞X
n=1

f (n)(0)

n!
(nxn−1)− f 0(x)

¯̄̄̄
¯D(u, õ)

= |f 0(x)− f 0(x)|D(u, õ) = 0.

I.e.,
(f(x)¯ u)0− = f 0(x)¯ u, 0 < x < r.

We have established (5).

N o t e . One can do other examples of calculation ofH-derivatives of basic
fuzzy functions, working as above with power series over appropriate intervals.

We mention

Lemma 1. Let f, g: (a, b) ⊆ R → RF be fuzzy continuous functions.
Assume that the H-difference function f − g exists on (a, b). Then f − g is a
fuzzy continuous function on (a, b).

P r o o f. Let xn, x ∈ (a, b) such that xn → x, as n → +∞. We observe
that

D(f(xn)− g(xn), f(x)− g(x))

= D(f(xn)− g(xn)⊕ g(xn), g(xn)⊕ f(x)− g(x))

= D(f(xn), g(xn)⊕ f(x)− g(x))

= D(f(xn)⊕ g(x), g(xn)⊕ f(x)− g(x)⊕ g(x))

= D(f(xn)⊕ g(x), g(xn)⊕ f(x))

≤ D(f(xn), f(x)) +D(g(xn), g(x))→ 0.
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Lemma 2. Let U be an open subset of R2 and let f, g:U → RF be
fuzzy continuous (jointly) in (x, y) ∈ U . Then D(f(x, y), g(x, y)) is continuous
(jointly) in (x, y).

Pr o o f. It is similar to [5], p. 644, Lemma 13.2 (ii). It goes as follows:
Let U 3 zn := (xn, yn)→ z := (x, y), as n→ +∞. We have

D(f(zn), g(zn)) ≤ D(f(zn), f(z)) +D(f(z), g(z)) +D(g(z), g(zn)),

and

D(f(z), g(z)) ≤ D(f(z), f(zn)) +D(f(zn), g(zn)) +D(g(zn), g(z)).

Passing to the limit as n→ +∞, from the continuity of f and g we obtain

lim
n→+∞

D(f(zn), g(zn)) = D(f(z), g(z)).

We give

Proposition 5. Let I be an open interval of R and let f, g: I → RF be
fuzzy differentiable functions with H-derivatives f 0, g0. Then (f ⊕g)0 exists and

(f ⊕ g)0 = f 0 ⊕ g0.(7)

P r o o f. Let h→ 0+, then by assumption

α := f(x+ h)− f(x), β := g(x+ h)− g(x) ∈ RF .

Hence f(x+ h) = α⊕ f(x), g(x+ h) = β ⊕ g(x). Thus

(f ⊕ g)(x+ h) = α⊕ β ⊕ (f ⊕ g)(x),

i.e.,
(f ⊕ g)(x+ h)− (f ⊕ g)(x) = α⊕ β.

Therefore

D

µ
(f ⊕ g)(x+ h)− (f ⊕ g)(x)

h
, f 0(x)⊕ g0(x)

¶
= D

µ
α

h
⊕ β

h
, f 0(x)⊕ g0(x)

¶
≤ D

³α
h
, f 0(x)

´
+D

µ
β

h
, g0(x)

¶
→ 0, as h→ 0+.
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Next we set
γ := f(x)− f(x− h), δ := g(x)− g(x− h).

Clearly γ, δ ∈ RF . Then f(x) = γ ⊕ f(x− h), g(x) = δ ⊕ g(x− h). Hence

(f ⊕ g)(x) = (γ ⊕ δ)⊕ (f ⊕ g)(x− h),

i.e.,
(f ⊕ g)(x)− (f ⊕ g)(x− h) = γ ⊕ δ.

Therefore

D

µ
(f ⊕ g)(x)− (f ⊕ g)(x− h)

h
, f 0(x)⊕ g0(x)

¶
= D

µ
γ ⊕ δ

h
, f 0(x)⊕ g0(x)

¶
≤ D

³γ
h
, f 0(x)

´
+D

µ
δ

h
, g0(x)

¶
→ 0, as h→ 0+.

That is, proving the claim.

The counterpart of the above follows.

Proposition 6. Let I be an open interval of R and let f :→ RF be
H-fuzzy differentiable, c ∈ R. Then

(c¯ f)0 exists and (c¯ f)0 = c¯ f 0(x).(8)

P r o o f. We see

D

µ
(c¯ f)(x+ h)− (c¯ f)(x)

h
, c¯ f 0(x)

¶
= D

µ
c¯ f(x+ h)− c¯ f(x)

h
, c¯ f 0(x)

¶
=: (∗).

Here α := f(x+ h)− f(x) ∈ RF , so that f(x+ h) = α⊕ f(x). Then

c¯ f(x+ h) = c¯ α⊕ c¯ f(x).

I.e., c¯ f(x+ h)− c¯ f(x) = c¯ a. Therefore

(∗) = D

µ
c¯ a

h
, c¯ f 0(x)

¶
= |c|D

³a
h
, f 0(x)

´
→ 0, as h→ 0+.
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Next let β := f(x)− f(x− h) ∈ RF , so that f(x) = β ⊕ f(x− h). Hence

c¯ f(x) = c¯ β ⊕ c¯ f(x− h),

i.e.,

c¯ f(x)− c¯ f(x− h) = c¯ β.

Therefore

D

µ
(c¯ f)(x)− (c¯ f)(x− h)

h
, c¯ f 0(x)

¶
= D

µ
c¯ f(x)− c¯ f(x− h)

h
, c¯ f 0(x)

¶
= D

µ
c¯ β

h
, c¯ f 0(x)

¶
= |c|D

µ
β

h
, f 0(x)

¶
→ 0, as h→ 0+.

That is establishing the claim.

No t e . Linearity is true in H-fuzzy differentiation, that is

(λ¯ f ⊕ μ¯ g)0 = λ¯ f 0 ⊕ μ¯ g0,

when λ, μ ∈ R and f, g are H-fuzzy differentiable.

3. Main Results

We present the “Fuzzy Mean Value Theorem”.

Theorem 1. Let f : [a, b]→ RF be a fuzzy differentiable function on [a, b]
with H-fuzzy derivative f 0 which is assumed to be fuzzy continuous. Then

D(f(d), f(c)) ≤ (d− c) sup
t∈[c,d]

D(f 0(t), õ),(9)

for any c, d ∈ [a, b] with d ≥ c.

Pr o o f. By Corollary A of [1] it holds that

f(c) = f(a)⊕ (FR)
Z c

a
f 0(t)dt,

and

f(d) = f(a)⊕ (FR)
Z d

a
f 0(t)dt.
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Then

D(f(d), f(c)) = D

µ
f(a)⊕ (FR)

Z d

a
f 0(t)dt, f(a)⊕ (FR)

Z c

a
f 0(t)dt

¶
= D

µ
(FR)

Z d

a
f 0(t)dt, (FR)

Z c

a
f 0(t)dt

¶
= D

µ
(FR)

Z c

a
f 0(t)dt⊕ (FR)

Z d

c
f 0(t)dt, (FR)

Z c

a
f 0(t)dt

¶
= D

µ
(FR)

Z d

c
f 0(t)dt, õ

¶
=: (∗).

Clearly k ¯ õ = õ for k ∈ R. And

õ = õ¯ (d− c) = õ¯
Z d

c
1 dt = (FR)

Z d

c
(õ¯ 1)dt = (FR)

Z d

c
õ dt.

Hence

(∗) = D

µ
(FR)

Z d

c
f 0(t)dt, (FR)

Z d

c
õ dt

¶
(by Lemma 1, [1])

≤
Z d

c
D(f 0(t), õ)dt ≤ (d− c) sup

t∈[c,d]
D(f 0(t), õ) < +∞,

by Lemma 2 of [1].

We need

Lemma 3. Let un, vn, u, v ∈ RF , n ∈ N. Let un → u, vn → v, as
n → +∞. Then D(un, vn) → D(u, v), as n → +∞ (i.e., D(u, v) is continuous
in (u, v)). In particular D(un, v)→ D(u, v), as n→ +∞. We write

lim
n→+∞

D(un, vn) = D

µ
lim

n→+∞
un, lim

n→+∞
vn

¶
= D(u, v).

Lemma 4. Let un, u ∈ RF ; cn, c ∈ R+, such that un → u and cn → c,
as n→ +∞. Then in D-metric

un ¯ cn → u¯ c, as n→ +∞,

i.e.,

lim
n→+∞

(un ¯ cn) =

µ
lim

n→+∞
un

¶
¯
µ
lim

n→+∞
cn

¶
= u¯ c.
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P r o o f. We notice that

D(un ¯ cn, u¯ c) ≤ D(un ¯ cn, un ¯ c) +D(un ¯ c, u¯ c)

(by Lemma 2.2, [3])
≤ |cn − c|D(un, õ) + cD(un, u)

(by Lemma 3)
→ 0D(u, õ) + c0 = 0.

That is

lim
n→+∞

D(un ¯ cn, u¯ c) = 0.

We present the “Univariate Fuzzy Chain Rule”.

Theorem 2. Let I be a closed interval in R. Here g: I → ζ := g(I) ⊆ R
is differentiable, and f : ζ → RF is H-fuzzy differentiable. Assume that g is
strictly increasing. Then (f ◦ g)0(x) exists and

(f ◦ g)0(x) = f 0(g(x))¯ g0(x), ∀x ∈ I.(10)

P r o o f. Call u := g(x). Let ∆x > 0, such that ∆x→ 0+.

i) Let ∆u := g(x+∆x) − g(x). Then ∆u > 0, and as ∆x → 0+ we get
∆u→ 0+ by continuity of g. See that g(x+∆x) = u+∆u. We observe that

lim
∆x→0+

D

µ
f(g(x+∆x))− f(g(x))

∆x
, f 0(g(x))¯ g0(x)

¶
= lim

∆x→0+
D

µµ
f(g(x+∆x))− f(g(x))

g(x+∆x)− g(x)

¶
¯
µ
g(x+∆x)− g(x)

∆x

¶
, f 0(g(x))¯ g0(x)

¶
= lim

∆x→0+
D

µµ
f(u+∆u)− f(u)

∆u

¶
¯
µ
g(x+∆x)− g(x)

∆x

¶
, f 0(g(x))¯ g0(x)

¶
= D(f 0(u)¯ g0(x), f 0(g(x))¯ g0(x)) = 0,

by Lemmas 3 and 4. I.e.,

(f ¯ g)0+ = f 0(g(x))¯ g0(x).
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ii) Let ∆u := g(x)− g(x−∆x). Then ∆u > 0, and as ∆x→ 0+ we get
∆u→ 0+ by continuity of g. Notice that g(x−∆x) = u−∆u. We observe that

lim
∆x→0+

D

µ
f(g(x))− f(g(x−∆x))

∆x
, f 0(g(x))¯ g0(x)

¶
= lim

∆x→0+
D

µµ
f(g(x))− f(g(x−∆x))

g(x)− g(x−∆x)

¶
¯
µ
g(x)− g(x−∆x

∆x

¶
, f 0(g(x))¯ g0(x)

¶
= lim

∆x→0+
D

µµ
f(u)− f(u−∆u)

∆u

¶
¯
µ
g(x)− g(x−∆x)

∆x

¶
, f 0(g(x))¯ g0(x)

¶
= D(f 0(u)¯ g0(x), f 0(g(x))¯ g0(x)) = 0,

by Lemmas 3 and 4. I.e.,

(f ◦ g)0− = f 0(g(x))¯ g0(x).

At the endpoints of I we take one-sided derivatives.

Next follows the multivariate fuzzy chain rule.

Theorem 3. Let φi: [a, b] ⊆ R → φi([a, b]) := Ii ⊆ R, i = 1, . . . , n,
n ∈ N, are strictly increasing and differentiable functions. Denote xi := xi(t) :=
φi(t), t ∈ [a, b], i = 1, . . . , n. Consider U an open subset of Rn such that
×n
i=1Ii ⊆ U . Consider f :U → RF a fuzzy continuous function. Assume that

fxi :U → RF , i = 1, . . . , n, the H-fuzzy partial derivatives of f , exist and are
fuzzy continuous. Call z := z(t) := f(x1, . . . , xn). Then

dz
dt exists and

dz

dt
=

nX∗

i=1

dz

dxi
¯ dxi

dt
, ∀t ∈ [a, b](11)

where dz
dt ,

dz
dxi
, i = 1, . . . , n are the H-fuzzy derivatives of f with respect to t, xi,

respectively.

P r o o f. Let first t ∈ (a, b). Let a general (x1, x2, . . . , xn) ∈ U be fixed
and let ∆xi > 0, i = 1, . . . , n, be small.

I) Call

α1 := f(x1 +∆x1, x2 +∆x2, . . . , xn +∆xn)

− f(x1, x2 +∆x2, . . . , xn +∆xn) ∈ RF .
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That is

f(x1 +∆x1, x2 +∆x2, . . . , xn +∆xn) = α1 ⊕ f(x1, x2 +∆x2, . . . , xn +∆xn).

Call

α2 := f(x1, x2 +∆x2, . . . , xn +∆xn)

− f(x1, x2, x3 +∆x3, . . . , xn +∆xn) ∈ RF .

That is

f(x1, x2 +∆x2, . . . , xn +∆xn) = α2 ⊕ f(x1, x2, x3 +∆x3, . . . , xn +∆xn).

Call

α3 := f(x1, x2, x3 +∆x3, . . . , xn +∆xn)

− f(x1, x2, x3, x4 +∆x4, . . . , xn +∆xn) ∈ RF .

That is

f(x1, x2, x3+∆x3, . . . , xn+∆xn) = α3⊕ f(x1, x2, x3, x4+∆x4, . . . , xn+∆xn),

etc. Call

an := f(x1, x2, . . . , xn−1, xn +∆xn)− f(x1, x2, . . . , xn) ∈ RF .

That is
f(x1, x2, . . . , xn−1, xn +∆xn) = αn ⊕ f(x1, x2, . . . , xn).

I.e., it holds

RF ∈ f(x1 +∆x1, x2 +∆x2, . . . , xn +∆xn)− f(x1, x2, . . . , xn) =

nX∗

i=1

αi.

Since the partial derivatives fxi exist, the above H-differences αi, i = 1, . . . , n
exist in RF for small ∆xi > 0. In particular we define

∆xi := φi(t+∆t)− φi(t), ∆t > 0, i = 1, . . . n

(i.e.,
φi(t+∆t) = xi +∆xi, xi := φi(t)).

Since φi, i = 1, . . . , n are strictly increasing we have that ∆xi > 0. So as
∆t→ 0+, then ∆xi → 0+ by continuity of φi.
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We observe that

lim
∆t→0+

D

Ã
f(φ1(t+∆t), . . . , φn(t+∆t))− f(φi(t), . . . , φn(t))

∆t
,

nX∗

i=1

fxi(x1, . . . , xn)¯ x0i(t)

!

= lim
∆t→0+

D

Ã
f(x1 +∆x1, . . . , xn +∆xn)− f(x1, . . . , xn)

∆t
,

nX∗

i=1

fxi(x1, . . . , xn)¯ x0i(t)

!

= lim
∆t→0+

D

ÃP∗n
i=1 αi
∆t

,

nX∗

i=1

fxi(x1, . . . , xn)¯ x0i(t)

!

≤ lim
∆t→0+

D

Ã
f(x1 +∆x1, x2 +∆x2, . . . , xn +∆xn)− f(x1, x2 +∆x2, . . . , xn +∆xn)

∆t
,

fx1(x1, . . . , xn)¯ x01(t)

!

+ lim
∆t→0+

D

Ã
f(x1, x2 +∆x2, . . . , xn +∆xn)− f(x1, x2, x3 +∆x3, . . . , xn +∆xn)

∆t
,

fx2(x1, . . . , xn)¯ x02(t)

!

+ lim
∆t→0+

D

Ã
f(x1, x2, x3 +∆x3, . . . , xn +∆xn)− f(x1, x2, x3, x4 +∆x4, . . . , xn +∆xn)

∆t
,

fx3(x1, . . . , xn)¯ x03(t)

!

+ · · ·+ lim
∆t→0+

D

Ã
f(x1, x2, . . . , xn−1, xn +∆xn)− f(x1, x2, . . . , xn)

∆t
,

fxn(x1, . . . , xn)¯ x0n(t)

!

= lim
∆t→0+

D

ÃÃ
f(x1 +∆x1, x2 +∆x2, . . . , xn +∆xn)− f(x1, x2 +∆x2, . . . , xn +∆xn)

∆x1

!

¯ ∆x1
∆t

, fx1(x1, . . . , xn)¯ x01(t)

!
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+ lim
∆t→0+

D

ÃÃ
f(x1, x2 +∆x2, . . . , xn +∆xn)− f(x1, x2, x3 +∆x3, . . . , xn +∆xn)

∆x2

!

¯ ∆x2
∆t

, fx2(x1, . . . , xn)¯ x02(t)

!

+ lim
∆t→0+

D

ÃÃ
f(x1, x2, x3 +∆x3, . . . , xn +∆xn)

−f(x1, x2, x3, x4 +∆x4, . . . , xn +∆xn)/∆x3

!
¯ ∆x3
∆t

, fx3(x1, . . . , xn)¯ x03(t)

!

+ · · ·+ lim
∆t→0+

D

ÃÃ
f(x1, x2, . . . , xn−1, xn +∆xn)− f(x1, . . . , xn)

∆xn

!

¯ ∆xn
∆t

, fxn(x1, . . . , xn)¯ x0n(t)

!
(by Corollary A, [1])

=

lim
∆t→0+

D

ÃÃ
(FR)

R x1+∆x1
x1

fx1(t, x2 +∆x2, . . . , xn +∆xn)dt

∆x1

!

¯ ∆x1
∆t

, fx1(x1, . . . , xn)¯ x01(t)

!

+ lim
∆t→0+

D

ÃÃ
(FR)

R x2+∆x2
x2

fx2(x1, t, x3 +∆x3, . . . , xn +∆xn)dt

∆x2

!

¯ ∆x2
∆t

, fx2(x1, . . . , xn)¯ x02(t)

!

+ lim
∆t→0+

D

ÃÃ
(FR)

R x3+∆x3
x3

fx3(x1, x2, t, x4 +∆x4, . . . , xn +∆xn)dt

∆x3

!

¯ ∆x3
∆t

, fx3(x1, . . . , xn)¯ x03(t)

!

+ · · ·+ lim
∆t→0+

D

ÃÃ
(FR)

R xn−1+∆xn−1
xn−1

fxn−1(x1, . . . , xn−2, t, xn +∆xn)dt

∆xn−1

!

¯ ∆xn−1
∆t

, fxn−1(x1, . . . , xn)¯ x0n−1(t)

!
+ D(fxn(x1, . . . , xn)¯ x0n(t), fxn(x1, . . . , xn)¯ x0n(t))
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(by Lemmas 3 and 4)

= x01(t) lim
∆t→0+

1

∆x1
D

Ã
(FR)

Z x1+∆x1

x1

fx1(t, x2 +∆x2, . . . , xn +∆xn)dt,

∆x1 ¯ fx1(x1, . . . , xn)

!

+x02(t) lim
∆t→0+

1

∆x2
D

Ã
(FR)

Z x2+∆x2

x2

fx2(x1, t, x3 +∆x3, . . . , xn +∆xn)dt,

∆x2 ¯ fx2(x1, . . . , xn)

!

+x03(t) lim
∆t→0+

1

∆x3
D

Ã
(FR)

Z x3+∆x3

x3

fx3(x1, x2, t, x4 +∆x4, . . . , xn +∆xn)dt,

∆x3 ¯ fx3(x1, . . . , xn)

!
+ · · ·

+x0n−1(t) lim
∆t→0+

1

∆xn−1
D

Ã
(FR)

Z xn−1+∆xn−1

xn−1

fxn−1(x1, x2, . . . , xn−2, t, xn +∆xn)dt,∆xn−1 ¯ fxn−1(x1, . . . , xn)

!

=
n−1X
i=1

x0i(t) lim
∆t→0+

1

∆xi
D

Ã
(FR)

Z xi+∆xi

xi

fxi(x1, x2, . . . , xi−1,

t, xi+1 +∆xi+1, . . . , xn +∆xn)dt, (FR)

Z xi+∆xi

xi

fxi(x1, . . . , xn)dt

!
(by Lemma 1 of [1])

≤
n−1X
i=1

x0i(t) lim
∆t→0+

1

∆xi

ÃZ xi+∆xi

xi

D(fxi(x1, x2, . . . , xi−1,

t, xi+1 +∆xi+1, . . . , xn +∆xn), fxi(x1, . . . , xn))dt

!

≤
n−1X
i=1

x0i(t) lim
∆t→0+

1

∆xi

Ã
sup

τ∈[xi,xi+∆xi]
(D(fxi(x1, x2, . . . , xi−1, τ,

xi+1 +∆xi+1, . . . , xn +∆xn), fxi(x1, . . . , xn)))

!
∆xi

(by Lemma 1 of [1])
= (for some τ∗i ∈ [xi, xi +∆xi])



On H-Fuzzy Differentiation 181

n−1X
i=1

x0i(t) lim
∆t→0+

D
¡
fxi(x1, x2, . . . , xi−1, τ

∗
i , xi+1 +∆xi+1,

. . . , xn +∆xn), fxi(x1, . . . , xn)
¢

(as ∆t→ 0+, then all ∆xi → 0+ and thus τ∗i → xi, for all i = 1, . . . , n)

=
n−1X
i=1

x0i(t)D(fxi(x1, . . . , xn), fxi(x1, . . . , xn))

=
n−1X
i=1

x0i(t) · 0 = 0,

by continuity of fxi , i = 1, . . . , n− 1. I.e., we have proved thatµ
dz

dt

¶
+

=

nX∗

i=1

dz

dxi
¯ dxi

dt
.

II) Call

β1 := f(x1, x2, . . . , xn)− f(x1, x2, . . . , xn−1, xn −∆xn) ∈ RF .

That is
f(x1, x2, . . . , xn) = β1 ⊕ f(x1, x2, . . . , xn−1, xn −∆xn).

Call

β2 := f(x1, x2, . . . , xn−1, xn −∆xn)
− f(x1, x2, . . . xn−2, xn−1 −∆xn−1, xn −∆xn) ∈ RF .

That is

f(x1, x2, . . . , xn−1, xn−∆xn)=β2⊕f(x1, x2, . . . , xn−2, xn−1−∆xn−1, xn−∆xn).

Call

β3 := f(x1, x2, . . . , xn−2, xn−1 −∆xn−1, xn −∆xn)
− f(x1, x2, . . . , xn−3, xn−2 −∆xn−2, xn−1 −∆xn−1, xn −∆xn) ∈ RF .

That is

f(x1, x2, . . . , xn−2, xn−1 −∆xn−1, xn −∆xn)
= β3 ⊕ f(x1, x2, . . . , xn−3, xn−2 −∆xn−2, xn−1 −∆xn−1, xn −∆xn),
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etc. Call

βn := f(x1, x2−∆x2, . . . , xn−∆xn)−f(x1−∆x1, x2−∆x2, . . . , xn−∆xn) ∈ RF .

That is

f(x1, x2 −∆x2, . . . , xn −∆xn) = βn ⊕ f(x1 −∆x1, x2 −∆x2, . . . , xn −∆xn).

I.e., it holds

RF 3 f(x1, x2, . . . , xn)− f(x1 −∆x1, x2 −∆x2, . . . , xn −∆xn) =
nX∗

i=1

βi.

Since the partial derivatives fxi exist, the above H-differences βi, i =
1, . . . , n exist in RF for small ∆xi > 0. In particular we define ∆xi := φi(t) −
φi(t−∆t), ∆t > 0, i = 1, . . . , n (i.e., φi(t−∆t) = xi −∆xi, xi := φi(t)). Since
φi, i = 1, . . . , n are strictly increasing we have that ∆xi > 0. So as ∆t → 0+,
then ∆xi → 0+ by continuity of φi.

We observe that

lim
∆t→0+

D

Ã
f(φ1(t), . . . , φn(t))− f(φ1(t−∆t), . . . , φn(t−∆t))

∆t
,

nX∗

i=1

fxi(x1, . . . , xn)¯ x0i(t)

!

= lim
∆t→0+

D

Ã
f(x1, . . . , xn)− f(x1 −∆x1, . . . , xn −∆xn)

∆t
,

nX∗

i=1

fxi(x1, . . . , xn)¯ x0i(t)

!

= lim
∆t→0+

D

ÃP∗n
i=1 βi
∆t

,

nX∗

i=1

fxi(x1, . . . , xn)¯ x0i(t)

!

≤ lim
∆t→0+

D

Ã
f(x1, x2, . . . , xn)− f(x1, x2, . . . , xn−1, xn −∆xn)

∆t
,

fxn(x1, . . . , xn)¯ x0n(t)

!
+ lim
∆t→0+

D

Ã
f(x1, x2, . . . , xn−1, xn −∆xn)− f(x1, x2, . . . , xn−2, xn−1 −∆xn−1, xn −∆xn)

∆t
,

fxn−1(x1, . . . , xn)¯ x0n−1(t)

!
+ lim
∆t→0+
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D

⎛⎜⎜⎝
f(x1, x2, . . . , xn−2, xn−1 −∆xn−1, xn −∆xn)
−f(x1, x2, . . . , xn−3, xn−2 −∆xn−2, xn−1 −∆xn−1, xn −∆xn)

∆t
,

fxn−2(x1, . . . , xn)¯ x0n−2(t)

!
+ · · ·+ lim

∆t→0+

D

Ã
f(x1, x2 −∆x2, . . . , xn −∆xn)− f(x1 −∆x1, x2 −∆x2, . . . , xn −∆xn)

∆t
,

fx1(x1, . . . , xn)¯ x01(t)

!

= lim
∆t→0+

D

ÃÃ
f(x1, x2, . . . , xn)− f(x1, x2, . . . , xn−1, xn −∆xn)

∆xn

!

¯ ∆xn
∆t

, fxn(x1, . . . , xn)¯ x0n(t)

!
+ lim
∆t→0+

D

µµ
f(x1, x2, . . . , xn−1, xn −∆xn)− f(x1, x2, . . . , xn−2, xn−1 −∆xn−1, xn −∆xn)

∆xn−1

¶
¯ ∆xn−1

∆t
, fxn−1(x1, . . . , xn)¯ x0n−1(t)

!
+ lim
∆t→0+

D

⎛⎜⎜⎝
⎛⎜⎜⎝

f(x1, x2, . . . , xn−2, xn−1 −∆xn−1, xn −∆xn)
−f(x1, x2, . . . , xn−3, xn−2 −∆xn−2, xn−1 −∆xn−1, xn −∆xn)

∆xn−2

⎞⎟⎟⎠
¯ ∆xn−2

∆t
, fxn−2(x1, . . . , xn)¯ x0n−2(t)

!
+ · · ·+ lim

∆t→0+

D

µµ
f(x1, x2 −∆x2, . . . , xn −∆xn)− f(x1 −∆x1, x2 −∆x2, . . . , xn −∆xn)

∆x1

¶
¯ ∆x1
∆t

, fx1(x1, . . . , xn)¯ x01(t)

!
(by Corollary A, [1])

=

D
¡
fxn(x1, . . . , xn)¯ x0n(t), fxn(x1, . . . , xn)¯ x0n(t)

¢
+ lim
∆t→0+

D

ÃÃ
(FR)

R xn−1
xn−1−∆xn−1 fxn−1(x1, x2, . . . , xn−2, t, xn −∆xn)dt

∆xn−1

!

¯ ∆xn−1
∆t

, fxn−1(x1, . . . , xn)¯ x0n−1(t)

!
+ lim
∆t→0+
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D

Ã
(FR)

R xn−2
xn−2−∆xn−2 fxn−2(x1, x2, . . . , xn−3, t, xn−1 −∆xn−1, xn −∆xn)dt

∆xn−2

!

¯ ∆xn−2
∆t

, fxn−2(x1, . . . , xn)¯ x0n−2(t)

!
+ · · ·+ lim

∆t→0+

D

ÃÃ
(FR)

R x1
x1−∆x1 fx1(t, x2 −∆x2, . . . , xn −∆xn)dt

∆x1

!

¯ ∆x1
∆t

, fx1(x1, . . . , xn)¯ x01(t)

!
(by Lemmas 3, 4)

= x0n−1(t) lim
∆t→0+

1

∆xn−1
D

Ã
(FR)

Z xn−1

xn−1−∆xn−1
fxn−1(x1, x2, . . . , xn−2, t, xn −∆xn)dt,∆xn−1 ¯ fxn−1(x1, . . . , xn)

!

+ x0n−2(t) lim
∆t→0+

1

∆xn−2
D

Ã
(FR)

Z xn−2

xn−2−∆xn−2
fxn−2(x1, x2, . . . , xn−3,

t, xn−1 −∆xn−1, xn −∆xn)dt,∆xn−2 ¯ fxn−2(x1, . . . , xn)

!
+ · · ·+ x01(t) lim

∆t→0+
1

∆x1

D

Ã
(FR)

Z x1

x1−∆x1
fx1(t, x2 −∆x2, . . . , xn −∆xn)dt,∆x1 ¯ fx1(x1, . . . , xn)

!

=
n−1X
i=1

x0i(t) lim
∆t→0+

1

∆xi
D

Ã
(FR)

Z xi

xi−∆xi
fxi
¡
x1, x2, . . . , xi−1,

t, xi+1 −∆xi+1, . . . , xn−1 −∆xn−1, xn −∆xn)
´
dt, (FR)

Z xi

xi−∆xi
fxi(x1, . . . , xn)dt

!
(by Lemma 1 of [1])

≤
n−1X
i=1

x0i(t) lim
∆t→0+

1

∆xi

ÃZ xi

xi−∆xi
D(fxi(x1, x2, . . . , xi−1, t,

xi+1 −∆xi+1, . . . , xn−1 −∆xn−1, xn −∆xn), fxi(x1, . . . , xn))dt
!

≤
n−1X
i=1

x0i(t) lim
∆t→0+

1

∆xi

Ã
sup

τ∈[xi−∆xi,xi]

¡
D(fxi(x1, x2, . . . , xi−1, τ, xi+1 −∆xi+1,

. . . , xn−1 −∆xn−1, xn −∆xn), fxi(x1, . . . , xn))
¢!
∆xi
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(for some τ∗i ∈ [xi −∆xi, xi])
(by Lemma 1 of [1])

=
n−1X
i=1

x0i(t) lim
∆t→0+

D
¡
fxi(x1, x2, . . . , xi−1,

τ∗i , xi+1 −∆xi+1, . . . , xn−1 −∆xn−1, xn −∆xn), fxi(x1, . . . , xn)
¢

(as ∆t→ 0+, then all ∆xi → 0+ and thus τ∗i → xi, for all i = 1, . . . , n)

=
n−1X
i=1

x0i(t)D(fxi(x1, . . . , xn), fxi(x1, . . . , xn))

=
n−1X
i=1

x0i(t) · 0 = 0,

by continuity of fxi , i = 1, . . . , n− 1. I.e., we have proved thatµ
dz

dt

¶
−
=

nX∗

i=1

dz

dxi
¯ dxi

dt
.

When t = a, or b, then dz
dt equals

¡
dz
dt

¢
+
, or

¡
dz
dt

¢
−, respectively. Clearly here

dxi
dt

¯̄̄̄
t=a

=

µ
dxi
dt

¶
+

¯̄̄̄
t=a

, and
dxi
dt

¯̄̄̄
t=b

=

µ
dxi
dt

¶
−

¯̄̄̄
t=b

,

etc., the same proof as before. The theorem now is proved.

We need the following

Lemma 5. Let f be a fuzzy continuous function from the open set U ⊆
Rn, n ∈ N, into RF . Then f

(r)
± are continuous functions from U into R, for all

r ∈ [0, 1].

P r o o f. Let xm, x ∈ U , m ∈ N, be such that xm → x as m→ +∞. Then
by continuity of f we get D(f(xm), f(x))→ 0, as m→ +∞. Hence we have

D(f(xm), f(x)) = sup
r∈[0,1]

max{|(f(xm))(r)− −(f(x))
(r)
− |, |(f(xm))

(r)
+ −(f(x))

(r)
+ |}→ 0.

Therefore |(f(xm))(r)− − (f(x))
(r)
− | → 0 and |(f(xm))(r)+ − (f(x))

(r)
+ | → 0, as

m → +∞, for all r ∈ [0, 1]. Consequently (f(xm))(r)± → (f(x))
(r)
± , proving that

f
(r)
± ∈ C(U,R), for all 0 ≤ r ≤ 1.
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We present the interchange of the order of H-fuzzy differentiation.

Theorem 4. Let U be an open subset of Rn, n ∈ N, and f :U → RF be a
fuzzy continuous function. Assume that all H-fuzzy partial derivatives of f up to
orderm ∈ N exist and are fuzzy continuous. Let x := (x1, . . . , xn) ∈ U . Then the
H-fuzzy mixed partial derivative of order k, Dxc1 ,...,xck

f(x) is unchanged when
the indices c1, . . . , ck are permuted. Each ci is a positive integer ≤ n. Here some
or all of ci’s can be equal. Also k = 2, . . . ,m and there are nk partials of order
k.

Pr o o f. We only need to demonstrate the proof for the case n = k = 2.
The rest is true by induction on k, and similarly true for n > 2. So here

z = f(x, y) : U ⊆ R2 → RF and ∂2f
∂x2
, ∂2f

∂y2
, ∂2f

∂x∂y ,
∂2f
∂y∂x exist and are fuzzy

continuous functions from U into RF . We make use of Theorem 5.2 from [6]
repeatedly. Here we have

[f(x, y)]r = [(f(x, y))
(r)
− , (f(x, y))

(r)
+ ], 0 ≤ r ≤ 1.

By that theorem and the above assumptions ∂
∂x(f(x, y))

(r)
± exist and∙

∂

∂x
f(x, y)

¸r
=

∙
∂

∂x
(f(x, y))

(r)
− ,

∂

∂x
(f(x, y))

(r)
+

¸
,

for all 0 ≤ r ≤ 1 and all (x, y) ∈ U . Furthermore, the same way ∂2

∂y∂x(f(x, y))
(r)
±

exist and ∙
∂2

∂y∂x
f(x, y)

¸r
=

∙
∂2

∂y∂x
(f(x, y))

(r)
− ,

∂2

∂y∂x
(f(x, y))

(r)
+

¸
,

for all 0 ≤ r ≤ 1 and all (x, y) ∈ U . Similarly we obtain∙
∂2

∂x∂y
f(x, y)

¸r
=

∙
∂2

∂x∂y
(f(x, y))

(r)
− ,

∂2

∂x∂y
(f(x, y))

(r)
+

¸
,

for all 0 ≤ r ≤ 1 and all (x, y) ∈ U .
Clearly it also holds that∙

∂2

∂x2
f(x, y)

¸r
=

∙
∂2

∂x2
(f(x, y))

(r)
− ,

∂2

∂x2
(f(x, y))

(r)
+

¸
,

and ∙
∂2

∂y2
f(x, y)

¸r
=

∙
∂2

∂y2
(f(x, y))

(r)
− ,

∂2

∂y2
(f(x, y))

(r)
+

¸
,
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for all 0 ≤ r ≤ 1 and all (x, y) ∈ U . By Lemma 5 we find that

∂2

∂x2
(f(x, y))

(r)
± ,

∂2

∂y2
(f(x, y))

(r)
± ,

∂2

∂x∂y
(f(x, y))

(r)
± ,

∂2

∂y∂x
(f(x, y))

(r)
±

are all continuous for any r ∈ [0, 1]. But by basic real analysis, Theorem 6-20,
p. 121 of [4] we have

∂2

∂x∂y
(f(x, y))

(r)
± =

∂2

∂y∂x
(f(x, y))

(r)
± ,

for any r ∈ [0, 1]. Thus we get∙
∂2

∂x∂y
f(x, y)

¸r
=

∙
∂2

∂y∂x
f(x, y)

¸r
,

for all 0 ≤ r ≤ 1. That is theH-fuzzy partial derivatives are equal, ∂2

∂x∂yf(x, y) =
∂2f(x,y)
∂y∂x for all (x, y) ∈ U .

Finally it follows the multivariate Fuzzy Taylor’s formula.

Theorem 5. Let U be an open convex subset of Rn, n ∈ N and f :U →
RF be a fuzzy continuous function. Assume that all H-fuzzy partial derivatives
of f up to order m ∈ N exist and are fuzzy continuous. Let z := (z1, . . . , zn),
x0 := (x01, . . . , x0n) ∈ U such that zi ≥ x0i, i = 1, . . . , n. Let 0 ≤ t ≤ 1, we
define xi := x0i + t(zi − x0i), i = 1, 2, . . . , n and gz(t) := f(x0 + t(z − x0)).
(Clearly x0 + t(z − x0) ∈ U .) Then for N = 1, . . . ,m we obtain

g(N)z (t) =

⎡⎣Ã nX∗

i=1

(zi − x0i)¯
∂

∂xi

!N

f

⎤⎦ (x1, x2, . . . , xn).(12)

Furthermore it holds the following fuzzy multivariate Taylor formula

f(z) = f(x0)⊕
m−1X∗

N=1

g
(N)
z (0)

N !
⊕Rm(0, 1),(13)

where

Rm(0, 1) := (FR)

Z 1

0

ÃZ s1

0
· · ·
ÃZ sm−1

0
g(m)z (sm)dsm

!
dsm−1

!
· · ·
!
ds1.(14)
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No t e . (Explaining formula (12)). When N = n = 2 we have (zi ≥ x0i,
i = 1, 2)

gz(t) = f(x01 + t(z1 − x01), x02 + t(z2 − x02)), 0 ≤ t ≤ 1.

We apply Theorems 3 and 4 repeatedly, etc. Thus we have

g0z(t) = (z1 − x01)¯
∂f

∂x1
(x1, x2)⊕ (z2 − x02)¯

∂f

∂x2
(x1, x2).

Furthermore it holds

g00z (t) = (z1 − x01)
2 ¯ ∂2f

∂x21
(x1, x2)⊕ 2(z1 − x01) · (z2 − x02)(15)

¯ ∂2f(x1, x2)

∂x1∂x2
⊕ (z2 − x02)

2 ¯ ∂2f

∂x22
(x1, x2).

When n = 2 and N = 3 we get

g000z (t) = (z1 − x01)
3 ¯ ∂3f

∂x31
(x1, x2)⊕ 3(z1 − x01)

2(z2 − x02)(16)

¯ ∂3f(x1, x2)

∂x21∂x2
⊕ 3(z1 − x01)(z2 − x02)

2 · ∂
3f(x1, x2)

∂x1∂x22

⊕ (z2 − x02)
3 ¯ ∂3f

∂x32
(x1, x2).

When n = 3 and N = 2 we obtain (zi ≥ x0i, i = 1, 2, 3)

g00z (t) = (z1 − x01)
2 ¯ ∂2f

∂x21
(x1, x2, x3)⊕ (z2 − x02)

2 ¯ ∂2f

∂x22
(x1, x2, x3)(17)

⊕ (z3 − x03)
2 ¯ ∂2f

∂x23
(x1, x2, x3)⊕ 2(z1 − x01)(z2 − x02)

¯ ∂2f(x1, x2, x3)

∂x1∂x2
⊕ 2(z2 − x02)(z3 − x03)

¯ ∂2f(x1, x2, x3)

∂x2∂x3
⊕ 2(z3 − x03)(z1 − x01)¯

∂2f

∂x3∂x1
(x1, x2, x3),

etc.

P r o o f o f Th e o r em 5. Let z := (z1, . . . , zn), x0 := (x01, . . . , x0n) ∈ U ,
n ∈ N, such that zi > x0i, i = 1, 2, . . . , n. We define

xi := φi(t) := x0i + t(zi − x0i), 0 ≤ t ≤ 1; i = 1, 2, . . . , n.
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Thus dxi
dt = zi − x0i > 0. Consider

Z := gz(t) := f(x0 + t(z − x0)) = f(x01 + t(z1 − x01), . . . , x0n + t(zn − x0n))

= f(φ1(t), . . . , φn(t)).

Since by assumptions f :U → RF is fuzzy continuous, also fxi exist and are
fuzzy continuous, by Theorem 3 (11) we get

dZ(x1, . . . , xn)

dt
=

nX∗

i=1

∂Z(x1, . . . , xn)

∂xi
¯ dxi

dt

=

nX∗

i=1

∂f(x1, . . . , xn)

∂xi
¯ (zi − x0i).

I.e.,

g0z(t) =
nX∗

i=1

∂f(x1, . . . , xm)

∂xi
¯ (zi − x0i).

Next we see

d2Z

dt2
= g00z (t) =

d

dt

Ã
nX∗

i=1

∂f(x1, . . . , xn)

∂xi
¯ (zi − x0i)

!

=

nX∗

i=1

(zi − x0i)¯
d

dt

µ
∂f(x1, . . . , xn)

∂xi

¶

=

nX∗

i=1

(zi − x0i)¯

⎡⎣ nX∗

j=1

∂2f(x1, . . . , xn)

∂xj∂xi
¯ (zj − x0j)

⎤⎦
=

nX∗

i=1

nX∗

j=1

∂2f(x1, . . . , xn)

∂xj∂xi
¯ (zi − x0i) · (zj − x0j).

That is

g00z (t) =
nX∗

i=1

nX∗

j=1

∂2f(x1, . . . , xm)

∂xj∂xi
¯ (zi − x0i) · (zj − x0j).

The last is true by Theorem 3 (11) under the additional assumptions that fxi ;
∂2f

∂xj∂xi
, i, j = 1, 2, . . . , n exist and are fuzzy continuous.
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Working similarly, we find

d3Z

dt3
= g000z (t) =

d

dt

⎛⎝ nX∗

i=1

nX∗

j=1

∂2f(x1, . . . , xn)

∂xj∂xi
¯ (zi − x0i) · (zj − x0j)

⎞⎠
=

nX∗

i=1

nX∗

j=1

(zi − x0i) · (zj − x0j)
d

dt

µ
∂2f(x1, . . . , xn)

∂xj∂xi

¶

=

nX∗

i=1

nX∗

j=1

(zi − x0i) · (zj − x0j)

"
nX∗

k=1

∂3f(x1, . . . , xn)

∂xk∂xj∂xi
¯ (zk − x0k)

#

=

nX∗

i=1

nX∗

j=1

nX∗

k=1

∂3f(x1, . . . , xn)

∂xk∂xj∂xi
¯ (zi − x0i) · (zj − x0j) · (zk − x0k).

That is,

g000z (t) =
nX∗

i=1

nX∗

j=1

nX∗

k=1

∂3f(x1, . . . , xn)

∂xk∂xj∂xi
¯ (zi − x0i) · (zj − x0j) · (zk − x0k).

That last is true by Theorem 3 (11) under the additional assumptions that

∂3f(x1, . . . , xn)

∂xk∂xj∂xi
, i, j, k = 1, . . . , n

do exist and are fuzzy continuous, etc. In general, one obtains that for N =
1, . . . ,m ∈ N,

g(N)z (t) =

nX∗

i1=1

nX∗

i2=1

· · ·
nX∗

iN=1

∂Nf(x1, . . . , xn)

∂xiN∂xiN−1 · · · ∂xi1
¯

NY
r=1

(zir − x0ir),

which by Theorem 4 is the same as (12) for the case zi > x0i, see also (15), (16),
and (17). The last is true by Theorem 3 (11) under the assumptions that all
H-partial derivatives of f up to order m exist and they are all fuzzy continuous
including f itself.

Next let tm̃ → t̃, as m̃→ +∞, tm̃, t̃ ∈ [0, 1]. Consider

xim̃ := x0i + tm̃(zi − x0i)

and

x̃i := x0i + t̃(zi − x0i), i = 1, 2, . . . , n.
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That is
xm̃ = (x1m̃, x2m̃, . . . , xnm̃) and x̃ = (x̃1, . . . , x̃n) in U .

Then xm̃ → x̃, as m̃→ +∞. Clearly using the properties of D-metric and under
the theorem’s assumptions, we obtain that

g(N)z (t) is fuzzy continuous for N = 0, 1, . . . ,m.

Then by Theorem 1 [1], from the univariate fuzzy Taylor formula, we obtain

gz(1) = gz(0)⊕ g0z(0)⊕
g00z (0)

2!
⊕ · · ·⊕ g

(m−1)
z (0)

(m− 1)! ⊕Rm(0, 1),

where

Rm(0, 1) := (FR)

Z 1

0

ÃZ s1

0
· · ·
ÃZ sm−1

0
g(m)z (sm)dsm

!
dsm−1

!
· · ·
!
ds1.

By Lemma 4, [1] and Corollary 13.2, p. 644, [5], the remainder Rm(0, 1) exist
in RF . I.e., we get the multivariate fuzzy Taylor formula

f(z) = f(x0)⊕ g0z(0)⊕
g00z (0)

2!
⊕ · · ·⊕ g

(m−1)
z (0)

(m− 1)! ⊕Rm(0, 1),

when zi > x0i, i = 1, 2, . . . , n.
Finally, we would like to take care of the case that some x0i = zi. Without

loss of generality we may assume that x01 = z1, and zi > x0i, i = 2, . . . , n. In
this case we define

Z̃ := g̃z(t) := f(x01, x02 + t(z2 − x02), . . . , x0n + t(zn − x0n)).

Therefore one has

g̃0z(t) =
nX∗

i=2

∂f(x01, x2, . . . , xn)

∂xi
¯ (zi − x0i),

and in general we find

g̃(N)z (t) =

nX∗

i2=2,...,iN=2

∂Nf(x01, x2, . . . , xn)

∂xiN∂xN−1 · · · ∂xi2
¯

NY
r=2

(zir − x0ir),

for N = 1, . . . ,m ∈ N. Notice that all g̃(N)z , N = 0, 1, . . . ,m are fuzzy continuous
and

g̃z(0) = f(x01, x02, . . . , x0n), g̃z(1) = f(x01, z2, z3, . . . , zn).
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Then one can write down a fuzzy Taylor formula, as above, for g̃z. But g̃
(N)
z (t)

coincides with g
(N)
z (t) formula at z1 = x01 = x1. That is both Taylor formulae

in that case coincide.
At last we remark that if z = x0, then we define Z

∗ := g∗z(t) := f(x0) =:
c ∈ RF a constant. Since c = c + õ, tha tis c − c = õ, we obtain the H-fuzzy
derivative (c)0 = õ. Consequently we have that

g∗(N)z (t) = õ, N = 1, . . . ,m.

The last coincide with the g
(N)
z formula, established earlier, if we apply there

z = x0. And, of course, the fuzzy Taylor formula now can be applied trivially
for g∗z . Furthermore in that case it coincides with the Taylor formula proved
earlier for gz. We have established a multivariate fuzzy Taylor formula for the
case of zi ≥ x0i, i = 1, 2, . . . , n. That is (12)—(14) are true.

At last we give the following useful

Corollary 1. Let U be an open convex subset of Rn, n ∈ N, and f :U →
RF be a fuzzy continuous function. Assume that all the first H-fuzzy partial
derivatives fxi of f exist and are fuzzy continuous. Let z := (z1, . . . , zn), x0 :=
(x01, . . . , x0n) ∈ U such that zi ≥ x0i, i = 1, . . . , n. Let 0 ≤ t ≤ 1, we define
xi := x0i + t(zi − x0i), i = 1, 2, . . . , n and gz(t) := f(x0 + t(z − x0)). Then

g0z(t) =
nX∗

i=1

∂f(x1, . . . , xn)

∂xi
¯ (zi − x0i).(18)

Furthermore it holds

f(z) = f(x0)⊕ (FR)
Z 1

0
g0z(s)ds(19)

= f(x0)⊕
nX∗

i=1

(zi − x0i)¯ (FR)
Z 1

0

∂f(x1(s), . . . , xn(s))

∂xi
ds.

Pr o o f. By Theorem 5, case of m = 1. The second part of (19) is valid
by Theorem 2.6 of [9]. Here xi(s) = x0i+s(zi−x0i), s ∈ [0, 1], i = 1, . . . , n with
zi ≥ x0i.

C ommen t . Theorem 5 and Corollary 1 are still valid when U is a
compact convex subset of Rn such that U ⊆ W , where W is an open subset of
Rn. Now f :W → RF and it has all the properties of f as in Theorem 5 and
Corollary 1. Clearly here x0, z ∈ U .
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