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0. Introduction

Fuzzyness was first introduced in the celebrated paper [12]. For the
notion of H-fuzzy derivative, see [7] and [9]. First we give some background
from Fuzzyness, motivation and justification, necessary for the results to follow.
In Propositions 1-4 we calculate basic H-fuzzy derivatives. In Lemmas 1 and 2
we give results on fuzzy continuity, and in Propositions 5 and 6 we give basic
properties of H-fuzzy differentiation. Then come the main results.

Theorem 1 is on H-Fuzzy Mean Value Theorem, Lemmas 3, 4 and 5 are
auxiliary on fuzzy convergence and fuzzy continuity, Theorem 2 is on univariate
H-fuzzy chain rule, and Theorem 3 is on multivariate H-fuzzy chain rule.

We conclude with Theorem 4 on the interchange of the order of H-fuzzy
differentiation, and the development of the multivariate H-fuzzy Taylor formula
with integral remainder, see Theorem 5 and Corollary 1.

1. Background
We start with the following
Definition A (see [9]). Let u: R — [0, 1] with the following properties:
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(i) is normal, i.e., Jxg € R: p(zp) = 1.

(ii)) p(Az + (1 — AN)y) > min{u(x), u(y)}, Vo,y € R, VA € [0,1] (u is called a
convex fuzzy subset).

(iii) w is upper semicontinuous on R, i.e., Vzg € R and Ve > 0, 3 neighborhood
V(zo): p(x) < p(zo) + ¢, Vo € V(xg).

(iv) The set supp(u) is compact in R (where supp(u) := {x € R; u(z) > 0}).

We call u a fuzzy real number. Denote the set of all u with Rz.

E.g., X € Ry, for any zp € R, where X,y is the characteristic
function at xg.

For 0 <7 <1 and p € Rr define [p]" := {z € R: p(z) > r} and

[1]° == {z € R:pu(z) > 0}.

Then it is well known that for each r € [0,1], [p]" is a closed and bounded
interval of R. For u,v € Rz and A € R, we define uniquely the sum u ® v and
the product A ® u by

[udv]” =[ul"+ ", Nou"=Au]", Vrel0,1],

where [u]” 4 [v]" means the usual addition of two intervals (as subsets of R) and
Alu]” means the usual product between a scalar and a subset of R (see, e.g., [9]).
Notice 1 u=w and it holdsu®v=vPu, A\Qu=uoO X If0<r <r <1

then [ ]TQ g [ ] . Actually [ ] = [ug), S’f)]’ where ’LLS) Sr)7 (j) (7’) c R
Vr e [0,1].
Define

D:R]: XR]:—>R+U{O}

by
D(u,v) := sup max{|u(_T) — U@L |u$) _ US:)|},
rel0,1]

where [v]" = [U@,US:)]; u,v € Rp. We have that D is a metric on Rz. Then
£, D) is a complete metric space, see [9], wi e properties
Rr,D)i let tri 9 ith th ti

D(u @ w,v ®w) = D(u,v), Yu,v,w e Ry,
D(k®u,k®v)=|k|D(u,v), Yu,veRgr, VkeR,
Du®dv,wde) < D(u,w)+ D(v,e), Vu,v,w,e € Rg.
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Let f,g:R — Rz be fuzzy real number valued functions. The distance between
f, g is defined by

D*(f,g) := iggD(f(x),g(ﬂf))'

On Rx we define a partial order by “<”: u,v € R, u < v iff u(_r) < v(_r) and
ug) < ’UE:), vr e [0,1].
We need

Lemma 2.2 ([3]). For any a,b € R: a,b >0 and any u € Rx we have
D(a®u,bou) < |a—>b|-D(u,o),
where 6 € R is defined by 6 := Xgy.
Lemma 4.1 ([3]).
(i) If we denote o := X0}, then 0 € Rz is the neutral element with respect to
D, e, ubo=0du=mu, Yu € Rr.
(ii) With respect to o, none of u € Rr, u # 6 has opposite in Rgr.

(iii) Leta,b e R: a-b>0, and any u € Rx, we have (a+b) Ou=a®udbOu.
For general a,b € R, the above property is false.

(iv) For any X\ € R and any u,v € Rx, we have A\® (uBv) =X ud A Ov.
(v) For any A\, € R and u € Rx, we have A\® (p©u) = (M- p) ® u.

(vi) If we denote ||ul|F := D(u,0), Vu € R, then || - ||z has the properties of
a usual norm on Rg, i.e.,

lull7 =0 iff u=0, [XOullr=[Al-[lulr
lu @ vz <lullz+[vllz [lulr = lvlr < D(u,v).

Notice that (Rz,®,®) is not a linear space over R, and consequently

(Rz, || - ||#) is not a normed space.
We need

Definition B (see [9]). Let z,y € Rr. If there exists a z € Rz such
that x = y+ 2, then we call z the H-difference of z and y, denoted by z := z —1y.

Definition 3.3 (see [9]). Let T := [zg,xz0 + 8] C R, with 5 > 0. A
function f:T — Rz is H-differentiable at x € T if there exists a f'(z) € Rgp
such that the limits (with respect to metric D)

L fEth) —f@) L fw) - fe—h)
h—0+ h ’ h—0+ h
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exist and are equal to f/'(z). We call f’ the derivative or H-derivative of f at z.
If f is H-differentiable at any x € T', we call f differentiable or H-differentiable
and it has H-derivative over T the function f’.

The last definition was given first by M. Puri and D. Ralescu [7].
Example. Let f:R; — Rz be such that for any A, x> 0 it holds

Then the H-derivative f'(x) = f(1), Vx € R,.
Proof. By f(x 4+ h) = f(x) ® f(h), that is the H-difference

f(x+h) = f(z) = f(h) € RF.

Thus
fl@+h)— fz)
h
Similarly, f(x) = f(x — h) ® f(h), for h > 0 small, that is the H-difference
f(z) — f(x —h) = f(h) € Rg. Hence

flz) = fle—h)

= f(1), h>0.

= f(1).
! 1)
But
lim D(f(1 1)) =0.
Jim D(f(1), f(1))
Clearly for f’(0) we take the right-hand side H-derivative. [

We need also a particular case of the Fuzzy Henstock integral (6(x) = %)
introduced in [9], Definition 2.1.
That is,

Definition 13.14 (see [5], p. 644). Let f:[a,b] — Rr. We say that f
is Fuzzy-Riemann integrable to I € Ry if for any € > 0, there exists § > 0 such
that for any division P = {[u,v]; £} of [a,b] with the norms A(P) < §, we have

D <Z*(v —u)© f(fw) <e,

P

where >_* denotes the fuzzy summation. We choose to write

b
I:= (FR)/ f(z)dx.
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We also call an f as above (FR)-integrable.

We are based on the following fundamental theorem of Fuzzy Calculus:

Corollary A ([1]). If f:[a,b] — Rx has a fuzzy continuous H -derivative
[’ on [a,b], then f'(z) is (FR)-integrable over [a,b] and

f(s)=f(t)® (FR) /ts f'(z)dz, for any s >t, s,t € |a,b].

Note. In Corollary A when s < t the formula is invalid! since fuzzy real
numbers correspond to closed intervals etc.
We need also

Lemma 1 ([1]). If f,g:[a,b] € R — Rz are fuzzy continuous (with
respect to metric D), then the function F':[a,b] — Ry U{0} defined by F(z) :=
D(f(z),g(x)) is continuous on [a,b], and

D ((FR) / " f(u)du, (FR) / bg(u)du) </ ’ D(f(@). g(a))de

Lemma 2 ([1]). Let f:]a,b] — Rg fuzzy continuous (with respect to
metric D), then D(f(x),0) < M, Yz € [a,b], M > 0, that is f is fuzzy bounded.
Equivalently we get x—ar < f(z) < xm, Yo € [a,b].

Lemma 3 ([1]). Let f:[a,b] CR — Rz be fuzzy continuous. Then

x
(FR)/ f(t)dt is a fuzzy continuous function in x € |a,b].
a

Lemma 4 ([1]). Let f:[a,b] C R — Rz fuzzy continuous, r € N. Then
the following integrals

) [ seas ) [ ( [ f(sr)dsr> ds, 1.

...,(FR) /a </a1 . (/a2 </a1 f(sr)dsr> dsr_1> > ds1,

are fuzzy continuous functions in Sy—1, Syp—2, ..., S, respectively. Herea < s,_1 <
Sp—2 << s<b.

Additionally we mention

Lemma 5 ([2]). Let f:]a,b] — Rz have an existing H-fuzzy derivative
[ at c € la,b]. Then f is fuzzy continuous at c.
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We need the Fuzzy Taylor formula

Theorem 1 ([1]). Let T := [zo,x0+ /5] C R, with § > 0. We assume that
fO:T — Ry are H-differentiable for alli =0,1,...,n—1, for anyz € T. (Le.,
there exist in Rr the H-differences fO(x + h) — fO(z), fO(z) — fO(z - h),
i=0,1,...,n—1 for all small h:0 < h < B. Furthermore there exist f0+1(z) €
Rz such that the limits in D-distance exist and

; o fO@+n) - 9@ f9@) - fO(@ - h)
f (@) = hEI(I)l-‘r h N hlig)l-‘r h ’

foralli=0,1,...,n—1.) Also we assume that ™) s fuzzy continuous on T.
Then for s > a; s,a € T we obtain

s—a 2
f6) = S e f@)o (- e @ e T30
s —a)" !
DD f(n—l)(a) ® ﬁ @ Ry(a,s),

where

Ru(a,s) = (FR) /a (/al (/;H f(”)(sn)dsn> dsn1> ...)dsl.

Here Ry (a,s) is fuzzy continuous on T as a function of s.

Note. This formula is invalid when s < a, as it is totally based on
Corollary A.
For the interest of the reader we given the following

Theorem 5.2 ([6]). Let f:[a,b] C R — Rgr be H-fuzzy differentiable.
Let t € [a,b], 0 <r < 1. (Clearly

FOF = 1(FE), (Fe)T] C R

Then (f(t))g) are differentiable and

@] = [V (FenND).

The last can be used to find f'.

Next C0,1] stands for the class of all real-valued bounded functions f
on [0,1] such that f is left continuous for any x € (0,1] and f has a right

limit for any x € [0; ), especially f is right continuous at 0. With the norm
lfll = sup |f(z)|, C[0,1] is a Banach space [10].

z€|0,1
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‘We mention

Theorem (*) (Wu and Ma [10]). For u € Rz, denote j:j(u) =
(u—,us), where uy = us(r) := u(ir), 0<r<1. Thenj(Rx) is a closed convex
cone with vertex 0 in C[0, 1] xC10, 1] (here C[0,1]x /[0, 1] is a Banach space with
the norm defined by |[(f,9)|l := max(||f]l, lgl)), and j:Rz — C[0,1] x C[0,1]

satisfies
(1) for allu,v € Re, s >0,t >0, j(su+tv) =sj(u)+tj(v),

(2) D(u,v) = ||5(u) — j()||, i-e., j embeds Rg into C[0,1] x C[0,1] isometri-
cally and isomorphically.

We finally mention the important connections of the H-fuzzy derivative
to the Fréchet derivative.

Lemma (*) (Wu and Ma [11]). If f:[a,b] C R — Ry satisfies the
condition H: for any x € [a,b], there exists B > 0 such that the H-differences of
flx+h)—f(x), f(x)—f(x—h) exist for all0 < h < 3, then the H-differentiability
of f(x) implies the differentiability of (j o f)(z) and (jo f) (x) € j(RF), where
the differentiability of (j o f)(x) on C[0,1] x C[0,1] is in the Fréchet’s sense.

Lemma (**) (Wu and Ma [11]). If (jof)(z) is Fréchet differentiable and
(o £)(x) € §(Rz), then f(z) is H-differentiable, and f'(z) = j-((j o f) (x).
Here f: [CL, b] — Rz, j: Ry — (C[O’ 1])27 and (] o f) [CL, b] - (C[Ov 1])2

2. Results

We present

Proposition 1. Let F'(t) :=t" ®u,t >0, n € N, and u € Rr be fixed.
Then (the H-derivative)
(1) F'(t) =nt" 1 ow.

In particular when n =1 then F'(t) = u.
Proof. We need to establish that

F'(t) = Fi.(t) = FL(t),

where

. (t+h)"Cu—t"oOu
Fiet) = hli%l+ h

Y

and i pyn
FLt) = lim L QU= (=R Ou
h—0+ h
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the limits are taken with respect to the D-metric.
First we take care of the case t > 0, n > 2. Here h is a small positive
quantity approaching zero. By Lemma 4.1 (iii) of [3] we notice that

t+h)"Qu=t"Cud (Z <Z>t"khk> o u,
k=1

where

n g N\ n—kik
t,z<k>t RF > 0.

k=1
That is the H-difference

(t+h)"Ou—t"Ou= (i <Z)tn—khk> ®u

k=1

exists, and

(t+h)"Ou—-t"Ou (1 oy ke
- =(> LT o,

k=1

Then we observe that

n _qn
limD<(t+h) OQu—t""oOu
h—0t h

o — (n n—kypk—1 n—1
_hli,%l+D<<];<k>t h )@ujnt @u)

< (by Lemma 2.2 of [3])

(zn: <n> tn—khk—1> _ 1
k
k=1

~ lm (zn: <Z) t“‘khk_1> D(u,6) = 0D(u, ) = 0.

k=2

, "o u)

lim

o
Jim. (,9)

That is
Flt)y=nt""1 ou, t>0, n>2.

Furthermore we notice that

P = T, ((t —h) + h)™ @hu— (t—h"ou
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We set 8 := t— h, which for sufficiently small A > 0 is positive, i.e., 5 > 0. Thus

F'(t) = lim B+h)Ou—p"0u
N h—0+ h '

Again we have

(B—i—h)n@u:/gn@u@ (Z (Z)l@nkhk> o

k=1

where
n

Bn, Z (Z) Bn_khk > 0.

k=1
That is the H-difference

B+h"Ou—-F"0u= (i <Z>5nkhk> Ou

k=1

exists, and

(prhrou-prou_ (Z <Z> B”kh’“1> ou.

k=1
Then we observe that

lim D(t @u—(t—h) Ou
h—0t h

_ . . n n—kipk—1 n—1
— ’E&D((; <k>,8 h )@u,nt @u)

"t e u>

: - n n—kpk—1 . n—1 ~
< hlggr Z <k>ﬁ h nt D(u,0)
k=1
" /n
Y el _pynkphel _ 1] o s
Jlim, n(t —h) +kz:2 <k:> (t—h)"""h nt (u,0)
— 0D(u,3) = 0.

Hence F' (t) = nt" ' ®u, t > 0, n > 2. That is,

Ft)y=nt""'ou, t>0, n>2.
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Next we treat separately the case of n = 1, t > 0 for the sake of clarity.
Here

lim D<(t—l—h)®u—t®u’u>: lim D<h®u7u>
h—0+ h

h h—0+
= lim D(u,u)=0.
h—0t
Le., F/.(t) =u, t >0, n=1. And we see that
i p (tQu—(t—h)ou
h—0+ h '
i (t—=h)+h)Ou—(t—h)Ou
=1 D
hoor ( h o
_ iim p (W Ou=fOu
h—0+ h ’
= lim D M,u = lim D(u,u) =0,
h—0+ h h—0+

where 8 :=t — h > 0, for sufficiently small h > 0. Le., F' (t) =u, t >0, n = 1.
That is
F'(t)y=u, t>0, n=1.
At last we do the case of t = 0. Here we need to find
A" ®u

FL(0) = Jim === = lim 5" ou.

For n = 1, we see that

lim DAt ©u,u) = lim D(u,u) = 0.
h—0t h—0t+

Thus
F'(0)=F (0)=u, forn=1.
For n > 2 we see that

lim D(h" ' ®wu,6) = D(6,6) = 0.
hgg+( ® u,0) (0,0)

Therefore
F'(0) = F (0) =0, forn>2.
That is
F'(t)=nt"1@u is true for t = 0.
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Remark 1. Let a;, i = 1,..., be a sequence of real numbers all of the

o0
same sign such that |> a;| < +00. Then
i=1

(Z%‘) Ou= Z*(a@' Ou), uweERg, Vnel,
i=1 i=1

by Lemma 4.1 (iii) of [3]. Since

n n
D ((Za@> @u,z (o @u)) =0,
i=1 i=1
one obtains

n n
lirf D ((Z ai> O u, Z*(ai @u)) =0.
=1 i=1

1=

That is

<Z ai) Ou= Z*(ai Ou) € Re.

i=1

Next we give

Proposition 2. Let F(z) =2 ®u, v > 0, u € Rx, and p > 0 not an

integer. Then

(2) Fl(z)=pzP 1 ou, p>0 x>0,
and
(3) F'(0) =0, forp>1.

Proof. When p > 0 and —1 < z < 1 from [8], p. 232 we obtain the

Binomial series, which converges absolutely

(p=1) ,

D
P -/
(1+2) 1+ px + TR + 1t o

p(p—1)~-(p—n+1)ggmr

In the last we plug in instead of z, % for h,z > 0and h < z. Clearly —1 < % <1

is automatically fulfilled and x 4+ h > 0. That is

h\? h —1) h?
14+ — :1+p_+m_2_|_...
T T 2! x
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And

p(P—l) 2, p—2

Th CCp

plp—=1)---(p—n+1)
n!

(z +h)P = 2P + phaP~! + +--

+ R P e

By z + h > x we have (z + h)P > 2P > 0 and (x 4+ h)? — 2P > 0. Consequently
it holds

._ p—1 pp—1) 5 p—2 | .
A = phaP™" + TR hexP™* 4
1) (p— 1
L pp=1) Ep ntDmpn 5o
n!
Therefore
(z+h)PoOu—2?Ou=A0Ou exists in Rr.
Hence
P _ b
lim D (x+hPOuU—2x ®u,pxp*1®u
h—0t h
A A
I H = p—1 : =2 p—1 ~
= hli%lJrD (h ® u, pr @u) < hli)l((lgl+ ‘ TP D(u,0)
_ 1)
. p-1, PP p—2
N
1) (p— 1
+ p(p ) fp n+ )hnflxpfn 4. _pxpl‘ D(u, 5)
n!
= 0D(u,0) = 0.
Le.,

Fl(z)= (P ou) =prF ' ou, p>0, z>0.
Next we evaluate in D-metric

2 Ou—(r—hPOu

/ .
Fo ) = A, h
~ lim ((x=h)+hPOu—(z—hPOu
h—0+ h
_ g BN Ou— PO
h—0*+ h ’

where § := x — h > 0, for h > 0 small enough. In fact we choose h such that
2h < z, that is, h < x — h = . lLe., 0 < h < 5. Next we apply the Binomial
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series for % Thus

(B+ h)P = BP + phsP~! + wh%p—z +

pp—1)---(p—n+1)
n!

+ R BPT" +
Clearly 5+ h >  and (B + h)? > 5P > 0, by p > 0. And (8 + h)P — P > 0.
Hence

-1
A* = phﬁpfl + p(p2‘ )h2ﬁp72 +

pp—1)---(p—n+1)
n!

+ hPBP 4> 0,

Therefore
B+hPoOou—pLoOu=A"Ou existsin Rg.

Furthermore we have

<(ﬁ+h)p®u—/ﬁp®

lim D

pxPlou
h—0t+

*

A
_ p—1
_hlﬂ%l+D(h O u, pr ®u>
p—
1

= hm (ﬁ Ly )hﬁPZ
p ) ( _n+1)hn 1Bp n)

® u, paP1 ®u>
= D(pz"to u,pxpfl ®u) =0.

Le., F'(z) = (2P ®u)_ = prP L ®u, p > 0, x > 0. That is
Flz)=@Pou) =ptPtou, p>0, x>0

Finally at x = 0 we get

. +h)POu . _
F/(0) = FL(0) = lim CFMIOU i i,
(0) ' (0) Jim . Jim R OX]

Hence

lim D(hP~! D(6,6) =0, p>1.
Jim D(RP™" ©u,6) = D(6,06) p

Le., F'(0) = (2’ O u)'|,_og = 0, p > 1. ]
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It follows
Proposition 3. Let u € Rx be fixed. Then

(4) (e Ou) =e*®u, anyxeR.

Proof. We have

2 J,‘3 n

SR a" _
e=14+r+=+=+-+—=+-, 00 <z < 4o00.
21 3! n!

Then

(z+h)? (@+h)P (@b

z+h __
e =1+ (z+h)+ o1 3l ]

4+, h>0.

Consequently we get

eﬁh_&:h+(%h+#)+<m%+&mﬁuﬁ>

2! 3!
> (ant

4+ 4 k:l—' + ... = A.
n:

Here z € R and z + h > z. Since e* is increasing then e*t? > ¢* > 0 and
e*th —e® > 0. Le., A > 0.
Therefore the next H-difference and quotient makes sense in Rz,

Fthoyu—e*ou A
h B

2x + h 322 + 3zh + h?
{(B) ()

7

> (R)a"thk
= — _|_...}@u:;K®u, K >0.

Thus

lim D(K ©u,e* ®u) < lim |K —€e”|D(u,0)
h—0Tt h—0Tt

2 n

— 1_’_$+$_+...+x_+..._61_

2! n!
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D(u,0) = |e* — €*|D(u,0) = 0.

We prove that (e” ©® u)!, = e” © w.
Next we evaluate
efou—errou

T " =1 , €ER, u e Rg.
(e Ou)_ Jim, - x u € Rr

By setting 8 := z — h we get

(e"©@u)l = lim S ou-dou
 h—oOt h ’

Again we have 8+ h > 8 and 1" > ef > 0, and e#t" — ¢# > 0. Furthermore
it holds

2 2 2 3
eﬁ+h_eﬁ:h+<2ﬁh+h >+ <3ﬁ h+3B8h*+h )
2! 3!
mn.

I
“

Clearly 0 < A* < +o0.
The next make sense in Rz

Bt oy —ef ou A*@
= —0Qu
h h

28+ h 3% + 38h + h?
S () ()
i ('Z)ankhkfl

n!

Thus

lim D(K*®u,e” ®u) < lim |K* —¢e*|D(u,0)
h—0+ h—0+
z? "
n!
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We have established
(e* Ou). =e" Ou,
and finally proved (4). n
Note. Clearly (e* ®u)® =e* ®u, £ € N, u € Ry is fixed, z € R.

Next we need

Bernstein’s Theorem 13-31 (see [4], p. 418). Assume that f € C* on
an open interval of the form (a — d,b), where § > 0, and suppose that f and all
its derivatives are non-negative in the half-open interval [a,b). Then, for every
xo in [a,b), we have

) (g
flz) = ZfT(‘O)(:C —x0)", ifxo <z <D
n=0 ’

We present

Proposition 4. Let u € Rx be fixed, and f € C*®(—e,r),e > 0,7 >0
and assume that f, f', f",... >0 on [0,r), with f(0) = 0. Then

(5) (f(zx)ou) = f(z) Gu, for0<z<r.
Clearly
(6) (f(z)ow)O = fO@)ou, for0<z<r, LeN.

E.g., f(z) = sin hx.

Proof. By Bernstein’s Theorem we have

> f(n)
f) =3 L0,
n=0

n:

and

> r(n)
fx+h)= 1(0)

e e o
and h > 0 such that 4 h € [0,r). Since f is non-decreasing we have f(z+h) >

f(z) >0, and f(z+ h) — f(z) > 0. Consequently we see that

X £(n)
fletm) - @) =3 I 2
n=0

_ i f(’;)!(o) (i <Z> xnkhk> > 0.

n=0 k=1
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z+h)— f(x 2 ™0 " /n ek k—
f( +f)L f()zzfn!()<;<k>m kpk 1>>0.

Thus

Then

ILe.,
(f@)ouw, =f(r)ou, 0<z<r

Call B:=x—h, x>0,z >has h— 0". Clearly 8 > 0. Here

(n
Z‘f ﬂ+h

and

> f(n)
fo—m =15 = 3 L0

n=0

Also f(x), f(x —h) >0 and f(z) > f(z —h). Thus

g

169
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Furthermore
— — 2 f(n) n
o)~ Ja =t _§ 100 (Z( ) - ) >0
n=0 k=1
Consequently
: f@)ou—flz-—h)oOu ,
hlgg-*-D( h ’f()®u>
o S70) (<= (7 gnep ket /
_hli%l+D<<nZ:0 " ;(k)ﬁ h Ou, f(x) Ou
> r(n) " /n
< Jim [ 0 ( k)ﬁ”’“h“) ()
n=0 k=1
> () (0
D.3) = [ L0 nar1) - ()| Do
n=1 '
=1f'(z) = f'(2)|D(u,6) =0
ILe.,
(fx)ou). =f(z)Ou, 0<z<r
We have established (5). n

Note. One can do other examples of calculation of H-derivatives of basic
fuzzy functions, working as above with power series over appropriate intervals.

We mention
Lemma 1. Let f,g:(a,b) C R — Rg be fuzzy continuous functions.

Assume that the H-difference function f — g exists on (a,b). Then f — g is a
fuzzy continuous function on (a,b).

Proof. Let ,,z € (a,b) such that z, — x, as n — +o0o. We observe
that

D(f(xn) = g(xn), f(2) — g(x))
= D(f(zn) — 9(xn) © g(2n), 9(xn) @ f(2) = 9())
= D(f(xn),g(zn) ® f(z) — g(x))
= D(f(zn) ® g(2), 9(zn) ® f(2) — g(x) @ g())
= D(f(zn) ® 9(2), 9(zn) © f(2))
(f(zn), f(2)) + D(g(xn), g(x)) —

Tn

<D
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Lemma 2. Let U be an open subset of R? and let f,g:U — Rz be
fuzzy continuous (jointly) in (z,y) € U. Then D(f(x,y),g(x,y)) is continuous
(jointly) in (x,y).

Proof. It is similar to [5], p. 644, Lemma 13.2 (ii). It goes as follows:
Let U 3 z, := (T, yn) — 2 := (x,y), as n — +o00. We have

D(f(zn),9(20n)) < D(f(zn), f(2)) + D(f(2), 9(2)) + D(9(2), 9(zn));

and

D(f(2),9(2)) < D(f(2), f(zn)) + D(f(zn), 9(20)) + D(g(2n), 9(2))-

Passing to the limit as n — +o00, from the continuity of f and g we obtain

lim D(f(zn),9(2n)) = D(f(2), g(2)).

n—-+00

We give

Proposition 5. Let I be an open interval of R and let f,g:1 — Rx be
fuzzy differentiable functions with H-derivatives f’, g’. Then (f ®g)" exists and

(7) (fog) =fad.
Proof. Let h — 0T, then by assumption
a:=f(z+h)—flz), B:=glx+h)—g(@)ecRs
Hence f(z + h) = a ® f(z), g(z + h) = B & g(z). Thus
(fog(z+h)=adfa(f®g) ()

ie.,
(fegz+h)—(feg(lr)=adp.
Therefore

2 r@ o dw)

IA
N
=2

"z
N &.5
/\
D‘

Q
\_/

QO

2

»n

>

(=]

+
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Next we set
v:=f(z) = f(x = h), 0:=g(x)—g(x—h).
Clearly v,0 € Rz. Then f(z) =~v® f(x — h), g(z) = 6 & g(x — h). Hence

(feg(x)=nod) e (feg)(z—h),

(f@9)(@) — (f®g)(z—h) =r®6

Therefore

- (X2 rwede)

0
< D( @)+ D (5.d@) =0, asn—or
That is, proving the claim. ]

The counterpart of the above follows.

Proposition 6. Let I be an open interval of R and let f:— Rz be
H-fuzzy differentiable, c € R. Then

(8) (cof) existsand (c® f) =co f'(z).

Proof. We see

(cofllz+h)—(cof)(x) /
D( ) ,c@f(a:))
- D<c®f(x+h}z_c®f(x),c®f’(x)> —: (%),

Here o := f(x 4+ h) — f(z) € Rz, so that f(z+ h) = a® f(z). Then
cOflzr+h)=cOadco f(x).
Le,c® f(x+h) —c® f(x) = ¢ ® a. Therefore

(x)= D (CQT“,c@f’(x)>

a

= |elD (3

f/(:zr)> —0, ash—0T.
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Next let 5 := f(z) — f(x — h) € Rz, so that f(z) = 8® f(x — h). Hence
cOf(z)=cOB&cO f(xr—h),

ie.,

cOfx)—coO f(xr—h)=cOp.

Therefore

p(Leel=onE=h) ;g y)

- p(efEleottenh) g py)

_ cOp / _ é / R R
_D< 5 ,c@f(a:)>—|c|D<h,f(:1:)> 0, ash—0".

That is establishing the claim. ]
Note. Linearity is true in H-fuzzy differentiation, that is
Woferog=rofopod,

when A\, i € R and f, g are H-fuzzy differentiable.

3. Main Results
We present the “Fuzzy Mean Value Theorem”.

Theorem 1. Let f:[a,b] — Rr be a fuzzy differentiable function on [a, b]
with H-fuzzy derivative f' which is assumed to be fuzzy continuous. Then

(9) D(f(d), f(c)) < (d = ¢) sup D(f'(t),0),

te(c,d)

for any ¢,d € [a,b] with d > c.
Proof. By Corollary A of [1] it holds that

f(0) = f(a) ® (FR) / ),

and

d
£(d) = f(a) ® (FR) / £y,
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<f FR/f )dt, f(a FR/f dt>
D<FR/f t)dt, ( FR/f dt)
D<FR/f )it @ (F /f t)dt, ( FR/f dt)
= o (@R [ F0ao) =)

Clearly k © 6 = 6 for Kk € R. And

Then

D

=)
c.:
t

6:6®(d—c):6®/d1dt:(FR)/d(6®1)dt:(FR)/d6dt.

Hence

(+) = D ((FR) / " vt (FR) / d6dt>

(by Lemma 1,
/ D(f'(t),0)dt < (d—c) sup D(f'(t),5) < +o0,
t€le,d]

by Lemma 2 of [1]. [
We need

Lemma 3. Let u,,v,,u,v € Rp, n € N. Let u, — u, v, — v, as
n — +o0o. Then D(uy,vy) — D(u,v), as n — 400 (i.e., D(u,v) is continuous
in (u,v)). In particular D(u,,v) — D(u,v), as n — +oo. We write

lim  D(up,vy) :D< lim wu,, lim vn> = D(u,v).

n—-+00 n—-+00 n—-+o00

Lemma 4. Let un,u € Re; ¢, c € Ry, such that u, — u and ¢, — c,
as n — +oo. Then in D-metric

U OCp —u®ce, asn— 400,
i.€.,

lim (up, ®cy) = < lim un> ©< lim cn> =u®ec

n—-—+00 n—-—+00 n—-—+0o
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Proof. We notice that

D(up ® cpyu® ) < D(up ® cp,up @ ¢) + D(uy © c,u® c)
(by Lemma 2.2, [3])
<

len — ¢|D(up, 0) + e¢D(up, )
by L 3
(by Lemma 3) 0D(u,8) + c0 = 0.
That is

lim D(up, ® cp,u®c) =0.

n—-+00

We present the “Univariate Fuzzy Chain Rule”.

Theorem 2. Let I be a closed interval in R. Here g: I — ¢ :=¢g(I) CR
is differentiable, and f:({ — Rgr is H-fuzzy differentiable. Assume that g is
strictly increasing. Then (f o g)'(x) exists and

(10) (fog)(z)=f(9(x) ©d(x), Vel

Proof. Call u:= g(z). Let Az > 0, such that Az — 0T.
i) Let Au:= g(z + Az) — g(z). Then Au > 0, and as Az — 07 we get
Au — 0T by continuity of g. See that g(x + Az) = u + Au. We observe that

— lm D((f(g(ﬂerAﬂ?))—f(g(ﬂf)))

Az—0+ g(x + Az) — g(z)

o (150, g 000 )

- i o (Lrdn i)

Az—07+ Au

o (MR g 000 )

)
= D(f'(w) © 4 (2), f'(9(x)) © ¢ (x)) =0,

by Lemmas 3 and 4. Le.,

(fog) = (g9x)od =)
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ii) Let Au := g(z) — g(x — Az). Then Au > 0, and as Az — 07 we get
Au — 07 by continuity of g. Notice that g(x — Az) = v — Au. We observe that

A}Eiil%ﬁ_D (f(g(x)) flg(z — Ax)),f’(g(a:)) @g’(m))

. D(( ) = fgte b))

Az—0+ —g(x — Ax)

o (4 ’a >,f'<g<a:>>@g'<x>>

= lim D u—Au)
Az—0+t
g
Az
g

o (Lelgete >) Flaa) 0 4 )
= D(f'(v) ©¢'(), f'(9(z)) © ¢'(x)) = 0,
by Lemmas 3 and 4. Le.,

(fog)l = f9(z)) ®g'(2).
At the endpoints of I we take one-sided derivatives. [
Next follows the multivariate fuzzy chain rule.

Theorem 3. Let ¢;:a,b] C R — ¢i([a,b]) := L CR, i =1,...,n,
n € N, are strictly increasing and differentiable functions. Denote x; := x;(t) :=
¢i(t), t € [a,b], i = 1,...,n. Consider U an open subset of R"™ such that
x? Iy CU. Consider f:U — Rg a fuzzy continuous function. Assume that
fo;:U = Ry, o =1,...,n, the H-fuzzy partial derivatives of f, exist and are

fuzzy continuous. Call z := z(t) :== f(x1,...,25). Then % exists and
(11) Z dz ﬁ Vt € [a,b]
dml ) Y
where % =, sz ,i=1,...,n are the H-fuzzy derivatives of f with respect to t, x;,

respectively.
Proof. Let first t € (a,b). Let a general (x1,z2,..
and let Az; > 0,i=1,...,n, be small.

I) Call

., xn) € U be fixed

a1 = f(z1 + Awy, 20 + Aza, ..., 2 + Azy)
— f(.%'l,.%'g + A.%'Q, ey T+ A$n) € Rr.



On H-Fuzzy Differentiation 177
That is

flz1 4+ Az, 20 + Axg, .. xy + Azy) = aq B fx1, 20 + Azg, ... 2y + Axy).
Call

ag = f(x1,z2 + Az, ...,y + Axy)
— f(w1, 2,23 + Axs, ..., zn + Axy) € Ry

That is
flx1,me + Axg, ... zp + Axy) = ag @ f(21, 22,23 + Axs, ..., 2y + Axp).
Call

ag = f(z1,z2, 23 + Axs, ...z, + Azy)
— f(x1,me, 23,24 + Ay, ..., xy + Axy) € Ry,

That is

f(z1, 29, w3 + Axs, ..., xp + Axy) = a3 @ f(T1, 22,23, T4 + Azyg, ..., Ty + Axy),

etc. Call
Qp = f(xbx?v cey Tp—1,Tn + A$n) - f($17x27 s axn) € R}—
That is
fx1, o, o X1, T + Azp) = @ f(x1, T2, ..., Ty).

ILe., it holds

n *
]R]: € f(xl +A$1,$2+A$2,...,$n+AZEn) _f(xl,LUQ,...,ZCn) = Z Q.

i=1

Since the partial derivatives f,, exist, the above H-differences o;, 7 =1,...,n

exist in Rz for small Az; > 0. In particular we define
Ax; = ¢i(t+At)—¢i(t), At>0, i=1,...n

(ie.,
Gilt + At) =i + Az, i = Gilh)).

Since ¢;, 1 = 1,...,n are strictly increasing we have that Az; > 0. So as
At — 0%, then Az; — 0" by continuity of ¢;.
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We observe that

lim D
At—0t

(f(¢1(t +A), ., Gult + AL) = F(§i(t), .., a(t)
At ’

Z* Joi (@1, 1) © xi(t))

— lim D(f(xl—|—Aml,...,xn—|—Axn)—f(xl,...,xn),
At—0t At

Z fJCz(J:l:"'a'I")@xz(t))

1=1

. > ~ !

Atl_I>I(1)+ ( At ;zzz:l fml (xlv ;xn) © wz(t)

< lim D(f(xl 4+ Azxy, o + Axa, ..., Ty "‘r‘AZnt) - f(l'l,él?g 4+ Axa, ..., 2y +A£En)’

fo,(T1, 0 T0) ® mﬁ(t))

+ lim D
At—0t

<f(x1,x2 + Axo, ..., xy + Axy) — f(21, 22,23 + Azs, ...,z + Axy)
At ’

Jao (T2, T0) ® wé(t))

+ lim D

At—0t

(f(xl,xg,asg + Az, .., xn + Axy) — f(21, 22,23, 84 + ALy, ..., 2y + Azy)
At ’

Jas (T1,. 00 T0) @xé(t))

4ot im D f(xl,.rg,..-,l'nfl,xn—f—Al'n)—f(.'l,'hl'Q,...,xn)
At—0+ At ’

fon (X1, T0) © x%(t))

— Ym D flz1 + Azy, 20 + Az, ..o xy + Azy) — f(21, 22 + Ao, ..o 2 + Azy)
_AtHOJr A‘7:1

Az
© Ttlvfml(xla"'vxn) @13/1(t)>
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+ lim D
At—0t

<<f(x1,x2 + Axo, ...,z + Azy) — f(21, 22,23 + Azs, ..., 2y +A1:n))
ALEQ

Ax
O] T;:fw2(‘r17"'amn) @J?é(t))

+A1%+D<<f($1,$2,$3+Al‘3,...,xn+AfEn)

Ax

—f(x1, 20, 23,24 + Ay, ..., x4 + Aa:n)/Ax3> ® Ats,fm3(x17...,wn) @xé(t))

et dim D((f(ml,xg,...,xn1,xn+Axn)—f(:v1,...,xn)>

At—0+ Az,

Az,
®© Tt,fxn (xl, - ,ZL’n) ® x%(t))

(by Corollary A, [1])

b D (((FR) fjlﬁAxl fo, (t,ma + Ao, ... Ty + Axn)dt>
im

At—0+ Axq

Ax
© T;»fx1(‘r17"'axn) Qxll(t)>

I (FR) f;ﬁAm Juo(z1,t, 23 + As, ...,y + Ay, )dt
+At1—r>%+ Axo

Ax
© Tfa fm2(m17 ey wn) © xé(t)>

" lm D < ( (FR) f;3‘3+Aw3 fus(T1, T2, t, 04 + Axgy ... Ty + A;rn)dt>
im :
At—0t

A.’L‘g

Ax
O) T;:f:vg,(‘rlv"'amn) @J?é(t))

At—0t

(FR) [T 080t o (@1, T, by + Ay )t
A(En,1

Az, _
© Tt17 f1n—1($17 ey Tn) O :I;;Ll(t)>

+ D(fu, (z1,. -y 20) @z (t), fu, (X1, 20) @2 (1))
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(by Lemmas 3 and 4)

, ) 1 r1+Axy
= a2 (t) A%E%Jr A—xlD (FR) /3:1 for (8,22 + Ao, ... 2y + Axy,)d,

AfEl @le(xlv"'ﬂxn)>

1 To+Axo
+.’L'12(t) A}/E%Jr A—Z‘QD ((FR) / fmz (x17t7m3 + A.’L’g, coy Tp Al’n)dt,
T2

A.TQ @fzg(xlw'-al‘n))

] 1 r3+Az3
+24(t) Allg}ﬁ A—%D ((FR) /w3 fus (X1, T2, t, 4 + Az, ..., Ty + Axy)dt,

Aa:g@fws(xl,...,mn)) 4.

ol (t) i ' p (FR)/%_ﬁA%_l
X 1m
=W Aot Az

Tp—1

fa:n,l(xlvx% .. 7xn727t7xn + Axn)dtv Axnfl © f:cn,l(xla .. 7xn)>

, ) 1 zi+Az;
= gml(t)Allg(lw AJ}ZD (FR)/ZD fmi(l'l,xg,...,l'i,l,

z;+Az;
t,xip1 + Axigy, ..., 2, + Azy)dt, (FR) / fz; (z1,. .. 7$n)dt>
(by Lemma 1 of [1]) n=1

1 xi+Ax;
/ .
S Zzzlxl(t) All_l,l’%ﬁr sz /:El D(fwi(xl7$27"'7xi—l7

t,ip1 + ATip1, .o Ty + A2y, fo, (21, .- xn))dt>

n—1

/ . )

S ; l’z(t) Alli}l%ﬁr A.’I}i <Te[zfllLIiAml](D(f:E7 (‘Tla L2y ey Lj—1,T,
Tip1 + A1, T+ Axy), fo, (T, Jin)))) Az;

by L 1of [1
(by ema £ o L) (for some 7" € [z, z; + Ax;])



On H-Fuzzy Differentiation 181

*
E zi(t) lim D fx1 (1,2, o i1, T Tig1 + Ay,
At~>0+

Ty + Axn)vfxi(xla ce- 7xn))

(as At — 07, then all Azx; — 0" and thus 7} — z;, for all i = 1,...,n)

= Zﬂ? fxz xl;---)xn)vfﬁi(x17""$"))

= S
=1

by continuity of f;,, ¢ =1,...,n — 1. Le., we have proved that

dz "« dz dx;
(%L‘% a, ©ar

1) Call

b1 = f(z1,22,...,2n) — f(x1,22, ..., Tpn_1,2n — Azyp) € Ryr.

That is
flz1,29,...,xp) = L1 ® f(x1,22, ..., Tn—1,Tn — Axy).
Call
Bo = f(x1,29, ..., Tn-1,Tn — Axy)
— f(ﬂjl,ftg, e T2, Tp—1 — Aﬂjn_l,mn — A:En) € Rr.
That is
flzr, 22, .., Tpno1, Tn—Azy) = Lo ® f(21, T2, .., T2, T 1 —AZp_1, T — Ayy).
Call
B3 = f(x1,22,...,Tn—2,Tn—1 — ATp_1,Tn — Axy)

— f(z1, 22, ..., Tp—3,Tpn—2 — AZp_9,Tpn_1 — Azp_1, T, — Ax,) € Re.

That is
flz1, 22, . T2, Tpn_1 — ATp_1,2y, — Azy)

= 63 S f(xla L2y Tn—-3,Tn-2 — A$n727 Tpn—1 — Amnfla Tn — A!L’n),
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etc. Call

Bn = f(x1,m0— Az, ..., xn—Axy)— f(x1— Az, 20— Ao, ..., 2 —Axy) € Re.
That is

flxr,me — Azg, ... xy — Axy) = B @ f(z1 — Azy, 20 — Ao, ... 20 — Axy).
L.e., it holds

Rr > f(z1,22,...,2,) — f(z1 — Axy, 20 — Axg, ..., zy — Axy,) :Z Bi.

Since the partial derivatives f,, exist, the above H-differences 3;, ¢+ =
1,...,n exist in Rz for small Az; > 0. In particular we define Ax; := ¢;(t) —
Gi(t —At), At >0,i=1,...,n (ie., ¢;(t — At) = x; — Az;, z; := ¢;(t)). Since
¢i, i = 1,...,n are strictly increasing we have that Az; > 0. So as At — 0T,
then Az; — 0" by continuity of ¢;.

We observe that

- D<f<¢1<t>, o bult) — Fln(t— AL bt — AD)

At—0t At )

= hm D(f(x17"'7$n)_f(xlA_tAml7-.-7mn_Axn),

i=1
i Z*?—lﬁi " ,
= 1 D == NS (s
At=0+ ( At lzzl foi(@1ye o mn) © 23(1)
S hm D(f(x17x2""7xn)_f(ajl?xQ?"'vmn17xn_AfL"rL),
At—0+ At

- e Tp T (t li
fo (@1, ’x)Qx”()>+Atli%+

f@1, 20, T, T — Azp) — f(T1, 22, T2, Tn1 — ATp_1,Tn — Azy)
b At ’

frooi (@1, 20) © z;_1<t)> TR,
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f(x1;132a e Ty, Tyl — ATy, Ty — Amn)
D _f(xhx% vy Tp—3, Tp—2 — A5[:717271577,71 - A-rnflaxn - A-rn)
At ’

= e T ! t li
f n72(x17 7x )®$n72( )) + +At]ir%]+

D(f($17$2 —Axg, ..., xn — Axy) — f(z1 — Axy, 20 — Azg, ...,z — Ay)
At ’

fo, (X1, T0) ® mﬁ(t))

_ lim D((f(th%"'vxn) - f(xlax%"'axnflaxn - Amn))

At—0+ Az,

Az )
Ttn’ Jan (@1, 20) © x%(t)) + Azlslggﬂ
<(f(x17x27 Tty o Am”) B f(ml’x% ey Tn—2,Tn—-1 — A:Enfhmn - Ailln))
D
Amn—l
Awn—l .
© =g o @ a0) @w;1<t>> il
f(xhl'g, vy Tp—2,Tp—1 — Axnfl,xn — Al’n)
—f($1,$27 coe 3y Tp—3,Tn—2 — A$n72,$n71 — Aa:n,hxn — Agjn)
D
Amn—?
Az 2 .
D <(f($1,$2_AI'Q,...,xn_Al'n) —f(xl —Al’l,mg —ALEQ,...,ZL'n—Aan))
AJ?l

Ax
© Tgafm1(x17"'7$n) lel(t)>

(by Corollary A, [1])

D(fe, (@1, .. 20) © 2 (0), fo, (1, 20) © 2, (1))
(((FR) It e fea o (1,22, — A:cn)dt>

Axnfl

A:If'n—l
At

x R Rad (1 g t 1
7f nfl(xl T )an—l( )> +Atl—1>r%)+



184 G. Anastassiou

D((FR) L e fon o (1,20, T3, 61— Ay, T, — Amn)dt>

A1;7172

Awn72 .
© Al 7fxn2(91:1,...,:%)@35;2(t)> +“.+All—r>r(1)+
(((FR) f;l_A/ fo,(t, 20 — Ao, ... 1y — Aazn)dt>
D 1 x1
Aml

Ax
© T;?fﬂ?l(‘rl?"')xn) Qxll(t)>

(by Lemmas 3, 4) )
= l
L N v

D<<FR>

Tp—1
/ fon_1 (X1, 22,0 T2, by Ty — Azp)dt, Axyy—1 O fo, _, (21,. .. ,xn)>
T

n—1—AZp_1

roo(t) i
2l )Atlgéﬁ ATy,_o

Tn—2
D((FR)/ fwnfz(xlal?w"axn—?n

n—2—Axp_2

t X1 — A1, @y — ALy )dt, A2 © for, (21, ... ,xn)>

+~~-+x'1(t)At1ir(1)+A—xl
D((FR) /I1 . fo, (00 — Ao, ... 2y — Axy)dt, Azt © fo, (21, - . . ,xn)>
n—1 o 1 i
B ; #i(t) Azltiggﬁ Aa:iD<(FR) /mimi facl@n, @2, s 2imn,

Tq

t, Ti+1 — AiL‘H_l, ey p—1 — Al‘n_l, Ty — AZL‘n))dt, (FR) /

T4 7A:Ei

(by Lemma 1 of [1]) »=1 ) . 1 i
< in(t) All—{%*- Az, /x._Ax.D(fzi(331,$2,~-7$i71,t,
=1 i i

f:vi (-131, Ce ,mn)dt>

Tig1 — ATip1, .o Tt — A1, &0 — Azy)y fo, (21, .. ,xn))dt>

n—1
1
< Ht) i S D(fy, (x1,20,...,2i_1, T, Tix1 — Axiiq,
S lez( )Atlf%ﬁ A$i< . up ( (fo; (1,22 i—1 i+1 i+1

TE[T, —Azi,x;]

cey ey — DXy 1,y — Az, fu, (21, .. 7acn)))> Ax;
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(for some 7 € [x; — Axy, 24])
by L 1of [1]) =
(by emnia o H) Zl,;(t) lim D(fxl(x17[1f2,...,mi—17

P At—0+
Ti*7xi+1 - A1‘1’+17 sy Tp—1 — Axn—17xn - Al’n), f:cZ (xh cee amn))
(as At — 07, then all Azx; — 0" and thus 7} — z;, for all i = 1,...,n)

_Z-T fwl :El,...,.Tn),fm(fﬂl,--wxn))

=Zx;<t> 0=

by continuity of f,., % =1,...,n — 1. Le., we have proved that
Z* dz dxz
cl;z:Z '

When t = a, or b, then % equals (%) or (%)_, respectively. Clearly here

+7

— =(— , and — =(— ,
dt t=a dt +lt=a dt t=b dt —lt=b
etc., the same proof as before. The theorem now is proved. ]

We need the following

Lemma 5. Let f be a fuzzy continuous function from the open set U C

R™ n €N, into Rr. Then fj(!) are continuous functions from U into R, for all
r e 0,1].

Proof. Let ,,,z € U, m € N, be such that x,, — = as m — +o0o0. Then
by continuity of f we get D(f(z,), f(z)) — 0, as m — +oo. Hence we have

D(f(@n). f(@)) = sup maxc{|(f (@) = (F (@), 1(f (@)L= (F@) T} = 0.
Therefore |(f(z,))” — ()] — 0 and |(f(zn))? — (F@)] — 0, as
m — +o0, for all r € [0, 1]. Consequently (f(z ))(ir) — (f(:c))(ir), proving that
f()EC(UR) forall 0 <r <1. n



186 G. Anastassiou

We present the interchange of the order of H-fuzzy differentiation.

Theorem 4. Let U be an open subset of R™, n € N, and f:U — Rr be a
fuzzy continuous function. Assume that all H-fuzzy partial derivatives of f up to
order m € N exist and are fuzzy continuous. Let x := (x1,...,x,) € U. Then the
H -fuzzy mized partial derivative of order k, D$é17.,,7xékf(x) s unchanged when
the indices £1, ..., L are permuted. Fach ¢; is a positive integer < n. Here some

or all of £;’s can be equal. Also k =2,...,m and there are n* partials of order
k.

Proof. We only need to demonstrate the proof for the case n = k = 2.
The rest is true by induction on k, and similarly true for n > 2. So here
z = f(z,y) : U C R? — Rr and %, giy{, a‘rfgy, aajafx exist and are fuzzy
continuous functions from U into Rr. We make use of Theorem 5.2 from [6]

repeatedly. Here we have

(@) = [, ), (fay)P], 0<r<1.

By that theorem and the above assumptions a%( f(z, y))g) exist and

{a%f(x’y)]r = {a%(f(:c,y))m, a%(f(m y))(r)]

for all 0 <r <1 and all (z,y) € U. Furthermore, the same way %(f(x, y))g:)

exist and

), 2 () ®]
{31/8 ] [8 ox Oy ]
(

for all 0 <7 <1 and all (z,y) € U. Similarly we obtain

=] = [t

forall 0 <7 <1 and all (z,y) € U.
Clearly it also holds that

ik 7 [

alwn)] = |z T (an)?]

and
0?2 I 9?2 )

i) = [ s (e
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for all 0 <7 <1 and all (z,y) € U. By Lemma 5 we find that

0 ) 0 r O n O (r)
W(f(xay)):t ) 8_y2(f(x7y)):l: 7M(f(xay)):l: 7M(f($7y)):t

are all continuous for any r € [0, 1]. But by basic real analysis, Theorem 6-20,
p. 121 of [4] we have

0 n _ 0 (r)
8x8y(f(x’y))i - ayax(f(x?y)):t )

for any r € [0,1]. Thus we get

i) = [ )]

for all 0 < r < 1. That is the H-fuzzy partial derivatives are equal, ag—gy f(z,y) =
% for all (z,y) € U. [

Finally it follows the multivariate Fuzzy Taylor’s formula.

Theorem 5. Let U be an open convex subset of R, n € N and f:U —
Rr be a fuzzy continuous function. Assume that all H-fuzzy partial derivatives
of f up to order m € N exist and are fuzzy continuous. Let z := (21,...,2n),
xo = (To1,.-.,%on) € U such that z; > x;, i = 1,...,n. Let 0 <t <1, we
define x; = xo; + t(z; — xpi), @ = 1,2,...,n and g,(t) := f(xg + t(z — x0)).
(Clearly xo +t(z — x0) € U.) Then for N =1,...,m we obtain

n N
(12) gM(t) = (Z*(zi — xg;) © 31) [ (x1,22,...,2p).

i=1
Furthermore it holds the following fuzzy multivariate Taylor formula

m-1 (N)
(13) 16 =1 ey e r,0)
N=1

where

1 S1 Sm—1
(14) Rp(0,1) := (FR)/O (/0 (/0 ggm)(sm)dsm> dsml) ) dsy.
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Note. (Explaining formula (12)). When N = n = 2 we have (z; > xo;,
i=1,2)

9:(t) = f(zo1 + t(z1 — x01), To2 + t(22 — x02)), 0<t<1.

We apply Theorems 3 and 4 repeatedly, etc. Thus we have
0 0
9L(1) = (21 = 500) © B (01,02) @ (22 — 0) © (i1, 32).

Furthermore it holds

2
(15) gr(t) = (21 —201)* © 8_;20(961’ z2) @ 2(21 — wo1) - (22 — To2)
1
O f (21, x2) 2 O f
©O) W@(Zﬁ_wm) 8 ($17x2)
When n =2 and N = 3 we get
m 3 83f 2
(16) gz (t) = (21 — 201)° © w(ﬂﬂl, x2) @ 3(21 — wo1)“(22 — T02)
1
& f(x1,x2) o 03 f(x1, )
ARANES L VPN YOV _ L2 AL R2)
© 8.%'%6:E2 ©3(z1 — 201)(22 — o2) axlﬁx%
3
D (22 — 202)° © 923 5 (71, 72).
When n = 3 and N = 2 we obtain (z; > xg;, i = 1,2, 3)
H? 9?2
(17) glz’(t) = (21 — 3301)2 £($1,$2,$3) @ (22 — 5602)2 © —2(9017552,553)
Ox Oxs
82
D (23 — 103)2 © 922 5 (w1, 22, 23) © 2(21 — T01)(22 — Z02)
0% f (w1, x2, x3)
© W S 2(22 5502)(23 5503)
82f($1,$2,x3) 82f
ZIL 23 o, _
Deadms ® 2(23 — x03)(21 — xo1) © T (w1, 2, 23),
etc.
Proof of Theorem 5. Let z := (21,...,24), o := (Zo1,---,Zon) € U,

n € N, such that z; > zg;, i = 1,2,...,n. We define

€T; 1= ¢@(t) ::w0¢+t(zi—x0¢), 0<t<1l; 2=1,2,...,n.
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dz;
Thus 7

= z; — xg; > 0. Consider

Z = g,(t) == f(xo +t(z — x0)) = f(zo1 +t(21 — x01),-- -, Ton + t(2n — Ton))
= f((bl(t)? SRR ¢n(t))

Since by assumptions f:U — Ry is fuzzy continuous, also f;, exist and are
fuzzy continuous, by Theorem 3 (11) we get

n

dZ(x1,...,2n) * 0Z(x1,...,xn) _dz;
dt —; ox; ©
s Of(z1,. .., 0
= > ﬂTi)Q(zi_in)'

Le.,

=1
o - * d af(xlv axn)
= ZZZI (zi — 20;) © p ( oz, )
i " 2 f(x1, ... )
— Z (zi — 20;) © Z 92,07, ® (zj — zoj)
=1 7=1
S P f (@, )
— Z Z 9,007 © (zi — z0s) - (2 — xoj)
=1 j=1

That is

ok 2 f (21, T
) =30 > ) o (s ) (5 ).

The last is true by Theorem 3 (11) under the additional assumptions that f.;
_of

et bJ = 1,2,...,n exist and are fuzzy continuous.
J [
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Working similarly, we find

d*Z /// *afwl,..., n)
W Zl Z Gl CRE ONCRED)
_i*i* i — ®0;) - (25 — Toj )d (82]0(961,'“’%))
= i j O
p e dt O0x;0x;
. e B f(x1,. .., T0)
- Z Z (2 = @os) - (25 = o) Z 0z 0x;0x; © (2% — or)
=1 j=1 k=1

n

o et et B (21, .., )
- Z Z O 0x,;0x; © (zi — zoi) - (25 — 20j) - (2 — Tok)-

That is
- * a3f(l‘1 Ce )
M) = ) , L i — x0i) - (27 — 0. _ ‘
” ( ) ZZI j=1 k=1 axkax]al‘l © (Z Zo ) (Z] xOJ) (Zk; ka)

That last is true by Theorem 3 (11) under the additional assumptions that

Bf(x1,...,20)
85[%856]8‘%2 ’

i k=1,....n

do exist and are fuzzy continuous, etc. In general, one obtains that for N =
1,...,meN,

(N) = 8 f L1y -
Z Z Z axmaxw . 63521 @H Zi, — T0i, ),

i1=1 is=1 iN r=1

which by Theorem 4 is the same as (12) for the case z; > xg;, see also (15), (16),
and (17). The last is true by Theorem 3 (11) under the assumptions that all
H-partial derivatives of f up to order m exist and they are all fuzzy continuous
including f itself.

Next let tz — &, as m — 400, t, t € [0,1]. Consider

Tirn, = X0; + tin(zi — To;)

and
ic@-::xo@-—l—t(zi—mo@-), 1=1,2,....n
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That is
Ty — (xlm,.%'gm, PN ,wnm) and T = (.’Z’l, PN ,{Z’n) inU.

Then z; — %, as m — +o00. Clearly using the properties of D-metric and under
the theorem’s assumptions, we obtain that

(V)

gy "/ (t) is fuzzy continuous for N =0,1,...,m.

Then by Theorem 1 [1], from the univariate fuzzy Taylor formula, we obtain

" (m—1)
0-00) = g0 20 LV 6 e g(m—_l()o,) ® Rin(0, 1),

where

Ron(0,1) = (FR) /0 1 ( /0 T ( /0 " ggm>(sm)dsm> dsm1> 5 ) ds,.

By Lemma 4, [1] and Corollary 13.2, p. 644, [5], the remainder R,,(0,1) exist
in Rr. Le., we get the multivariate fuzzy Taylor formula

1" (m—1)
_ / 92(0) 9= (0
fz) = f20) ©:(0)© == @ - @ o) ® Rm(0,1),
when z; > xg;, 1 = 1,2,...,n.
Finally, we would like to take care of the case that some zo; = z;. Without
loss of generality we may assume that zo; = 21, and z; > xg;, ¢ = 2,...,n. In

this case we define

Z = g,(t) :== f(xo1,xo2 + t(22 — 202), - - -, Ton + t(2n — Ton))-

Therefore one has

g, (t) _ Zn* 8f(£L'01,.’L‘2, . .,(L’n)

A oz, O (zi — zo0i),

i=2
and in general we find

n N

_ « O f(zo1, 22, Tn)
(N) t — 01, L2, yn @ ZZ' _xi

for N =1,...,m € N. Notice that all ggN), N =0,1,...,m are fuzzy continuous
and

gz(O) = f($01,.’L'02, cee 7m0n)7 gz(l) = f(-'L'()l,ZQ,Zg, .. .,Zn).
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Then one can write down a fuzzy Taylor formula, as above, for g,. But giN) (t)
coincides with ggN) (t) formula at z; = xg1 = z1. That is both Taylor formulae
in that case coincide.

At last we remark that if z = xg, then we define Z* := g} (t) := f(x9) =:
¢ € Rr a constant. Since ¢ = ¢ + 6, tha tis ¢ — ¢ = 6, we obtain the H-fuzzy

derivative (c¢)’ = 6. Consequently we have that

gMity=6, N=1,...,m.
The last coincide with the ggN) formula, established earlier, if we apply there
z = x9. And, of course, the fuzzy Taylor formula now can be applied trivially
for gf. Furthermore in that case it coincides with the Taylor formula proved

earlier for g,. We have established a multivariate fuzzy Taylor formula for the
case of z; > xg;, 1 = 1,2,...,n. That is (12)—(14) are true. [

At last we give the following useful

Corollary 1. Let U be an open convex subset of R™, n € N, and f: U —
Rr be a fuzzy continuous function. Assume that all the first H-fuzzy partial
derivatives fr;, of f exist and are fuzzy continuous. Let z = (z1,...,2y), To =
(xo1y ... @on) € U such that z; > xg;, @ = 1,...,n. Let 0 <t < 1, we define
x; = +t(2i — w0i), 1 =1,2,...,n and g,(t) := f(wo + t(z — x0)). Then

n

(18) gty = S ) gy

0x;
i=1 ¢

Furthermore it holds

(19)  f(z) = f(x0) ® (FR) /0 g.(s)ds

" 1 Z1(8),...,Tn(s
:f(wo)@Z(Zi—$0i)®(FR)/ o ()8% () g,

i=1 0

Proof. By Theorem 5, case of m = 1. The second part of (19) is valid
by Theorem 2.6 of [9]. Here x;(s) = xo; +s(z; —x0:), s € [0,1], 4 =1,...,n with
Zi 2 Te;- u

Comment. Theorem 5 and Corollary 1 are still valid when U is a
compact convex subset of R™ such that U C W, where W is an open subset of
R™. Now f:W — Rgx and it has all the properties of f as in Theorem 5 and
Corollary 1. Clearly here xg,z € U.
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