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On the Growth of Harmonic Polynomials
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This article is dedicated to the 70th anniversary of Acad. Bl. Sendov

In this paper we study the growth of harmonic polynomials. Our results are refine-
ments of certain results of G. Szegd, and W.W. Rogosinski pertaining to the following question.
How large can [Rf(z)| and |f(z)| beon |z| =R > 1,if f(z) :=>"_,c,2", where ¢, € C
for v=0,...,n,and |Rf(2)| <1 for |z| =17 It was shown by Szeg6 that |Rf(z)| cannot be
larger than R". Although max|, =g |f(2)| can be larger than R" for values of R sufficiently
close to 1, even if f(0) is real, Rogosinski proved that under this additional supposition |f(z)]
does not exceed R™ for |z| = R > 1+ d,, where 6, — 0 as n — oo. These two results are
the main objects of our investigation.
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1. Introduction
For any entire function f, and r > 0, let
My(r) i=max|f(2)] and = As(r) :=max|Rf(2)].
It is well known (see [8], [12, p. 336], [6]) that if f is a polynomial of degree at
most n, then
My(R) < Mp() R (R>1), (L1)

where equality holds if and only if f(z) is a constant multiple of z"™. This
inequality has been generalized and refined in a variety of ways. For example,
it is known [3, Theorem 2] that

My(R) + (R = R")|f(0)] < Mg(1)R" (R >1), (1.2)

where the coefficient of |f(0)| is the best possible one for each R.
It was proved by Szegd [12, p. 336] that if
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n
u(r, ) == ag + 227’” (ay, cosvy + b, sinvp)

v=1

is a harmonic polynomial that is not identically zero and

U(r) == Ogﬂgﬂh&(r, o)l

then
U(r2)

U(r1)
where equality holds only for u(r, ¢) = ar™cosn(p —a),a € R, a € R, a # 0.
In particular, if f is a polynomial of degree at most n, then
Af(R) < Af(l) R" (R>1) (1.4)
unless f(z) =az" 41, a # 0, B € R. Subsequently, he showed [13, p. 68] that
if f is any polynomial of degree at most n, then

)f (Rei") —f (ei")‘ <A;1)(R*"—1) (R>1,0€R), (15
which clearly contains (1.4) and also leads to the inequality

My(R) < M;(1)+ A;(1) (R"—1)  (R>1). (1.6)

§<2>” (0<r<r), (1.3)

1

Rogosinski [9] developed a remarkable approach to a fairly large class of
extremal problems for polynomials. He, not only, gave another proof of (1.4)
but also applied his method to obtain many other results. In particular, he
proved [9, pp. 271-272] that if f(0) is real, then

< are Rz o). (1.7)

Pn
where

pn::sup{p>0 :?R(l—i-Qnile—i—zn)ZO for \zlgp}. (1.8)
=1
It is known (see [10], [7]) that )
p1=1, pa= %, p3 ~ 0.7004
and that for n > 4, the number p,, is larger than 1 — (logn)/n.
Remark 1.1. In order to highlight the significance of (1.7) we wish to

mention that if f is a polynomial of degree at most n such that f(0) is real
and |Rf(z)] <1 for |z| <1, then (see [14]; also see [5])
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2 km
R) <M, = — <1),
SIS M=mg Y eotgeis (<)
1<k<n
k odd

where M,, cannot be replaced by a smaller number. The asymptotic value of
M, as n — oo is (2/m) logn. Thus, M¢(R) may be larger than A;(1)R™ for
values of R sufficiently close to 1.

By Hadamard’s three—circles theorem [15, p. 53], log M(r) is a convex
function of logr. Hence, for 1 < R < 1/p,, we have

log R
log M; (R) < log Mj (1) + s {log My (1/p,) ~ 1o My(1)}
n

Using (1.7) to estimate M¢(1/p,), we obtain

Mg(R) < {Mf(1)}< _\Egil> {Af(l)}<lllz§/i|> (pn)<n llsgg;:),

Now, note that (p,)" (log R)/log pn g simply R", and so

M (1) (PM) 1
) < {3 el amm (1<r<). 0

Among other things, Rogosinski [9, p. 273] also proved that if f is a
polynomial of degree at most n such that co := f(0) is real and |Rf(2)] <1
for |z| <1, then for n > 1,

1
feP<R-¢  (1=r2 ), (1.10)

Tn—1

where

k
rp:=supqp>0: RN 1+2sz >0 for |z <p, . (1.11)
j=1

It is known [11, pp. 554-555] that 7, > ry = 1/2 and that r; 7 1 as
k — oo. If k is odd, then 7 is the positive root of 2rFt! 47 —1 = 0; we do
not know any such (simple) characterization of r; for even k.

In spite of its profoundness, the paper of Rogosinski has not received the
attention it deserves. So, we propose to start out by giving a brief account of
his theory, which we shall then use to obtain refinements of (1.4) and (1.7),
analogous to (1.2). These refinements are contained in Theorems 1.1 and 1.2,
respectively. A few observations, independent of Rogosinski’s theory, are also
included.
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Theorem 1.1. Let f be a polynomial of degree at most n such that
co := f(0) is real, and let Ag(r) := max,_, |Rf(2)|. Furthermore, for even
neN, let

(n—2)/2

_R-DR'-1) v
fin(R) = ) =(R—1)? ;) R? (R>1),
and for odd n € N, let
@ —)@E - 1) (1< R<R,)

R2 +2Rcos(m/n) +1

(R—1)(R"+1)
R+1

where R, is the (easily seen) only root of the equation

(1—COS )R"H R2+( —i—cos—)R—i—l

kn(R) :=

n
n (1, c0). Then,

A¢(R) + En(R) |co| < Af(1) R” (R>1). (1.12)
The coefficient of |co| in (1.12) is the best possible one for each R and each n.

Inequality (1.12) bears the same relationship to (1.4) as (1.2) does to
(1.1). Note that in the case where n is odd, we may write

-3)/2
2km
2
_ - <
. (R+1)(R 1:[ <R 2R .cos — +1> (1<R<R,)
K = -
n (n—3)/2
(R-1) T] <R2—2R005M+1) (R>R,).
k=0

The next result is a refinement of (1.7). Also see how the right-hand side
of (1.2) is being replaced by Af(1)R", with little change in the coefficient of
|£(0)| on its left-hand side, and with only a minor restriction on R.

Theorem 1.2. Let f be a polynomial of degree at most n such that
f(0) is real, and let Af(r) := max,—, [Rf(2)| and My(r) := max, |, [f(2)|.
In addition, let Ry, denote the only root of the equation
R R _1=0 (1.13)
n (1, 00). Then

My(R)+ (R—1) (R = R"2 ~ 1) [JO)| < A{()R"  (R>R;). (L14)
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Remark 1.2. It is easily seen that

1 5

Ry =2, R;= +2\f

Note that for n > 6, we have
log(n —2) 1" ! log(n —2) "2
1+ —=——- — 1+ = -1
n—2 n—2
n—2

log(n — 2) 1+ log(n — 2) 1

n—2 n—2
1 -2 1 -2

n—2 n—2

log(n — 2) exp {log (n—2)— %(log (n —2))? } .

n—2 n—2
2
= {log(n—2)} exp{—%%} -1>0.

, R} € (1.4655, 1.4656) and R: € (1.3802, 1.3803).

Since R"! — R" 2 —1<0 for R =1, this implies that

log(n—2) (n>6).

Ry, <1+ —

Remark 1.3. Dividing the two sides of (1.14) by R"™ and letting R
tend to 1, we conclude that if f(z):=> . _c 2" is a polynomial of degree at
most n such that co = f(0) is real, then

len| + |eo| < Ap(1). (1.15)
The example f(z):= 2" +1i8, 8 # 0 shows that (1.15) may fail if f(0) is not
real. It was proved by Visser [16] that |c,|+|co| < M(1) for f(z) ==, _,cv2”
whether ¢y is real or not.

2. Rogosinski’s theory

Let P, denote the class of all polynomials of degree at most n, and let
Pn,1 be the subclass consisting of all polynomials in P, which are of the form

f(z) ::chz”, ¢, =ay—1ib,, bp=0, ay, by eR (r=0,1,...,n) (2.1)
v=0

such that
Rf) <1 (2] <1). (2.2)
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In addition, let n+1 numbers vg = Ao +igo, -, = An +ipn be given, where
Ay =Ry, for v=0,1,...,n, and associate with each f of the form (2.1), the
quantity

J(f) = Z’YV@/-
v=0

The problem is to maximize |RJ(f)| when f variesin P, ;.
To start with we note that R f (ew) =ap+ Y., 4 (a,cosvl + b, sin vb)
and that RJ(f) =3, _qAvaw + Y, pwby. Hence, setting

t(0) :=ap + Z (ay, cos v + b, sin v0) (2.3)
v=1
and

1) :=> May+ > puby, (2.4)
v=0 v=1

we see that our problem is equivalent to the determination of maxer, , [I(t)],
where 7,1 is the class of all real trigonometric polynomials ¢ of degree at most
n such that [t(8)] <1 for 6 € [0, 27).

Let 7, denote the real normed linear space of all real trigonometric
polynomials ¢ of the form (2.3) with ||¢[/(g.2x := maxo<g<2r [t(f)]. The trans-
formation

I: t—1(t):= Xn:)\,,al,—l—zn:,uyb,,
v=0 v=1

defines a bounded linear functional on 7,,. As observed by Rogosinski [9], there
exists a function u(@) of bounded variation in [0, 27] such that

2 2
1(t) = /0 1(0) du(9), where /0 Au0)] = sup |10 = 1] (25)

S n,l

This representation is obtained with the help of F. Riesz’ theorem [17, p. 105

107] about the form of a bounded linear functional on the space of functions

continuous in [0, 27| and the Hahn-Banach extension theorem [1, p. 27-29].
The function p(#) can be normalized so that

1
w(0) =0, u(27) = p(2r —0) and w(P) = 5{#(«9 +0)+u@—0)}for0 <0 <2r.
Rogosinski calls the function (@), so normalized, an extremal kernel for 1.
There exists at least one T' € 7,1 with
I(T) = || 1]].- (2.6)

Any such T is said to be an extremal trigonometric polynomial for I.
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The following result of Rogosinski [9, Theorem 1] contains complete in-
formation about extremal kernels and extremal trigonometric polynomials.

Theorem A. (i) If T = 1 is an extremal trigonometric polynomial
for I, then the extremal kernel increases. Conversely, an increasing () is
extremal for the I of (2.5), and T =1 is an associated extremal trigonometric
polynomial. A similar correspondence holds between T = —1 and a decreasing
().

(ii) If T is neither =1 nor = —1, and if it is an extremal trigonometric
polynomial for I, then the associated extremal kernel w(0) is uniquely deter-
mined as a non-constant step function having at most n points «; of positive
Jump and at most n points of negative jump, where 0 < o, Bj < 2w and

T(aj) =1, T(B;)=-1. (2.7)
Conversely, if u(0) is such a step function, then it is extremal for the I of

(2.5) if, and only if, there exist trigonometric polynomials T € T, 1 satisfying
(2.7). The extremal trigonometric polynomials for I are then exactly these T.

Remark 2.1. If T =1 or T = —1 is extremal for the functional I of
(2.5), then the extremal kernel p need not be unique.

Theorem A is of little avail if we wish to determine the norm of a given
functional I. Nevertheless, it completely determines the class of all I that have
a given trigonometric polynomial 7' as an extremal. There are many interesting
functionals for which the trigonometric polynomial 7'(f) := cosnf is extremal.
The following result (see [9, Theorem 3] or [7, Theorem 12.3.9]) contains a useful
characterization of such functionals.

Theorem B. In order for cosnf to be extremal for the I(#0) of (2.4),
it is necessary and sufficient that the v = A\ +ipx, where py = 0, should satisfy
wn =0 and

n—1
Ao+ 2R Y sy (eiﬂ"f/") F(=1)20=0  (j=0,1,....2n—1). (2.8)
v=1

Furthermore, if the left-hand side of (2.8) is positive for each j, then cosnf is
the only extremal trigonometric polynomial for I.

Theorem B can be reformulated as follows (see [9, p. 269] or [7, Theorem
12.3.10]).

Theorem B'. Let 79 be real and let {v1,...,vn} be any set of n
numbers in C such that Y, _,|v| > 0. Then, in order that

?)‘EZ%CVZV < Ry, (2| <1) (2.9)
v=0
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should hold for every polynomial f(z):=> . _,c,2", such that
co€R and [Rf(2)| <1 (|z] <1),
it is necessary and sufficient that v, > 0, and that

n—1
x {’yn + 2 Z’yn,yz}’ + yoz?} >0 (2.10)

v=1
for zj = eIm/n where j = 0,1,...,2n — 1. Furthermore, if the left-hand side
of (2.10) is positive for all the zj, then equality cannot hold in (2.9) unless
f(z) = 2"
Rogosinski carried the argument substantially further. First, he observed
that if f(z):=),_,c,2" is a polynomial of degree at most n such that ¢ € R,
and [Rf(z)| <1 for |z| <1, then the inequality

n
g Yy, z¥

v=0
holds if and only if the inequality

'% (eio‘ i ’yl,c,,z”>
v=0

is satisfied for all real «. Next, he noted that
. n n . v
e Z’yycyzy = Z%(Oz)c,, (zem‘/”> ,
v=0 v=0

where 7, (a) = v, e/ for v =0,1,...,2n — 1. Since v,(a) is equal to
¥ and ‘%f (zeio‘/”)‘ <1 for |z] <1, he could apply Theorem B’ to deduce the
following result (see [9, Theorem 2] or [7, Theorem 12.3.12]).

<Ry (7<) (2.11)

<Ry (2 <1

Theorem C. Let {vg,..., v} be any set of n+1 numbers in C, which
are not all zero. Then, in order that we may have max,— 1> oo wenz”| <
Ryn for every polynomial f(z) := 3 _qcuz”, where ¢g € R and |Rf(z)| <1
for |z| <1, it is necessary and sufficient that v, >0 and

n—1

%{7n+22'ynyz”+’yozn} >0 (|2 <1). (2.12)
v=1

3. A lemma

For the proof of Theorem 1.2 we need the following auxiliary result due
to Fejér (|2, Theorem II]; also see [11, p. 557] and [10, p. 75]).
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Lemma 3.1. If A\, >0, \y_1 —2)\, >0 and )\];1 — 2>‘j + >‘j+l >0
for j=1,...,n—1, then

Xo+2) Njcosjd>0  (ER).
j=1

4. Proofs of the main results

We shall now present the proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Throughout this proof, A is supposed to be
real. Note that |Rf(z) £ Aco| < R™ for |z| < R™ if and only if

‘?R <(1 + Ao + iR“cyz”>

v=1

<Rr' (][ <1,

that is, if and only if

n
‘3‘% ((1 + AR "o + Z R_"+”c,,z”>
v=1

Hence, applying Theorem B’, with 79 = (1 £ A\)R™™ and ~, = R~(=v) for
v=1,---,n, we see that the desired inequality holds if and only if

R {1 + 2% (R—leiﬂ'“/n)y INCESY (R—leij”/”)n} >0
v=1

for j =0,1,...,2n — 1. In order to see if this is true or not we find it more
convenient to consider the function

n—1
o(z) == |1 — 2|2 (1 —1—222’” +(1+ A)z") ,

v=1

<1 (2| <1).

and examine the sign of Ry (Rfleij”/”) for j=0,1,...,2n — 1. Since

oz) = [1—2? (222”—(14—2”):&)\2")

v=0
= 21-2)(1—2"") =1 —2P (1 +2"F A",

we have
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Re (R_lem) =R {2 (1 - R_le_m)} — 2R " cos (n+1)9 + 2R"2 cos nd)
—(1-2R"'cos9+ R 2) {1+ (L F AR "cosnd}
= 1-R2—R "cosnd + R~ "2 cosnt
+A (an + Rf(””)) cos nv
—2R~ ) Jcos (n 4 1)9 — (1 T A) cosnd) cos 9}
= (1- R_Q) (1 - R "cosnd) + 2R~ ") gin ny sin 9
+A (1 - 2R L cos ) + R_Q) R " cosnd.

In particular,
R (R7) = (1-R™2) (1-(-1/R™)
+(-1)7 (1 — 2R ' cos % + R2> ART™.
Hence, R (R71e™/") >0 for j=0,1,...,2n — 1, if and only if
<R2 — QRCOS'% + 1) Al < (R?=1) (R — (-1)) (7=0,1,...,2n—1),
and so, if and only if
(R* = 1) (R" — (1))

R? —2Rcos (jm/n) +1

Now let 7 = 2m (0 < m < n —1). Then, (4.1) is seen to require, in
particular, that
< (R*—1)(R"—1)
~ R?2—2Rcos(2mz/n) +1

Al <

(j=0,1,...,2n—1). (4.1)

(m=0,1,...,n—1).

Note that if 0 <m <n — 1, then

2 . .
7T+1_{R+2R+1 if n is even

2m
2

-2

R Fcos R%? +2Rcos(n/n)+1 if n isodd.

Hence, R (R_leij”/”) >0 for =0,2,...,2n — 2, if and only if
(R—1)(R"-1)
R+1
(R?—1)(R"-1)
R2 +2Rcos (m/n) + 1

if n is even

Al <
if n is odd.

By taking j =2m+1(0<m <n-—1) wesee (4.1) also require that
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(R2 - 1)(R" +1)
R? —2Rcos(2m+ 1)7/n+1
But, for 0 < m <n —1, we have
2m+ 1) R? +2Rcos (m/n)+1 if n is even
RQ_QRCOSQHS{R?HRH(/) if 7 is odd.
Hence, R (R71e™/™) >0 for j=1,3,...,2n — 1, if and only if
(RZ-1)(R" +1)
R?2 +2Rcos(m/n) +1
(R—1)(R"+1)
R+1
We conclude that R (Rileij”/”) >0 for j =0,1,...,2n — 1, if and
only if

Al < (m=0,1,....,n—1).

if n is even
Al <
if n is odd.

min { (R-1)(R"-1) (R2—1)(R"+1)

} if n is even

A < R+1 " R?2+4+2Rcos (m/n) +1
- , (RZ—1)(R"-1) (R-1D(R"+1)\ .. .
f .
mm{R2+2Rcos(7r/n)+1’ R+1 if m s odd

It is easily checked that
(R—1)(R"-1) (R? - 1)(R" +1)
R+1 R2 +2Rcos (m/n) + 1
for all R > 1. Therefore, if n is even, then Ry (Rfleij”/”) > 0 for
j=0,1,...,2n — 1, if and only if |\ < (R—1)(R" —1)/(R+1). It fol-
lows that if f(z) := Y, _,c2", co € R is a polynomial of degree at most n,
where n is even, and |Rf(z)] <1 for |z| <1, then
(R—1)(R"-1)
(R+1)

If nis odd and f(z):=3 ) ;2" co € R is a polynomial of degree at

most n such that |[Rf(z)] <1 for |z| <1, then for any R > 1, we have

. (RZ—1)(R"—1) (R—1)(R"+1)
R <R". (42
| f(z)|+|Co|mm{R2—l—2Rcos(7r/n)+1’ R+1 - ( z
Remark 4.1. Let n be odd. The coefficient of |co| in (4.2) is clearly
equal to R—1 if n=1. For n >3 and any R > 1,
(RZ-1)(R"—1) < (R-1)(R"+1)
R?+2Rcos(m/n)+1 — R+1

Rf(2)] + lco)) <R (R>1).
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if and only if

(l—cos )R"H < R?+ (1—|—cos—)R+1

n
It follows that if n is odd and R, denotes the only root of the equation

(1—008—) R = R% 4 (1+cos—)R+1
in (1, c0), then K
. (R? —1)(R" - 1) (R—1)(R"+1)
mm{R2+2Rcos(7r/n)+1’ R+1 }
(RZ—1)(R"—1)
R2 +2Rcos(m/n) +1
(R—1)(R"+1)
R+1

it l<R<R,

if R>R,.

Proof of Theorem 1.2. Notethat R™" {f(Rz) + Aco} = Y., _oWwev?”,

where
Yo=1+NR™", »=R"" (v=1,..n).

According to Theorem C, the desired inequality holds if for R > R} and
A < (R—1)(R* ! — R"2 — 1), we have

v=1
To see that (4.3) is indeed satisfied for
R>R: and [N <(R-1)(R"!-R"2-1),

n—1
%{R”+ZZR”_Vei”9+(1+)\)ei”9} >0 (eR). (4.3)

let us write

n—1
R" + 22 R cosvh + (1 + A) cosnf = C1(0) + Ca(6),
v=1
where 1
Ci(0) :=R"— (R—1)(R"'—R"2-1)+2 Z R™Y cosvf + cosnb
v=1
and

Cy(0) == (R—1)(R"™ ' —R"™2 —1) + X\ cosnf .
Now, let R > R}, so that R"' — R*2 —1 > 0. Then, applying Lemma 3.1
with

. 1
Ao i= RP—(R=1)(R™I=R*2-1), o= RY (G=1,0n— 1), A

T2

we see that C1(0) > 0 for all real 6. In addition, it is clear that C2(6) > 0 for
all real 0 if |A\| < (R—1)(R" ! — R" 2 —1). Hence, (4.3) is certainly satisfied
for any such value of A. ]
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5. An addendum to Theorem 1.2

In view of Remark 1.1, inequality (1.14) fails for values of R sufficiently
close to 1, even though the coefficient of |f(0)| appearing on its left-hand side
is negative for R € (1, R}). This may be overcome by modifying the right-
hand side appropriately, such as adding to it My(1) — Af(1), as we do in the
following result. It may be noted that the coefficient of | f(0)| in (5.1) is positive
for R > 1, and the inequality can therefore be seen as a ‘counterpart’ of (1.14)
for Re (1, R}).

Theorem 1.2 Let f be a polynomial of degree at most n such that
f(0) is real, and let My(r) := max,—, |f(2)| and Ag(r) := max,_, [Rf(2)|.
In addition, let K, be the function appearing in Theorem (1.12). Then, for any
R > 1, we have

R
M)+ ([ a0 ) 1£0) £ AR+ 050) = 450, 6.1

Proof. A well-known extension of Bernstein’s inequality for the deriva-
tive of a polynomial says that if g is a polynomial of degree at most n such
that |Rg(z)| < up for |z| =1, then (see [13, p. 61], [9, p. 273], [4, p. 60])

lg'() <pn (]z=1). (5.2)

For any ¢t > 1, let g(z) := f(tz). Then, by (1.12),

max [Rg(2)| = Af(t) < pi= Ap (D" = ra(B)[F(0)]-
and so, (5.2) implies that
f'(t2)] < nAp (D) —nt e (O1F0)] (2] =1,t>1).

Since f(Rz)— f(z) = flR zf'(tz) dt we see that for any real 6 the inequality

R
7 (Re”) = £ ()] < ;O =) =nls O] [ R, (53)
1
holds for all R > 1. It clearly implies (5.1), and is also a refinement of (1.5). m

Remark 5.1. Using Minkowski’s inequality [15, p. 384] in conjunction
with (5.3), we see that for any p > 1,

(5 [ | (o) a0) i (/ ) at) 17(0)

1 ™
< Af(1)R" —
< Ap(1) R + (27r /
This inequality is an extension of (5.1) since

1/p

f (ew)‘p d0> — AD).

—T
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1 ™
1.
Remark 5.2. Let f be an arbitrary polynomial of degree at most n.
In view of (1.2) and (5.2), we have

Mp (@) + ("7 = ") |f1(0)] < Mp (D" < Ayt (E> 1),
from which we conclude that
M)+ {2 r = 1) - 5 - i)
< AfOR + My(1) - A1) (R>1),

whether f(0) is real or not.

f (reie))p d0> v — Ms(r) as p—o0.

6. Two further observations and a couple of questions
6.1. An L?-— analogue of (1.12)
Let f(z):=>1_,cz", co € R. Then,

n
; 1
Rf(re'?) = co+ E 3 (c,,r”e”’e + cyr”e*‘”‘))

—1 n
= z e V"'”‘e“’e +co + Z = erve?
v=—n v=1
Hence,
i (rel )] d9:|c0|2+zn:1\c 2r2 (1> 0) (6.1)
2m 2 ’ '

and so for any R > 1,

1

1 n
il i0 2n 2 _ p2n 2, = 2 p2v
= (R a0+ (2"~ 1)|eof? = B*"eol +2§::|cy| R

2n 2 2 2n i "
<R (ycoy E:\cyy> R (ﬂ/_w
1 ™

Nytwin) = (52 [

mf(eie)f d@) .

Thus, if

o 1/p
%f(rele)‘ d9> (r>0,p>0),
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then, analogously to (1.12), we have
(725 R)) + (B = DIF(0)F < WVp(2: D)) B (R>1).  (6.2)

Problem 1. Find the LP — analogue of (6.2), for any positive number p.

6.2. An L?- analogue of (1.14)

Let f(z):=>_,cz", co € R. Then, by (6.1)
1 [7
2 )y

12 n
FE] a0 = Jeo2+ > fef?
v=1

2 {‘00‘2-1-

Hence, for any R > 1, we have

N =

> Iculz} —leol* = 2(N}(231))* — [eo]*.
v=1

< (gr [_lrenf ao) -~y
Q —T
< {202 D)7~ e} B — (R = 1)le?,
that is, if

f(reie))p d0> v (r>0
,p>0),

pp(psr) = (%/_7;

then, analogously to (1.14), we have
(1(2, R+ 2B =) |FO)P <2 (Np(2; D)) ™ (R>1).  (6.3)

Problem 2. Find the LP— analogue of (6.3), for any positive number p.
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