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problem.
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1. Introduction

Let C' be a space of continuous functions f on I := [0, 1] with the uniform
norm
11 = max | £(2)]

For a function f € C', denote the k—th difference with step h by

k

e |
Aty = Y0 (B o )

j=0
and the k-th modulus of continuity by

we(f) = sup |AFf(@)|.
z,x+khel

Let P be a space of algebraic polynomials of degree < k. Whitney’s constants
are defined by

o Sl
Wi := sup inf ———.
fec\Py_, PePr1 wi(f)
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Let Li_1(f,x) be the Lagrange polynomial of degree < k— 1, which interpolates
f at equidistant points x,, :=m/(k —1):

f(zm) = Lg—1(f,zm), m=0,...,k—1.

Whitney’s interpolation constants are defined by

W sy M ZLeaGl U

FEC\Py_, wr(f) FeC, flam)=0 WK(f)

In this paper we are mainly interested in estimates of W) and Wj.
Namely, we intend to describe the current situation with the following Sendov’s
conjectures, see [17]:

First Sendov’s conjecture : Wy < 1.

Second Sendov’s conjecture : W, < 2.

2. Historical remarks

2.1. Results of Burkill, Whitney, Beurling and Brudnyi. It is
clear, that W7 = 1/2 and W{ = 1. This is the case of approximation of a
continuous function by constant. The results Wy = 1/2 and W; = 1 are due to
H. Burkill [4] and H. Whitney [27].

Burkill’s lemma. If f € C and f(0) = f(1) =0, then ||f|| < wa(f).

Proof. Suppose that |f(a)] = ||f|| and @ < 1/2. Then f(a) = —1/2(f(0)—
2(a) + £(2)) + 1/2/(2a) and [[f]| < |£(0) — 2f(a) + f(2a)] < wn(f). In the

case a > 1/2 we have the same conclusion by symmetry. ]

H. Burkill conjectured, that Wj, < W} < co. This conjecture was proved
in 1957 by H. Whitney [27]. The main ingradient of his proof is the following
Lemma.

Whitney’s lemma. Let k,v € N, k,v >2, X ={0,1,...,v(k—1)}.
Then for f(s), s € X, there exist numbers

a; = a;(s,v, k), 1=0,...,v(k—1)—k,

bj:bj(s,u,k), j:(),...,k—l,
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such that
v(k—1)—k k—1
flo) =Y a@ARFG) + ) bif(iv).
j=0 J=0

Moreover, for s =1 and for arbitrary positive € > (O there exists v, such that

k-1

D bi(s, v k) <e

=1

This lemma can be used in various generalizations of Whitney’s inequality
W/ < co. For example, it was used in proofs of analogues of Whitney’s estimate
for functions in LP [24], for functions on complex arcs [26, 15], for Chebyshev
approximations [28, 16]. But we can not obtain good estimates of W}, and W},
in this way. We can not write any, even a bad estimate, for all k. By using
special identities, Whitney proved the inequalities

8 716 14
<W: <W! <
pSMs1p Fpsh=sg

Whitney noted, that ”the problem of finding the W}, W/ is probably extremely
difficult ...”.

Another proof of Whitney’s theorem with estimates W), < Ck** was
obtained by Yu. Brudnyi [2]. A modified Brudnyi’s proof with estimate W}, <
(k + 1)k*, one can find in Sendov’s paper [19].

On the other hand, the situation is not difficult for integrable on [0, 4+00)
functions. We have the following Whitney—Beurling identity [27]: For A >

0, 0<y<ux, N B
1/A{ | atswan- | Azﬂy)dh}

D) = F) + AL S (1 O)(/ Ty / 1)

j=1 y+jA

This identity implies (we may consider A >> 1) the estimate

1f(x) = f(y)] <2 sup |AFf(a)].
z, h>0

2.2. Results of Ivanov, Takev, Binev and Sendov. In the papers
[17,18,19], Sendov attracted attention to the problem of Whitney’s constants.
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In 1985, as a result of the works [7,1,20], the following remarkable inequality
was obtained [21,22]:

(1) Wi < Const < 6.

The use of the Ivanov—Takev integral operators [7]

(_kai
h(3)

h=(k+1)"1 te[0,n), x=ih+t, i=0,1,...,k,

Vi(f,z) =

h
/0 A f(a — iy) dy,

was essential for proving (1). These operators can be considered as a convenient
tool for transplantation of Whitney—Beurling proof from [0,00) to I = [0, 1].
Sendov deduced (1) from the following lemma.

Sendov’s lemma. Let f € C, k € N. Then there exists p € Px_1
such, that

(@) = p(e) + il f +Z F [t ot Y

where
k

hj(@):= [[ (@=m)/(j—m)

An analysis of Sendov’s lemma leads [9,10] to the following

Modified Sendov’s lemma. Let f € C, k € N and fz/k )dt =
0, i=1,...,k. Then for xz € (0,1/k] we have

f(ix) = pi(f ) / Z% f9) [zk7]<”y““z'>]' dy,

T

where

_1\k—t T
ilha) =g [ lstita — )

The modified Sendov’s lemma implies the inequality

(2) Wi < 3.
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Inequality (2) was independently announced by Yu. Brudnyi [3], B. Sendov [23]
and the author [8].

The estimate
Wj < Const < 36

was obtained by M. Takev [25]. Combination of Takev’s method with the mod-
ified Sendov’s lemma produced the inequality [13]

W), < 5.

3. Recent developments

3.1. Estimates of Wj. In the modified Sendov’s lemma we can replace
f(z) by f(z) — q(z) and remove the condition fﬂl/k f =0, by a special choice of
q € Px_1:

i/k
/ ft)—qt)dt =0, i=1,... k.
0

It is natural to define the corresponding constants:

. 1f —dll
W, .= sup ——.
T reovpe wk(f)

It is clear that W, < Wy
Theorem 1. ([12, 5])

Wi <2 for k < 82000.
Wi <2+exp(—2) for k> 82000.

To prove Theorem 1, we need another modification of the Whitney—
Beurling idea. To this end, put F(z) := [; f(u) du. The following identity can
be checked directly.

Lemma 1. ([12]) If m € {0,1,...,k}, = € I and § > 0 are such that
[z —md,xz + (k—m)d] C I, then

m

(M) = | A f (o~ mit)di
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j=0,7#m J/a
where
"1
00207 Om = > m:1727

The estimates of F' in Lemma 1 provide the following Zhuk—Natanson
identity.

Lemma 2. ([31, 12]) If F(i/k) =0, i=1,...,k, then

1
F(z)= Ak(x)/o Af/kf(:p(l —t)dt, zel,

Combining Lemma 1 and Lemma 2, one can obtain the inequality W} <
Const . For relatively small £ < 1000, one can use PC for estimating the
constants. But for k£ >> 1 we need something else. The next Shevchuk’s lemma
is the appropriate tool for the estimates in case of large k.

Lemma 3. ([5]) Let g :== f —q. Suppose that wi(g) <1, m < k/2, z €
m/k,(m+1)/k], 6 := (1 —=x)/(k—m). Then

m—1
<1400 = 0P (O + 53 (D) o ot - m).

m

Note, that the modified Sendov’s lemma implies the inequality |g(x)| < 1
for x € [1/k,1 — 1/k]. So, to prove Theorem 1, we need only the following



Whitney’s Constants and Sendov’s Conjectures 241

Lemma 4. ([5]) For x € [0,1/k) we have
(1= 2)* = (-1 Ay (o) < 1+ 55,

and

(1—z)f —(=DFAL(z) <1, k< 82000.

Remark. Theorem 1 corrects an arithmetical mistake in [12], where it
was claimed that W} < 2 for all £.

Theorem 2. ([11, 14, 29])

It is not hard to prove that W} > 1,k > 1 (see [10]). An example can
be constructed by smoothing the function f(z) = 0,z # 0, f(1) = 1. The
inequality W} <1 is trivial. With the intention to make the idea of the proof
as clear as possible, let us consider the simple case k = 2. Put

1 y
Glay) = —— [ o)t Glo.w) = gla)
and
k
AhthGac Y) Z ( ) (x 4+ jhl,y + jh2).
7=0

It easy to check that
k bk
Af1 G2, y) = /o Abitina—n19(@ + t(y — x)) dt.

We need to prove that if fz/2 = 5/2(f —q)=0,i=1,2 and ws(g) <1, then
lg(z)| < 1, or in other notation: if G(0,5/2) =0, j =1,2 and \A%LhQG(x,y)] <
1, then we have |g(z)| < 1.

Suppose that max|g(y)| = g(z) and = < 1/3 (the case of z € [1/3,1/2]
is more simple; in the case max|g(y)| = —g(z), we can consider the function
g1 = —g). We have the identities:

(6G(0,2z) — G(2x,3z) —2G(1/2,1/2+ z/2))

— A2 x
9(2) = Al-a)2.G(2,2) — 7=
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and )
9(w) = =5 A70G(0,2) + G(0, 2).

The first identity is a global estimate (with big step h = (1 —z)/2). The second
identity is a local estimate (with step h = x). Now from the local estimate we

deduce
G(0,2x) > g(z) — 1/2.

Combining last inequality with the global estimate, we find that
1 Z A%l—r)/Z,l‘G($7 LU)‘

T
1-—3x

(6G(0,2z) — G(2x,3x) —2G(1/2,1/2 + 33/2))‘

n T
1—3x

(6(g(z) —1/2) — g(x) — 29(x))

9

or
g(x) < 1.

The proof of Theorem 2 for 2 < k < 8 is not simple. The main idea of the
proofs, presented in [14, 29], is due to H. Whitney [27]. Put G(u) := [ g(t) d¢
and suppose, that G(i/k) = 0,7 = 1,...,k. Let max|g(y)| = g(z) > wr(f)-
Consider the identity

1
(~1)* / AR 1 tays 9(3) dE — g(2)

k i (k k i (k
1 (=1 () : (=1)7(5) az
_h—ozx/Z Z . G(J)—F]h)—z—j G(IL’—F]7) s
J=1 J=1
h=(1-a)/k a:0<%<h.
Since the left hand side of this identity is non-positive, then

k i (k k i (k

1< (=17 (%) az 1= (=1)7())
Ma = —— N — )< —= S~ NS . )
(z) — jg_l ; Gx+j 5 ) < . ]E_l 7 G(z + jh)

Lemma 2 implies (see [14, 29])

Ma<$) S O — 1.
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The core of the proof is the following identity

(3) Ag(w) = aigi+ > b AT+ My (@),

where a;,b; € R, ¢ € Ry, g; := G(@, %), A? := means of finite differences.

We will use (3) for = near the origin (the difficult case of Theorem 2). For other
x, we can use some modification of (3) (see [14, 29]). We can suppose, that
]Aﬂ < 1. To prove Theorem 2, it is sufficient to construct identity (3) with the

constraint
A ai + > Ibil 4 (o —1)) e

Identity for k =2, z € [0,1/3].

1 1 1
g(w) = ﬁ(gs + g6) — §A§,0G(07$) + §M2(9C)'

Identity for k =3, = €[0,1/6], go := g(0).
12 4
Ag(x) = aigi+ Y bjAY + cMy(x),
=0 j=1

A = A§/270G(a:/2, z), A= A?:;/Q,OG(Ov'T)v
AF=A3, 12G(0,2/2), A} = Ay, 3,/2G(0,0).
A=396/7, c=12,
a=1[4/3,0,0,0,148/7,5/7,5/7,0,0,0,—-4/9,—4/9, —4/9],
b =1[22/7,—-22/7,88/7,4/3].
We have 396/7 = A > " |a;| + > |bj| + (03 — 1) - 12 = 388/7.

Identity for k =4, x€[0,1/12] .

22 12 4
Ag(z) = Zaigi + Z bjA? + Z CZM(H_l)(x),
i=1 j=1 =1

x x
Al = A‘%,OG(O,x), A} = A;%G(o, ) A3 = A‘%%G(O, 2)
AL =ALLG0,5), Ab=AwG0,2), Ab=AL.G(E,2)
4 — Sxx DY 5 — TI’TZ 19 6 — %7% 9



244 Yu. Kryakin

Al = A1 GE 1), Al = A wG(E 2), A= ALG(32, L),
x,r 2 TR 2 x,xr 2
1
Aly = AL G2 50), AY = AL LG 50), Al = AL LG s0),
279 2 2 7 9 2 272 2

The coefficients a;, b, ¢;, for the case k = 4 and the identities for =, which
are separated from the intervals endpoints, can be found in [14]. Appropriate
identities for k = 5,6, 7 were constructed by O. Zhelnov [29].

3.2. Estimates of W]. The method, proposed by M. Takev [25],
intermediate approximation by polynomials ¢ : 5/ k( f—q =0,i=1,...k,
and estimates of Lemma 3, led to the following theorem.

Theorem 3. ([5])
W} < 3.

Since the inequality

[f(@) = L1 (f,2)| Swr(f), ze[l/k1-1/k],

is known (see for example, the estimates in [13]), we only need to prove that

|f(z) = L1 (f,2)| < 3wk(f), =z €]0,1/k).

By using the notation g(x) := f(x) — q(x), we get

[f(@) = L1 (f52)] < [f(2) = q(2) — L1 (f, %) + q(2))]
k-1

< 1f(@) = a(@)| + [Lioa(f = g.2) = lg(@)] + | Y g(@m)le—1,m((k = 1)z)|.

m=0

To estimate the value of |g(z)| for € [0,1/k) and at the points z,,, m =
0,...,k —1, we shall use Lemma 3.

For z € [0,1/k) we have the inequality
l9(@) <1+ (1 —2)* — (=1)F A (2).
To estimate
_m

k-1
[Li-1(g:2)] = | Y g@m)le—rm((k = D2)|,  om =17

m=0
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we can use the following Lemma 5.

Lemma 5. ([5]) Suppose that f € C, wi(f) < 1. Then for each
m=20,...,k—1, we have

~1
ool < (F1 1) 206 Dot (e

The proof of Lemma 5 is the most technical part of the paper [5]. One
can use Lemma 5 to deduce Lemma 6.

Lemma 6. ([5]) Let feC, k>7, wp(f) <1, x€[0,1/k) . Then

|f(z) = Li—1(f, )| <2+ e(k—1)op_1]|Ap—1()].

Since
€ (k‘ — 1) O’kfl‘Ak,1<$)’ S 1,

we have Theorem 3 for k > 7.

For k < 7, the second Sendov’s conjecture follows from Theorem 2. It
was proved by Danilenko (k = 4) and O. Zhelnov (k = 5,6,7).

Theorem 4. ([6, 30]).

W, <2 k=4,56,T.
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