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1. Introduction

We study the existence and properties of the solutions of Cauchy problem
for the equation:

b e () e (20

in the strip S = (0,7) x R!. All properties of the smooth functions a, b, ¢
and initial conditions we specify later on in Section 2. A typical example for the
equation (1.1) is the double-powered nonlinear degenerate parabolic equation
with w >0

(1.2) wy = Oy (] (w™), P2 (wm)x> , form >0,p> 1.

1

1 1 1
P alg) = gt A= m -

In this case b =0, ¢(s) = ms™ 1
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The equation (1.1) has the following ”Barenblatt type solutions” if ¢(s) =
= |s* and b(q) = (k + Na(q) — (A + 1)a'(q)

hgy o) =[O0 M e ()]
w?\,T(t,x) = [C(T—t)_% + Me(T — t)ox (ﬁ)]i

where [s]; = max[s,0]. The properties of the solutions of (1.1) are well il-
lustrated by means of the solutions (1.3). Functions w}HT and w?\yT are weak
solutions of (1.1) with corresponding initial data.

The most complete studies for the equation (1.2) were made in the cases
m = 1 or p = 2, see Aronson, Benilan [1], Crandall, Pierre [3] and Di Benedetto,
Herrero [6]. When the equation (1.1) is double powered, i.e. m # 1 and p # 2
and b = 0, the existence, uniqueness and properties of solutions were proved
in Esteban, Vazquez [4, 5] and for unbounded initial data in Kalashnikov [7].
Existence results and propagation properties for weak solutions of equation (1.1)
with non-powered non-linearity were obtained in Kalashnikov [8] for bounded
initial data with Lipshitz continuous velocities. For more detailed information
see the survey of Kalashnikov [9]. The properties of the smooth solutions for
the multidimensional equation (1.1) and for non-power like non-linearity were
studied in Fabricant, Marinov, Rangelov [11].

The aim of the work is to improve the results in Esteban, Vazquez [5]
for non-powered case and for an equation with lower order terms. The main
questions that we study for the Cauchy problem for the equation (1.1) are: ex-
istence , uniqueness, regularizing effect, pointwise estimates, gradient estimates,
qualitative properties etc. The plan is as follows: the main results are formu-
lated in Section 2; a regularizing effect and a pointwise estimate for solutions of
the regularized Cauchy problem for (1.1) are studied in Section 3. In Section 4
estimates for smooth solutions of (1.1) are shown. In Section 5 we get the main
theorems through limiting process.

2. The main results

We deal with the Cauchy problem :

(2.1) wy = Op(wa' (vy)) + %b(vx), (t,x) € St
w(0,z) = wp, =€ R!
where v; = wa with v = T'(w), and the following conditions are satisfied:
w
(2.2) ©(s) € C3(R'\ 0),¢(s) > 0 for s # 0 and the function \(s) = SZES)
is nonincreasing for s # 0, A(0) < oo;
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a(g) € C*(R1\0) 1 C(RY),a(g) > 0,a(0) = 0,d/(0) = 0,
(2.3) a”(q) > 0 for ¢ #0,b(q) € C(R1);
(ro — 1)qa’(q) < b(q) < rqd’(q), for some ro > 0,7 > [rog — 1]4;

there exists k > 0, such that b(q) + A(w)a(d'(q)) — ka(q)

is convex in ¢ for all w > 0, where b(q) = b(q) + qd’(q);
(2.4) with o — the Joung conjugate to the function a,

a1 = a(d’'(q)) = qa’ — a, there exist constants 0 < Cq,C

such that Cia(d'(¢)) + C > |q|.

Let us separate the four principle cases with respect to A. Since A(0) is

A(o)—1
nonincreasing we have the inequality @ < m (§> for all 5,0 € R!.
S o \o

e Case (+) : A(s) > 0, A # 0 then ¢ nondecreasis, p(0) =0, ['(w) =
w

= [ s, 1(40) =0, 1(00) = ox.
0

> 0, s < s
e Case (%) : A(s) = 0, sp < s < s1, 0<s09< 51 <00,
< 0, 51 < s < o
then ¢(0) = p(c0) = 0, ¢ is bounded, I'(w) = / #ls) ds, I'(+0) =0,
0o s

I'(00) < 0.
e Case (-) : A(s) <0, X # 0, then ¢ nonincreasis, ¢(c0) =0, I'(w) =
= —/ @ ds, I'(+0) = —o0, I'(c0) = 0.
0
e Case (0) : A(s) =0, then ¢(s) =1, I'(w) = lnw, I'(+0) = —c0,
I'(00) = +00.
Note that I'(s) increases in all cases.

We define for a non-negative and nondecreasing in R}r function H(s),

7 > 0, A > 0 the function fy (1, A) = max H(s)|o| . Let the
a(o)<A[L(1)-T(s)],0<s<T

following inequality holds

T
(2.5) for Hy,(s) = s", / fu (7’, i) dt < oo .
0 "o kt

Note that in the case when I'(0) is finite, (2.5) is a condition only on the func-

T
tion « of the type / ol (%) dt < oo . If sH'(s) > FH(s), T > 719, then
0

1
fu (T, H) is also integrable over (0,7"). In the double powered case for equa-

1 kg
L ko

1 _
tion (1.2) we have fp,, (T, E) ~t Vre ifkg=rop+A(p—1)>0.
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Let H(s) be a non-negative, increasing on R! function, H(0) = 0 and
sH"(s) > rH'(s) with the same 7 > 0 as in the condition (2.3). Denote S;r =
(1,7) x R

Theorem 2.1. (existence) For every wo > 0, H(wp) € L*(RY) N
L®(RY) there evists a week solution w(t,xz) of (2.1) which is a nonnegative
continuous function such that
(a) w(t,z) is Holder continuous and w(t,x) < My for t > 0 , where My =
max wo(x), w(t,z) — 0 for |z| — oo .

(b) there exists a.e. vy(t,x) and for a.e. t >0 , wa'(vy(t,x)) is continuous in
x ; vg(t,x) € L™®(Sr 1) in cases (+) and (£) and wy(t,x) € L>®(Sr) in cases
(-), (0) for T > 0; wy, Oywa(vy), ﬁb(vx) € L;;B(ST) for some >0 and w
satisfies equation (2.1) a.e. in St.

(¢) [|1H (w)lly < [|H(wo)ll1, ’Hl(w)ivza'(vx)

p(w)
H 1
(w) < 2ACH||H (wo)||1, for every t > 0 where A = e Co = const and
1
[l = 1l ey
(d) w(0,z) = wo(x) a.e. in RL.

< A||H (wo)l|]1 and
1

Wi

Remark 2.1. (L' — L® estimate) If for every A > 0 and H as in
theorem 2.1 lim_ fu (7, A) = oo, then theorem 2.1 is true when H(wg) € L'(R1).

Moreover w(t,z) is bounded for ¢ > 0 which follows by means of the inequality

fu (m:?xw(t,x), %) < %HH(wo)Hl. Note that in the cases (+) and (0) this

condition is satisfied since I'(+-00) = 400 . The same result is true in all of the

cases of double powered equation (1.2) since then fr (7, A) ~ A¥ 7% and k > 0.
Remark 2.2. (uniqueness) For ¢t > 0 there exist finite

Li= xli)rjlgooH(w(t, z))a' (v (t,x)) such that Ly (t) <0< L_(t), L_(¢t)—Ly(t) <

1
Z_tr / 1 H(wg) dz. If for every A > 0 and H as in theorem 2.1 lilffs_lO fu(r,A) =
R es

0 then L4 (t) = L_(t) = 0. If in addition b(q) = rqa’(q) then the solution, given
from theorem 2.1 is unique. Moreover if w;, 7 = 1,2 are two solutions in the
same sense with initial data wjo then

/Rl [w%""’"(t,x) — w%“(t,a})Lr dx < /Rl [wiarr(a:) — w%f)”(x)]Jr dx.

Note that theorem 2.1 for the double powered equation (1.2) was proved in
Esteban, Vazquez [4] for m > 1.
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Denote W (t,z) = 00/ (vy(t,x)) and let k is from (2.3).

Theorem 2.2. (regularizing effect) The following estimates are hold:

1

(2.6) W == £>0, in D'(RY).
1 o

(2.7) wy > — W e in R, t>0.

The estimates (2.6), (2.7) are obtained for equation (1.2) with p = 2 in
Aronson, Benilan [1] for m > 1 ; for more general ¢ in Crandall, Pierre [3] and
in Fabricant, Marinov, Rangelov [12] and for d = 1, m > 0 in Esteban, Vazquez
[4].

We define the function

/tt ( s >%5(z'(s))ds : 2(tg) = o, 2(t) = w}, with convex

I\(to,t,xp,z) = inf { —
o \to

2(s)
function 8, 0 < tg <t < T, xg,x € R!. Denote I',(s)

I'(s)—T(o)+ 2(o) for
the fixed parameter o € (0,00). Note that A(0)I's(s) > ¢(s).

Theorem 2.3. (pointwise estimate ) Ifb(q) is greater than the Joung
congugate of B then the solution w(t,x) satisfies

(o)

(2.8) Lo (w(to, zp)) < (%) Do (w(t, @) + I (tos t; 0, 7)
with Ty (s) for o € (minw(t, z), maxw(t, z)), \(o) # 0

A(m)

(2'9) P(’w(to,.’ro)) <Tr <(%) k w(t,x)) —}-I)\(m)(to,t;xg,x)

if A\(m) is finite ,m = minw(t, x).

The estimates (2.8),(2.9) are obtained in Fabricant, Marinov, Rangelov
[11, 12] for smooth solutions of multidimensional analogue of (1.1). They cor-
responds to the classical Mozer pointwise estimate, see Mozer [13] in the linear
case. Note that on the examples of solutions (1.3), estimates (2.6)-(2.9) are
sharp.
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3. Regularized problem

The Cauchy problem (2.1) can be regularized with € > 0, § > 0, in such
a way that

as,be € C,aL(0) = aZ(0) = 0, a. is strictly convex and
e<al(q) < &

(3.1) ae, al, be satisfy (2.3), (2.4) with appropriate r¢, 7o, ke
and tend uniformly on compact subsets of R! to a,a’,b
respectively for ¢ — 0.

There exists a constant My, such that 0 < < wps < My and wo 5
have Holder continuous and bounded second order derivatives;
Hjs(s) is non-negative, increasing in [d, Mo|, H5(d) = 0 and

(3.2) | sH§(s) > rHjg(s) with the same 7 > 0 as in the condition (2.3);
Hs(s) — H(s) uniformly on compact subsets

and Hs(wos) — H(wo) in LY(R!) for § — 0;

there exists a constant C' > 0 and ||Hs(wos)|1 < C||H (wo)]|1-

Let Hs, have the same properties as Hs but with r = r. , and approximate H;
for e — 0.

The regularization is described in details for the double powered equation
n [12]. It follows by Ladyzenskaja, Solonnikov, Ural’tzeva [10] (Sect-s 1, 4 and
5) that under the conditions (3.1),(3.2) the Cauchy problem (2.1) has a unique
solution ws . (t,z) € H?H1H/2(Sy) 1 € (0,1) more over § < ws.(t,x) < My .
Indeed, under (2.2) I" is a smooth function increasing on (0,00) , which may
have singularities only at 0 or co. From (2.1) the change v = I'(w) leads to
Cauchy problem for v (we omit indices ¢, § for simplicity):

v = x(v)a" (V) Vg + V20 (vg) + b(ve), (t,7) € S = (0,T) x R}

(3.3) v(0,2) =vos5, =€ R!,

where x(v) = (I 1(v)).
In order to apply the results in [10] we first regularize x(v) such that

r(3). < ()
Xn(v) = x(v), T (%) < v <I(n).
I'(n), v > I'(n)

Then all conditions of Theorem 8.1, Sect.5 in [10] are satisfied and the Cauchy
problem (3.3) with x,(v) in the place of x(v) has unique solution v(t,z) €
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H2HLIH/2(87). Moreover v(t, x) € H*TL2H/2(S7) if vy 5 € H*H/2(R1) and its
derivatives up to order 2 are bounded. Now by Corollary 2.1 and Theorem 2.5,
Sect.1 in [10] T'(¢) < v < T'(M) and for large n , x,n(v) = x(v) on these intervals.
So v(t,z) € C*2(Sr) with bounded derivatives, which is enough for our aims.
The same is as well true for the regularized Cauchy problem (2.1) for w.

Denote W = 9,a’(v,). In the theorem bellow we get an estimate known
as "regularizing effect” and we proof the Theorem 2.2 for smooth solutions of
(2.1).

Proposition 3.1. Let w(0,z) > _C’io’ with some Cy > 0 then

1

)
A L

(3.4)

Proof. The proof is as in [12] but we repeat it briefly here in a more
simple one dimensional situation. With the notation b(¢q) the equation in (2.1)

LB(%) . Differentiating W in ¢
p(w)

Wi = 0,0" (0)0s ()W + (o]

a,/I/(,Ux)

a (vy)
w V' (vg) + Aw)(vea” (vy) + a” (vz))

p(w) a’(vz)

Under the condition (2.4) we get that the last term on the right is not less then

EW?2. So W satisfies the parabolic differential inequality W; — L(W) > kW?
with some quasilinear elliptic operator L. With Cjy as in the theorem, the

becomes w; = wW +

= p(w)a" (vy)2W + p(w) Wo,W + [2)\(w)vxa"(vx) + l;/(vx)} oW

+\(w) (vz)2a” (ve)W + W2

function z = — satisfies the inverse differential inequality due to (2.2),

kt + Cy
i.e. N(s) < 0. Now using the comparison principle - Lemma 3.2 in [12], we
obtain (3.4) in the whole St. [

By using the regularizing effect estimate the next pointwise estimate
holds. This proves Theorem 2.3 for smooth solutions.

Proposition 3.2. Let in addition to (3.4) b(q) majorate some convex
function conjugate to 5(s) .
(i) With T'5(s) for o € (minw(t, z), maxw(t,x)), A(o) #0

AMo)
t

(35)  To(wlto,z0)) < (%) T (w(t 2)) + Loy (fo, ; 20, 2).
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(i1) If X(m) is finite, m = minw(t,x), (3.5) may be written as

£
(36)  T(w(te,)) <T ((F) w(t,x)) + Iy (tor £ 70, ).

0
! w—l—LI; <wa>

Proof. From the regularizing effect (3.4) w; > ——
kt p(w) w

forO<ty<t.

(i) Note that A(0)T'5(s) > ¢(s) since A(o) nonincreasis and A(o)T'y(s) —
o(s) = / @[A(a) — \(7)]dr > 0. Assume that b(q) is convex together with

g T
its conjugate 5(s) and define
% T /s %

B(r) = (-) T, (w(r, 2(7))+ / <t—> B(3(s)) ds, where 2(s) is a smooth
to \to
curve with z(tg) = zg, 2(t) ==z . Then

(o)

%E(T) — (%) o [k—lTA(a)Fg(w) - @wf + #wxlz + B(é)}
(1) (E) e o] 20

through the Young inequality for b and 8. So E(ty) < E(t) for 0 < ty < t and
we get (3.6), minimizing in z.

(ii) By the properties of ¢ in (2.2) and corresponding inequality for ¢:
p(pw) <
< ()™ < p(w)pM™ if o> 1. If b(q) is convex then él;(sq) is non-

decreasing in s, so

ﬁ?) <<p(w)%> > p E(N_/\(m)SO(Nw)%) :

We use this inequality with p = u(r) =

7 N
S

>k>1for7>t0>0.

Let again E(7) = T'(u(m)w(T, 2(7))) + /t: ()™ B(2(s)) ds, then

() ), + ()] + B

> pwg <w(w)%) + (p(,f; 9 1,5 4 1MW) > 0,
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by the inequality on b above and Joung inequality. So E(tg) < E(t) for 0 < to <t
and we get (3.6). n

4. Estimates for smooth solutions

Below we omit for simplicity the parameters €, § and variable ¢, and write

v" in the place of v,(t,z). For Ay > A = @ = const, x,z € R!

Ckt+Cy’
and h(z) = v(z) + Ailoz(u + Ai(x — 2)), with « - Young conjugate of a, the
regularizing effect estimate (3.4) leads to:

Lemma 4.1. max h(z) = max h(z) for every compact interval I C R,
and ) 1
(i) v(z) < vl +p) + Zalp — Ap) = za(u) i p(v/(2) — (k) 2 0;
(i) () + (@ (0(2))) < v(e) + (@ (/@) + Al - 2));

(iii) o' (v'(x)) < (>)Ap +d (U(ZE + p; - U($)> for p> (<) 0.
Proof. Assume that h(zg) = max h(z), zo € Int I. Then h'(z) =0, i.e.

v'(20) —a’(u+ A(x — 20)) = 0, and h"(20) <0, i.e.
v"(z0) + A1 (1 + A(z — 20)) <0, but

o |

~—

1
o (p+ Ay(z — 20))

a’(v'(20)) = d" (&' (n + A1(x — 20))) =
So
0> a"(v'(20))[v" (20) + A1 (p + Az — 20))] = 02d(v'(2))],_,, + A1 >0

which is a contradiction, so the first part of the lemma is proved.

Since ' (z) = v'(z) — /(1) then:

- If h(z) increases in x then h(z) nondecreases for every z > x

so h(z) < h(z+ p), p>0and ph/(z) > 0.

- If h(z) decreases in x then h(z) nonincreases for every z < x

so h(z) < h(z+ p), p>0and ph/(z) > 0.

-If i =0 since b >0, h(z) = 161}{1 h < h(x + p) for every p.
z

So with every A; > A we get (i) and (ii) is its consequence with p = a'(v/(x))
and x4+ p = z.
To prove (iii) we take (ii) again with z = z + p and the inequality for the
convex function « :
1

—old (V' (2))) =

a1 a(d'(v'(z)) — Ap) + po/ (d/ (v/(x)) — Ap)

|
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so pd(a/ (v (x)) — Ap) < wv(z + p) — v(x), which leads to (iii). [
Let Hs be nonnegative, strictly monotone function on some interval con-

taining (6, M). We shall omit § in the notation of Hy for simplicity. Then the

1 R
functional Jp(f) = H* (E / H(f(y)) dy) is defined and monotone over con-
0

tinuous functions f : R' — [6, M] and JR(C) = C for C = const, R € R\ {0}.
Property (i) from Lemma 4.1 with ;1 = 0 can be written as I'(w(z)) —

1

Za(—AR) < T(w(x + p)) for all p € (0,R), R > 0or pe (R0), R<O

and Rv'(x) > 0 since for such p: %a(—Ap) < %a(—AR). Define as [P]g =
max (P, Q). Since I'(w) € (I'(9),['(M)), M = mgxw(x) we can apply to the

1
inequality [I'(w(x)) — Za(—AR)]F((;) < I'(w(z + p)) subsequently the inverse
increasing function I'~! and the monotone functional Jz(f). So we get

Lemma 4.2. For R#0, Rv'(z) > 0 and H as above:
) 1 _ 1 z+R

(i) [C(w(z)) - al- AR <T [H ! <§ [ Htwt) dyﬂ
If H(6) =0, H(w) € LY(RY) then
(1) () —20 5 @(W(@) 4o 0 and fy (maxu(e) 4) < AIHG)]:
where fr(7,A) is defined in item 2.

Proof. We have to prove only (ii). Indeed, fix R > 0 (< 0) for «’s such

z+R
that v’(x) >0 (< 0). % / H(w(y)) dy —z—o00 0 for every such R under the
condition H(w) € Ll(Rl):? Since H~1(0) = 4, then
1

mvﬂf;(j)b [F'(w(@)) = a(=AR)lrE) < T(9).

Letting R — +(—)0 we get xli)rgo D(w(z)) =T(9).

Since v(z + p) — v(T) —z—00 0 for all p then from lemma 4.1 (iii) we get
lim, o0a’(v'(z)) < Ap, p > 0 and lim,_.o.a (v (z)) > Ap, p < 0 so we obtain
the second assertion of (ii) letting p — 0. |

Since w(z) achieves its maximum M (t) at some finite z then w'(xz) =

v(w) = 0 and from (i) o] (171 ([0 (0) - a(@lres)) ) < AIH @)y for

all 0 = —AR. Let [['(M(t)) — Za(a)]p((g) =T'(s), then 0 < s < M (t) and for all

such s the inequality above can be written as H(s)|o| < A||H(w)||; with o such
that a(o) < A(T'(M(t)) —T'(s)). So fu(r,A) < A||H(w)|; for 7 = M(t).
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Let aH )( a(s)) = s for s > (<) 0. Then aH )(T) is nondecreasing
and nonnegative (nonincreasing and nonpositive), concave (convex) function of

T >0, 0@%,)(0) = 0. For even a(q) : aZ'(1) = —az’(r). If d’(q) < é for

2
2
q € RY, then a(s) > % and a (1) < \/?T, a”t(r) > —\/=. We can also
take as definition of a7} | : ozjrl(T) — inf ~ +af )7 a_l(r) — sup T+ a(p) g
&) p>0 p p<0 P

we have the next estimate for x derivative.

w(z)
©(s )dS_T 2=+ 104(1/(3:)),

/ /
. . <
Lemma 4.3. a(d'(v'(z))) < A wiz) S A

so d' (V' (z)) € (a:l(T),o@l(T)).
1
Proof. We apply Lemma 4.1 (ii) with z = = + Za/(v/(a:)) and use the

w(z)
fact that v(z) —v(z) = / £ls)
w(z)

Let us write down some properties of functions H = H; . defined in (3.2),
r=r..

Lemma 4.4. For s,o € [0, My):
(i) H([s — o]+ + 0) < [H(s) — H(0)]+ and the analogue of this with |.| instead
of [+

(ii) The function H(s) = /:

ds and a(0) = —infa(s) = 0. [

H ~ 1
(o) do is of the same class and H(s) < I
,

H(s).

Proof. (i) If 6 < s < o the both sides are 0, now if § < 0 < s:
[H(s =0 +6) = H(s)s = H'(s —o +6) = H'(s) <0, 50 H(s —0 +0) — H(s) <
H(0) — H(oc) = —H (o). Further

H(ls—o|+0)=H([s—o]+ +6)+ H([o — s]+ +9)

< [H(s) — H(o)|y + [H(o) — H(s)]y = [H(s) — H(0)|.
(ii) Note that sH’— (1+r)H s) is nonnegative and increasing so s H" (s) —
rH'(s) = (sﬁ’(s))l — (14 r)H'(s) = sH(s) = A+ r)H > 0 and H(s) <

S

1 s oH'(0) 1
do = H(s).
T+ /5 ;o= He .
Lemma 4.5. Let w is a smooth solution of the reqularized Cauchy

1
problem (2.1) and let H(wo) € LY(RY) , then fort >0 and A = e
(1) [|H (w)lly < [|H (wo)l-
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(i) | 1) sl @) | < Al )
(i) [ /R Sty [H @) () = B (w)b(e)] dedr < | H(wo)l.
(iv) ’H H < 2AC,, || H (wo|x and/ AW, <o.

R! W

Proof. Since wH" (w)v'a’(v')—H'(w)b(v') > (wH" (w) — rH'(w))v'd’ (v') >
0 then in every bounded interval K we get
& Jic Hw) dz = [i H'(w)wyde = [, H'(w) [0wd'(v)) + St55b(0")]
(1) = wHY (o — fic ot [wH"a (o)) — Hb(0')]
< wH'(w)a'(v') 5 -
C
But wH'(w) < MoH'(My), where My = maxwg and |a’(v')] < —= with some

Vit

C(d,e, Mp) as we noted preparing Lemma 4.3. So we integrate the inequality
(4.1) over (0,t) and get

(4.2) /H da:</ H(wo) /wH’ ) dr

then / H(w)dx < / H(wo) +C1V/'t, that leads to H(w) € L*(R!). According
K K
to Lemma 4.2 (ii) ¢/(v'(x)) —3—00 0 by Lebegue theorem we get from (4.2) the
first inequality (i).
It follows from the regularizing effect (3.4) that the function

0K

H(w) +A/H dy/H’ 'd! ()
is nondecreasing. So for every interval K : 0 < / H'(w )cp w) 'a/ (V) dx <
H(w)d (v ‘8K+A/ H(w)dz and letting K — R! we get (ii).
K
Inequality (iii) is obvious from (4.1) since wH"v'a'(v') — H' b( ">

From the regularizing effect (3.4) it follows that w; > —Aw (w )l;(z/ ).
il = w4 Aw — —2 B0 + b)) Aw‘ < w4 24w + 2

S p(w) p(w) - p(w)
.{—b(v’)Lr where [—b]+ = [-b—qd'(¢)], < [ro—1],qd'(g). Multiplying by
~ H
H(w) = (w and integrating over K as in (4.2),

H
/ (w )|w|dx</H' wtd$+2A/ H(w)dx
K

w
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+2\rg — 1 /lfI’ v'a
[0 ]+ % (,0(71))

gH(w)a’(v’)|3K+2A/KH(w)d:z:+%A/I(H(w)dx

and with K — R!, we get (iv). n
In order to be in a position to pass to limit with 6 — 0, € — 0, we
need some additional and more precise estimates for the solutions ws.(t,x).

The limiting process depends on the properties of I'(w). We summarize the
estimates for the smooth solutions of (2.1) in two theorems.

V') dx

Theorem 4.1. (Uniform bound for z derivatives)
Cases (+), (£):

There exists a function G(T) concave and nondecreasing in T > 0
such that |a'(v'(x))| < G(AT'(M)) and in the case (£) the argument

of G(1) above can be replaced by AT'(o0) = A [5° o(s)
Cases(0), (-) :

There exists independent in indices constant C (M, A) such that
/| < C(M, A).

Proof. In the cases (+), (&) the proof is a direct consequence of lemma
4.3, since /w(z) 9"2 5) g5 < /M @ ds = T(M). So a(d'(v')) < A(T(M)), and
(@) < CLAR), with G(r) = max(a7! (7). —a (7).

In the cases(0), (-) through lemma 4.3 La( (W) < A—/ #ls) ds.

p(w) (w) s
So by the last inequality in (2.4)

M

w o, w , w w
w = v | < ——(C+Crala’ (v < ——C+AC
/(@) = sl < <ES(C+Cral (1)) £ Z=C+AC— [

/

1—
But< 7 ) = Ao )>Oand by I’'Hospitale rule
o(0) ©(o)
fM(p(S)dS
e T AT )

So — < M , and sup [v'| < C(M, A). [

p(w) = p(M) w<M P(w)
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Theorem 4.2. There ezists an increasing, concave function l(s), 1(0) =

0, such that

(4.3) lw(ty, x1) — w(to, z0)| < 1(Cp)

fortg, t1 € [1,00], T>0, |t —to| < p?, |z1 — 20| < p, and C depends on T,
M, || H (wo)]l1-

Proof. Let us define the function h(s) for different cases as:

Case (4): |h(s) = /S &3) do , with v = min(1, A\(c0)).
0 o
Case (+):
h(s) :{ Jo ¢(o) do, s < S0
80(80)(8—80) +Jo’elo)do, s > s,
. >0, s<sp
if A(s) { <0 s> s and so € (0, 00).

)
) = 0, h/(s) is nondecreasing and positive. So h(s) has the
property (i) of H(s) with § = 0 from Lemma 4.4 i.e. h(|s —t]) < |h(s) —
h(t)| for s,t € (0,00) then h (jw(z,t) —w(t, 2)|) < [h(w(t,z)) — h(w(t, £))] =
b (w)w

(E)v'(f)’ |z — &|. From the previous Theorem 4.1 in the cases (+),

p(w) y
(£) v'(€) is uniformly bounded in S; 7, % = w'™ for the case (+) and
{ w(;lo))’w Z i zg for the case (+), which are increasing functions of w
p(w) =
R (M)M
and so bounded by ————
p(M)
R (w)w o .

In the other two cases ———wv, = w, which is also uniformly bounded

p(w)
by the same theorem. So we get |w(t,z) — w(t,2)| < h™H (Crr|x — 2|) for all
t > 7. Let now |z1 — | < g, O<T<ty<ti <ty —{—,02, then for every x such
that |z — x| < g:

lw(ty, z1) — w(to,xo)| < |w(ty, z1) — w(ty, z)| + |w(ty, ) — w(to, )|
+Huw(to, x) — w(to, z0)| < 207" (Carrp) + |w(ty, ) — w(to,z)].

With H(s) = /68 Alo)

[

do from Lemma 4.4 we have

J=0 ([|w(t1,x1) ~ wlto, z0)| — 20" (Carop)] |+ 5)
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< H (Jw(ty,z) — w(te, )|+ 6) < |H(w(ty, z)) — H(w(to, z))|.

Integrating J over |x — zg| < g by the estimate (iv) from Lemma 4.5 we get

pJS/
|x—1‘0‘<§
w(t,x))

</ Ut < [ [ D o) de
‘l‘ $0|< to R1 t 27)

1 2C t 2C
< QC/t AllH (wo)lly dt = —~|[H (wo)[l1 Ln i < —pIIH(wo)Hl
0

fI(w(tl,x)) - fNI(w(tQ,x))‘ dx

2C
So J < EPHH(U’O)Hl and

_ ~ 1 (2C
wlts, ) = wlto. o) < 207 (Couep) + B (2 pIH @O ) — 8
for |z1 — x| < p, |t1 — to| < p? and we get the result of the theorem with

U(s) = 20" (s) + max [~ (s) — 8] and € = max (CM,T, %HH(wo)Hl) .

>0

5. Limiting process, proof of the main theorems

Recall that we omit ¢, ¢ in the notation of the solution w(¢, ) and other
functions in the regularizing Cauchy problem (2.1). We shall use the notation
with a bar: W, T etc. for the corresponding limiting functions as € — 0, § — 0
in suitable subsequences.

The proof of Theorems 2.1 - 2.3 is derived in three theorems:

Theorem 5.1. (i) The solutions of the regularized problem w(t,z) and
the corresponding functions v(t, z) are precompacts in Cioc(Sr 1) and for every
compact K C R' and 7 > 0, ve(t,z) are uniformly bounded in [r,T] x K. The
limit W(t, x) is nonnegative in the cases (+), (£) and positive in cases (-), (0),
Hélder continuous in S.p for 7 > 0 and |[w(t,.)||co < |[Wolloo, |[H (@ (t,.))|l1 <

[ (o) I, i w(t,z) = 0.
(ii) There exist fort > 0 finite left and right derivatives T, (t,x—0) < Ty (t, z40)

and a.e. continuous Ty(t,z) to which the approximate derivatives v, converge
in every Q C Sy .
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(i11) O, (Uy) > —A in D'(St) and W satisfies the pointwise estimates (2.8) or

(2.9).
Proof. (i) is obvious in the cases (+), (£) since the function I'(z) =
S
#lo) do is uniformly continuous in [0, M] and the global boundness of
0 O
vy (t, x) is done by Theorem 4.1. Thus precompactness of w(t, z) by theorem 4.2

leads to precompactness of v(¢, x) and their uniform convergence may be applied
to the previous lemmas and theorems. For instance the Holder continuity of
W(t,z) in Sy and imbedding H (w) € L®°(Sr)NL>®((0,T); LY(RY)) is inherited
from Theorem 4.2 and Lemma 4.5 (i). We also have to use here the postulated
in (3.2) convergence Hs(wgs) — H(Wp) in L*(R'). As a consequence of (i) we
have B(t,z) € Wh* (S, ).

The problem in the cases (-), (0) is that I'(+0) = —oco. Let assume for the
moment that w(t, x) is positive for ¢ > 0. Then in every compact Q) C S;7 the
approximate sequence w(t, z) is bounded away from 0 by a constant depending
on igf w(t,x) and the uniform convergence of v(t,x) in Q" C @ takes place.

Moreover v, (t, ) are uniformly bounded in @ by lemma 4.3 and we can get (i)
as above. Here however v(t, z) € T/Vlicoo(STT)

So it remains to prove the positivity of w(¢, z) in the cases (-), (0). Let
w(t,Z) > 0, W(t,x0) = 0 for some zo < T and x; is such that T € I = (zg, 21).
Note that v(¢,Z) — ©(t,Z) and v(t,x9) — —oo. By Lemma 4.1 the function

h(t,z) =wv(t, z) + A—a(Al(xl — z)) achieves its maximum on 01. So
1

v(t,T) + Ailoz(Al (x1 — 7)) = h(t,T) < max (h(t, zg), h(t,z1))

= max (v(t,a:o) + Aila(Al(xl —x0)),v(t, z1)
Letting ¢ — 0, § — 0 the limit of v(¢,21) must be finite and thus equal to
v(t,x1). Moreover v(t,x1) > 0(t,T) + Aila(Al(ml — 7)) and this is obviously
true for all z; > Z. But for z; — +o0o the inequality contradicts to (¢, z) <
(M) < oco. So w is positive or identically 0 . Meanwhile we proved that
the function h(t, z) = v(t, z) + Aila(Al(xl — z)) for fixed x and ¢ > 0 has the
extremum property of Lemma 4.1. So ©(t,x) is of bounded variation in = on

finite sets.
(ii) Denote

D:t (E(ty :IZ)) — mp%iov(t’ T+ p) — U(tv J:) ’
P
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_ . o(t,x + p) —V(t,x
Da(0(t,) = Lim, g O =),
We shall prove that D;o(t,z) = D'o(t,z) > D 0(t,x) = D_(t,z). Indeed
from (iii), Lemma 4.1 we have g(z, —p) < da'(vy(t,x)) < g(z, p) for p > 0 with
t —u(t
) = Ap o 2222

1/yy+s o —p)) i < LY ) —vlty) l/yw o/ (g(z, p)) dx

and its integrated variant

S S

with arbitrary s # 0. For fixed p the function g(z,
(t,z+ p) —T(
p
limits e — 0,6 — 0, s — 07 or s — 07 in the last inequality lead to D0(t, z) <
@ (9(y, p)) and @ (g(y, —p)) < D_o(t,y) and from p — 0" we get D0 < D7,
D~v < D_w. So there exist finite T,(¢,z + 0), T,(¢,z — 0). Subsequently the
limits e — 0, § — 0, p — 07 in the first inequality lead to @ (v.(t,z — 0)) <
lima/ (v, (¢, z)) < lima' (v, (t,2)) <@ (Tx(t, 2 + 0)).

So Ty(t,z—0) > Ty (t,x+0) and we have v, (t,x) — Ty (¢, z) at the points
of existence of T;(t, z). Note that at the points of maximum of T, the derivative
U, exists since there T, (¢, — 0) > T, (t,x + 0) along with the inverse inequality
we got above.

(iii) At last since @ (T, (¢, ) )+ A2 is monotone increasing then @ (v, (¢, x))
is a.e. continuous and its derivative in D'(Q) satisfies 0a' (v, (¢, z)) > —A.

Let us write (2.1) in a weak form. For & € C3°(St)

p) converge uniformly on
t

,x)) Subsequently the

compact sets to g(z,p) = Ap + @ (

w

5.1 // (w —wa (vy)€p + ——b(vy )da:dt—O

6.1 [ (w6 = e ) + b0

Note that in the cases (-) and (0): since Yo < Mo b(v,) is uniformly

' p(w) — o(My)”
— w W —
bounded in supp £ and b(v,) — b(7,) a.e., then ——b(v,) — ——=b(7,) a.e.;
(12) = () ) — —T(m)

since w(t,z) — wW(t,x) uniformly and wa'(v,) — wa' (v;) a.e. |wa (vy)| <
C(K, M), K C supp &, then we can pass to the limit in the integral in (5.1)
by the Lebegues theorem and obtain that W is a weak solution of (2.1).

Note that in the cases (-) and (0) for every fixed compact K and 7 > 0,

vy is uniformly bounded in [7,7] x K. Indeed v, = #wx and w,, is globally

bounded by theorem 4.1 and by the positivity of @ proved in Theorem 5.1. =
Further we shall prove the possibility of this limit for cases (£), (+) along
with regularity of derivatives w;, 0,wa' (v, ) that gives Theorem 2.1.
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p(w)

(2.1) is satisfied a.e. by W and its corresponding derivatives.

b(w) € L},.(ST) so the equation

Theorem 5.2. w;, O,wa (V') and

Proof. It is sufficient to prove uniform LH’B (St), B > 0 estimates for
the derivatives of approximate solutions. For & € C’O (RY)

T T
[ 22 2 i - [ e [axwa'(vxw Y p(ug)| dodt
o JRI W to JRI p(w)

T T
= —2/ / ¢ vwa (vy) dadt —/ §2wia(vx) dxdt
to R! to R! dt

T T
4 €2wb(vy) dadt < 2 / / €€/ jp(w) [wi|a (v | dacdlt
Rl 1

to

+/Rl §2wa(vx

+/t0 / €|l a(vy) + b(vy)| dedt.

But 0 < a(q) < qd'(g) so (ro — 1)ga’(q) < a(q) +b(g) < (r + 1)ga’(q) and
all expressions with v, are bounded by some C(ty, My, K), where K is a fixed
compact supp & C K. The same is true for w and ¢(w). Since b(q) = qa’(q) +

t=to

1 w
b(q) > rogar > 0 and w; > —k—w"r‘m kt

for t > to. SO/ / 52‘P 2dtdm§C’1[/ /|wt|dtd$+/ (o) d;v]_
t

b(vy) > — et then |wy| < wy + —

Cy, with constants C(tg, Mo, K), Ca(to, Mo, K). Also |w go(w)b< 2)| < we+
2
k,‘_tow So
p(w w | {@(w) 2 4 } |
——b(vy)| <2|EH L .
w wy (w)( ) = (kto)g (w) € loc(StO,T)

If we may drop the multiplier in these imbeddings, we will conclude that

the sets {w;}, {

p(w)

w ~
( )b(vx)} are precompacts in Lj,.(Sr) and the same remains
o(w

w / / : LU o (v I w5
true for {W%a (Ux)}, {0,wa'(v;)} since o) (vz) <

————b(vy),
ro p(w) (v2)
b(v;). Passing to limit in a subsequence we get the

Wb(%c) -

Oywa (vy) = w v
(=) = v = Sty

existence result of Theorem 2.1, by using the fact that

Wb(@c)
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a.e. in S = {(t,z) : W(t,z) > 0} and in the intervals, where

w=0, Wb(%) € ((ro — Dwga'(vs), (r + Dwga'(vy)) — 0.

Of course the interface g; \ S7 has measure 0.

Now we exploit an idea of Benilan [2]. Let 0 < f < min (1, ﬁ) in the

cases (£), (+) where by (2.2), 0 < X\(0) < oo. Then [ i integrable over

' =l
-5 -8B

(0,w) and g(w) = /Ow {%} 7 ds < #)\(O)wg'(w) , wg'(w) nondecreases.

1

ﬁ, for s >0 [siégo(s)], =5 5 p(s) {)\(s) — —} <

T p(s)[A(s) = A0)] < 0. So

w _ w -5 - -
Ll o [ ol 58]
o Le(s) 0

—1_'3 w%(ﬁmﬁ——l_ﬁ {w_lw(w)}%— 15

Indeed for every 0 < 8 <

(VAN
V)
W=

T8 ERCEA =T
_B_
So g(w) and wg'(w) are bounded for w € [0, My]. Then with ¢'(w) = {ﬁ} e

and by the Holder inequality,

/tOT/ngwngﬁdxdt:/t:’/Kg [#wfr[g/(wﬂwtulﬁ drdi
< (/tT/Kéz@w? d:r:dt)ﬁ </tT/K§2g/(w)|wt|dxdt> o < s

and
J</t0/§2[ wﬁig( ) }dxdt

/ Egu)ds] o+ pog (Mo)Mo(T o) / £ da
lo

which is majorized by some constant Cs(tg, T, My, K), supp & C K.

LB(UI)‘ instead of wy. So LA

p(w)

loc
boundness of these quantities leads to corresponding precompactness in Llloc

The same can be done for |w; —
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and the above analysis takes place. Moreover we can pass to limit in the global
integral inequalities of Lemma 4.5. Since in fact d,wa (T,) belongs to some

_B_
LY with 8 > 0, wa@(3,) € L1 ((O,T);C”B (Rl)), s0 W (T,) is Holder

loc loc loc
continuous in z for a.e. ¢t > 0 and v, (¢, z) with w,(¢,z) are continuous on SF
for such ¢t > 0. |
Theorem 5.3. The function wW(t,x) satisfies the initial conditions
w(0,x) = wo(x) a.e. in RL.

Proof. Let ws = liII(l) ws., then ws € C(St). Moreover wg, vs satisfy
E—>

with some

1
all lemmas and theorems up to ¢t = 0 since in this case A =
kt+ Cs
Cs > 0. Let also H(s) is uniform limit in [0, M] of Hs(s) as 6 — oo, where

- s H
Hs(s) is the function defined in chapter 4. With H(s) = / (7) dr and for
o T

fixed K - a compact set in R!
- - t t
/ H(ws)dx = / H(wos) + / [H/(w(;)wa’(v(;m)]‘ - / / G(ws, vsz) dxdt,
K K 0 ok Jo JK

where g(w,v,) = wH"v,@ (v,) — I;['E(vx)] > 0. Here we used a part of

g |

p(w)

the existence result, Theorem 5.2, applied with € — 0 only.
Define further an approximation of [s],

0, s <
fg(s):{ %, 0 < s < o, then0< f/ <1and
s—=3%, 0 < s
0,b s < 0
f(;’(s):{ %, 0 < s <o
0, ¢ < s

For given function F(s, q) and 61,85 > 0 denote { F(w,v,)} = F(ws, , v5,2)—

F(ws,,vs,z). Then in K
d 5
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and integrate it over (0,¢). Since

[ ] 5 ()} @ ey dude < [ [ gws, vs,0) dude

a@mwmw—éﬂmmmm+éﬂwwwﬁmmm

we get

)

0K

Jic £ (1)) () < [ £ ({Hw)}) (0)da

(5.2> + f() ﬁ( )w51 (1)5190) dS‘aK—i—Qfo ‘H w52)w52 (UEQm
+ [ H(wsyo) d — [ H(ws, (t)) dz —

where J, = /ot/l{f” ({ﬁ(w)}) {ﬁ(w)(pzu)vx} {f[’(w)wﬁ’(vx)} dzdt. To es-

dt’

timate J, we shall use the inequality:

o erfa (D) (2)) o fm ()

for u > 0,7 >0, s € R! and @1(¢) = qa’ — a. To prove the estimate (5.3)
s

n
property ¢(p) > ¢(q) + (p — Q)Vc q) gives

120 <%) > ma <%> = (n2 —m)a <%> + (82 — s1)@ <%>
o (3) 2o (3)- - () 1003

Multiplying the first inequality by @1 > 0 and the second by ps > 0 and adding
them together we get (5.3). Let s = H'(w)w,, n = ﬁ'(w)ﬁ, p=wH (w).
o(w

Apply (5.3) to the integrand of J, and get

//0t)me{{H}<o} <’{H/( )<PEU)}{ wH'@ )}‘
{wﬁ'(w)} {H’ a(vy }D dxds.
1

But in the first integral, for instance,
H' (%)W
; H(w) (55, |
U ity Y H 1 @) ) _

o { ©) o) o H(W) Coar, 0= min(dn,b)

note that the function C(n, s na is convex for n > 0, so the convexity
)

+
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at some W € (ws,,ws,) by the Cauchy theorem. It is analogously in the second
integral, so

Limy—40(—Jy) < CE’M//(o,t)me{wé B (‘ ‘ @) (vz)}
4 ‘ﬁ/(m)@ib) —<vx)}\) dads = 0,

since on the set of integrating vs,, = vs,, a.e.. Thus letting 01 — 0 in (5.2) we
omit J,.

The next limiting process 6; — 0 is available due to conditions (2.5),
(3.2) and Lemma 4.3. That gives an integrable in (0,¢) majorant of
max |H (ws, (s,2))@ (v5,2(s,7))|. Recall that H'(w)w = H(w). So

t
lim / |H (ws, )a (vs, ) ‘ ds—/ |H(w)d (vy)| ds
31—0 Jo OK

oK
Since {f[(m(t, .)}t>0 is bounded in L' NL>, then there exists for some t;, — +0,
the L}

loc

/H d:1:+/ H'(w)wd (T,) ds
0

K
the same for all ¢ — +0. So letting it we get from (5.2)

limit H(@(0,.)) € L'(R). In fact the inequality / H@(t))de <

for 0 < ¢/ < t shows that the limit is

/K [E@(0)) ~ Hws)], do < /

y [ﬁ(mo) — ﬁ(w520)]+ dx.

Obviously it leads to H@(0,z)) < H(wo(z)) a.e. and so wW(0,z) < wo(z) a.e.
We choose Hi(w) = w'™ to obtain the opposite inequality. The corresponding

To

71 (w,v) = mgow(—w)((ro — 1)v,@ (vz) — b(vg)) < 0 in the equation for Hi(ws).

t
So / wy’ dx > / wig(t) dz+1o / (wgoal(v(;))’ ds. Basing once more on the
K K 0

oK
condition (2.5) for Hi(s) = s™, for 6 — 0, t — 0 we obtain / w"(0)dx >
K
/wgod:r. So/[ o —w™(0 )]+dx:/w6°dx—/wr0dw§0. [
K K K

Proof. (I)(f Remark 2.1.
The proof of Remark 2.1 was given in the lines of the proof of Lemma 4.2. We
need only the limit e — 0, 6 — 0 in its assertion (i) and analogous arguments
further more. Note that the condition on fr (7, A) is necessary in the cases (+),
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(-) when I'(00) is finite. The property v, (t, ) —|z/—o0 0 remains true only in

the cases (+), (£). m
Proof. of Remark 2.2. .

The function H(w(t,z))a (¥'(t,z)) + A/ H(w(t,y)) dy is nondecreasing in x

due to the regularizing effect and bounded by fa(M,A)+ A||H(wo)|l1. So there
exists finite Ly (t) = liI:il H(w(t,z))a (v'(t,z)) and the monotonicity
T—1L00

H(w)a(vy)(t, z1) < A/g:2 H(w(t,y)) dy+H(w)@ (vy) (¢, x2) for z1 < x5 leads to

L_—L;< A/ ) Hw(t,z))dx < A/ ) H(wo(z)) dz. Since W(t, ) —|z—o0 0,
R R

v(t, ) approaches to its infinimum with |z| — co. Then lim,_, a'(v.(¢, 7)) <0
and lim, . oa’'(vi(t,z)) > 0. So Li(t) < 0 < L_(t). Under the condition
on fr(r,A) we have for all sufficiently large = for which w(t,z) < e that
H(w(t, x))[a@ v (t, 2))| < fu(e, A). So L(t) = Ly(t) = 0. If b(q) = rqa’(q) we
take H(s) = s, then g(w,v,) = 0 and as in the proof of (5.2), Theorem 5.3
we write

/K [w%”(t, T)— w%'”(t,at)]+ dx < /K [w%”(o,aj) —wa™(0, z)}+ dx

+(1+7) /Ot sgn (wi(s, ) — wa(s, x)) {whﬂ“(&g;)a/(vx(s,x))}‘a[{ ds.

1
H) and
a.e. in s tends to 0 with K — R!, the result is obtained from the Lebegues

theorem. -

Since the last integrand is bounded by the integrable function 2 fz (M,
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