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On the b—adic diaphony of the Roth net
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In our paper we consider two classes of two-dimensional nets- the net of Roth and the
generalized net of Zaremba. We give above and low estimations for the b—adic diaphony of

these nets. We obtain an order O ( Vlog by) of the b—adic diaphony of these nets.
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1. Introduction

Let E¥ = [0,1)° (s > 1) be the s-dimensional unit cube. Let oy =
{x1,X2,...,%xy} be an arbitrary net, composed from N points in E*. For each

S
x = (x1,...,x5) € E° let A(on;x) = {Xn : X, € H[O,xi),l <n < N}
i=1
The quadratical discrepancy T'(on) of the net oy is an classical measure of the
irregularity of distribution and it is defined as

T(on) = < / S

Roth [1] established a general lower bound of the quadratical discrepancy:
For every net o, composed from N points in F® with s > 2, there is a positive
(log N) 7+
S

B : )
N A(onN;X) — @1 ... T d:nl...d:zzs) .

constant C(s), depending on the dimension s so that T'(on) > C(s)
This lower bound is possibly the best. There exist nets Oy, composed from N

s—1
points with T(Oy) = O (%) . For s = 2 this is the net of Zaremba [2]
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(see Definition 1) and for s > 3 Roth [3], [4] proposes nets, which have the best
possible order of the their quadratical discrepancy.
In 1976, Zinterhof [5] proposed another measure for the irregularity of
distribution, called diaphony, which is defined as
2) 3

S
where for m = (mq,...,ms) R(m) = Hmaw(|mi|,1), and < m,x, > is the
i=1
inner product of the vectors m and x,, (1 <n < N).
Bikovski [6] established a general lower bound of the diaphony: For every

N
F(on) = ( Z R™?(m) ‘N‘l Z exp(2mi < m, x,, >)

meZs\{0} n=1

s—1
net oy, composed from N points in E* with s > 2 F(oy) > Cl(s)(log#,
where (' (s) is a positive constant, depending on the dimension s.

Grozdanov [7] obtained a class of two-dimensional nets with an order

@) < v lgf 2V> of their diaphony, which is possibly the best. Xiao [8] proved that

the diaphony of the nets of Roth and Zaremba (see Definition 1) has an order

O ( v logby) , too.

bv

2. Statements of the results

Let b > 2 denote a fixed integer and w = exp(ZH). Chrestenson [9]
considers a class of generalized Walsh [10] functions, defined in b—adic system:
The Rademacher functions of order b are defined by

and for n > 1 rp(z) = ro(b"x).
The Chrestenson functions of order b are defined as: wo(z) = 1, Vo €
[0,1) and for integer n > 1 in the form
n=abd™ +...+ayb",
where for 1 < j <m a; € {1,...,0—1} and ny > ... > ny, > 0 the n—th
Chrestenson function is

wp(z) = rpt(x) ...y (), ©€[0,1).

=Tn

Let W(b) = {w,}52, denote the system of the Chrestenson functions of
order b. When b = 2 the original system of Walsh W(2) is obtained.
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We note that for an arbitrary real « € [0,1) with b—adic development

T = Z :zzjb*jfl and each integer n > 0 we have the equation

ro(z) = W' (1)
For vector k = (k1,...,k ) With nonnegative coordinates the Chrestenson
function wy(x) on E* is wg(x Hwk (), x = (z1,...,25) € E”.
=1

Using the system W(2) Hellekalek and Leeb [11] introduce a new version
of diaphony, the so-called dyadic diaphony. The authors [12] make an extension
of the definition of dyadic diaphony to the so-called b-adic diaphony. The b—adic
diaphony of arbitrary net on in E® is defined as

2)%

where for the vector k = (ki,...,ks) with nonnegative coordinates p(k) =

H p(k;) and
i=1

p(k):{ b=29, if b <k<bitl, ¢g>0, g€z,

N
F<w<b>;aN>=(<b+1 T2 ik “1Zwk<xn>
n=1

k¢0

1, if k=0.

For~,0 € {0,1,...,b—1} we note y®J = y+d(mod b). If x = Za:jb_j_l

j=0
and y = Zyjb*jfl we put x By = Z(:E] Dy )bt
j=0 Jj=0
Let b > 2 be a fixed integer. Let n = Z a;(n)b be the b-adic expansion
j=0
of n and let ¢p(n Z a;(n)b~ 3=1 be the n-th element of the Van der Corput-

Halton [13] sequence in base b.

Let v > 0 be an arbitrary fixed integer. Let for 0 < j < v —1 p; =
aj + B(mod b), with fixed o, 8 € {0,1,...,b—1} and u = 0.1 - - . ply—1. For
0<n<b —1weput Pp,(n) =4 and ¢j(n) = ¢p(n) ® p

Let ¥y, = {¢pp(n) : 0 <n <" —1} and ¢, = {#,(n) : 0 <n < b —1}.

Definition 1. For any positive integer v, the Roth net and the gener-
alized Zaremba net in base b, composed from b” points are defined respectively

by



106 V. S. Grozdanov, S. S. Stoilova

Ry, = {(pp(n),dp(n)) : 0 <n < —1},
288 = {(n(n), $h(n) : 0 < m < B — 1},
When o = 1 and § = 0 the net Z;”B is introduced by Warnock [14].

When b =2 and @ =1 and $ = 1 the net Z%i is the original Zaremba [2] net.
If a =0 and 8 =0 then ZI?’S is the original net of Roth Ry ,.

In our paper we will obtain an order O ( < 125 ) of the b-adic daphony

of the Roth net and the generalized Zaremba net. The next results hold.
Theorem 1. For any integer v the inequations hold

—-1v b 1 b 1

— - — ———— < F2W(b); Ry,), F2ON(b); 2277
bra v py2w oo = VO R, FEOV0):Z,)

¥-1v 20b+1)1 2b 1 b o1
< = — = —t——.
~ b+2 v b+2 b b+2b%  b+2b¥

Corollary 1. The following equations hold
b EOV(b); Ry.v)

5
P vlog b

_[eer VEOVORZ) [

V(b +2)logh’ v—oo VIog ¥ \ (b+2)logb’

Corollary 2. The following equations hold

lim 2EOV@iRey) 1 3 2FOVR)iZp) 1 [ 3
v ViogZ o 2\log2t v VIog 2 log2”

The results, exposed in Theorem 1, Corollaries 1 an 2 have been an-
nounced in Grozdanov and Stoilova [15].
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3. Preliminary results

Lemma 1. Let 0 < g1 < v —1 be an arbitrary fized integer. An
arbitrary integer ki, b9 < ki < b9 we will represent in the form

k1 = g 09 + g 1094 apb™, (2)

where for 0 <m < j < g1 a; € {0,1,...,0— 1} and o, g, # 0. Using ki1 we
define the integer
kY = @b T @ 0T T, B

where form < j < g @; € {0,1,...,b—1} and a; @; = 0.
Then for every integers g2, 0 < go < v — 1 and ko, b92 < ko < b92H1 the
following equations hold

Wooif ko — k*
Z W, wbu ’U)k2<¢b< ))‘ = { 07, ij; kz 3& k%,

Proof. For an arbitrary integer i, 0 < i < b” we will use the represen-
v—1

tation ¢ = Z inb". For an integer k; of the form (2) using (1) we have
h=0

Wy ¢bu H WO —1-h (3)

Let ko = k7. From (1) we have

W, ¢b H we h (i — 1—h+Hz/—1—h)‘ (4)

From (3) and (4) for Vi, 0 < i < b, wg, (VY5 (8))wiy (¢(7) H WOhHy—1—h

and

b —1
Z wkl (wb,lj( ka gbb Qpfly—1—h Z 1 _ by
=0

Let now kg # ki. In order to avoid considering different cases, we will

v—1 v—
be using the representations k; = Z apb, ko = Zﬁhbh, where ay, 0, €
h=0
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{0,1,...;,0—1},andfor O < h<m—-1land g1+ 1< h<v—1a,=0. Then
from (1) we have

b—1
Z Wi,y ¢bl/ wk2 be Z Z H wahlu 1—h H W’Bh ihtpn)

10=0 1,—1=0 h=0

v—1 b—1
_ H wWBnin H Z (av—1-n+Bn)in_ (5)
h=01,=0
The condition ky # ki shows, that there is some 6, 0 < § < v — 1, so that
b—1
Bs # @y—1—5. Then we have Z wlav-1-64B5)is — () and from (5) we obtain
15 =0

Z Wiy @Z)bu wkz(¢b( )) =0.

Lemma 2. The following inequations hold

1 , 1
F(W<b);¢b,1/) < ﬁ? F(W(b)7¢b,u) < \/bT’

Proof. From the deﬁnition of the b-adic diaphony we have the next:
2

b9+l _1 bY—1
( Qpbu = Zb 29 Z v Z wk(wb,u(i))
k=b9 bv i=0
= b1y 4 b1 2
22 Y S (W) (6)
g=v k=by i=0

We have that for each integers g, 0 < g <v—1and k, b9 < k < 971, the
functions wy(x) are situated on b97! sections, each with length b=971. Tt shows
that in each section there will be b*~9~1 points of the net 1. But the functions

wg(z) take the values WO wl, ..., wP ! and each of these values is encountered
b9 times. Hence,
b —1
> wi(en (@) = b1 Zw (7)
i=0

For each integers g, g > v and k, b9 < k < b9+1, we will use the estimation

bv—1

wy(Yp (1)) < 1. (8)

b
|b i=0
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From (6), (7) and (8) we obtain

|
2
FXOV(0); ) < Zb 2D SRE
k=b9
The demonstration of the second inequality is the same. ]

4. Proof of Theorem 1

From the definition of the b—adic diaphony we have the next:

2
PV 23) Z Wk, (Y1, (0) w0, (85(0))
1 ot 2 1 oo b -1 2
- 5557 ;;p(k ZO k(b0 (1)) + ) ’;p(k) 3 wi(¢h(i))
1 (o) 1 b —1 . . 2
g 2 2 ) | 2w e () wn (6(0)
_ i 2 I Ll
_b+2F( ()wby)—i_b—l-QF( (b)7¢b,u)
2
1
) Zl kZﬂp ko) | Z W W D (GH@)| - ©)
For the sum of the equation (9) we have the presentation
2

b¥—1

1 bll’ Z Wiy 'QZJb 1/( ))wk2(¢b( ))

o0 [ee]
k1, ko)
IEIP IO

1 v—1 p91tl_1 p—1 po2+1_1 1 2
b DL Z PRI Zwkl o (i) )y (5(1))
( T )9 =b91 ¢g2=0 ko=b92
1 = b1t -1 oo poatl 1| o -1 2
e DD DD DLEED Zwkl W (0) )y (5(7))
(b+ )91:0 k1=b91 g2=v ko=b92
1 po1tl_1 p—1 p92+1l_1 1 b= 2
=D LD VD SUACID S Z (W (0) 0y (G55
g1=v k1=b91 g2=0 ko=092 =0
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b91tl_1 oo po2tl_1 1 bY —1

_|_
g1=v k1=b91 g2=v ko=b92 =0

=21+ 22+ 23 + 2y

We have the next estimations:

v—1 b1+l 1 oo p92+l_1 b

1

1 b2 2 ____i__l;__
22<Mb+22; SIDIED DL S B b+2b" b+2b6

k1=b91 g2=v ko=b92

By analogy we can prove that

b 1 b 1
38 T T Ty T
b+2b b+2b%
b 1
I ——
1= o

For arbitrary integers m and g, 0 < m < g, we introduce the sets

g
A(g,m)={keN: k= Zajbj,aj €{0,1,...,b— 1}, o, g # O}

j=m
It is obvious that

=12 if 0<m<g-—1,
|A( m)‘_{b—l, if m=g.

For the sum X1 we have the 1next:y 1 b1t 1 o1
Y, = p— 291 p—292
= DI Vb o
g1= k1=b91 go=

po2tl_1 2

X )

ko=092

Z Wiy Qpbl/ wk2(¢b( ))

=0

Sems Y Sy

91 0 m= OkleA(g1,m)g2 0

b+2

po2+l_1 2

x D

ko=092

L Zwkl s (6) 0y (B(5))

1 v—1

v—1
Sy 2t L

91=0 k1€A(g1,91) 92=0

2

b(b:-2) Z 72g1 Z Z b~ 202 Z Z Wk, wbu wkz((bb( ))

(10)

(11)
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po2+1_1 1 b —1 2
X Z Z Wi, (Y, () ) wi, (H4,(2))
ko=b92 =0
_ — v—1
PSSPV W
b + 2 m=0 k1 €A(g1,m) 92=0
p92+1_1 2
Xy Z Wy (Yo, (1) )wis, (63,(7)) (14)
ko=092 1=0
From Lemma 1 for (14) we have
v—1
¥ = b bl 5 Z p—291p—2(v—1-g1) Z 1
( + )91:0 k1€A(g1,91)
g1—1
Z —2g1 Z b (v—1—m) Z 1
b + 2 k1€A(g1,m)
b v—1 g1—1

b+2b2vz > 1+mzob—2mzb2m S o1
g1=

91=0 k1€A(g1,91) m=0 k1€A(g1,m)

_bb-1) v (-1 SN S
T (b+2) W b+2b2vzb Zb

-1 v b 1 b 1

= — — —_. 15
b+2 b b+2bz’/+b+2b3V (15)
From (9), Lemma 2, (10), (11), (12), (13) and (15) we obtain
¥—-1v 20b+1)1 20 1 b 1
FXV0); Z,)) < = T =
W) 2y,) < br2b " b2 B br2b  bt2bw
It is obvious that
F2OV(0); Z51)) =
1 vl b1+l 1 y—1 b92t1-1| o b—1 2
s PILEUDID YL W D SEAEWOITREI)
g1= =b91 go= ko=b92 =0
From (15) we obtaln
¥—-1v b 1 b 1
F2(W(b); 227y > LA
(W() by)_b+2b2y b+2b2y+b+2b3y’
so that the Theorem 1 is completely proved. [

Corollaries 1 and 2 are obtained directly from Theorem 1.
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