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with Impulse Effects
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A generalized Cauchy problem for linear singularly perturbed systems with generalized
impulse actions is considered. The asymptotic expansion is constructed by boundary functions
utilizing generalized inverse matrices.
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1. Statement of the problem

We consider a singularly perturbed system

(1) 5% = Az +cAi1(t)x + o(t), t € [a,b], t #75, i =1,p, 0 < e <K 1,

a=10< T < <Tp<Tpy1 = b,
the generalized initial condition
(2) Dz(a) =v

and the generalized impulse conditions at the fixed moments of time

(3) NZ‘H}(TZ‘ + 0) + Mim(n — 0) =h;, 1 =1,p.

The coefficients of the problem (1 — 3) satisfy the following conditions:
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(H1) A is an n x n constant matrix and has eigenvalues with negative
real parts,
A € U(A), Re \; <0, izl,—n.

(H2) A;(t) is an n X n matrix whose elements are continuously differen-
tiable functions of class C*[a, b].

(H3) ©(t) : [a,b] — R™ is a piecewise continuous n-dimensional vector
function, which has discontinuities of the first kind in the points 7;, i = 1,p,
i.e.,

80(75) = ¢i(t)> te (TiflvTiL t=1p+1, (p(a) = 901(7_0)7 (P(b) = (pp+1<7_p+1)a

pit1(m) = tiiﬂow(t% i=1p, ¢i(t) € CF(ri—1, 7], i=1,p+ 1.

(H4) D is an s x n constant matrix and v is an s-dimensional constant
vector.

(H5) M;,N;, i = 1,p, are known k; x n constant matrices, h; are k;-
dimensional constant vectors.

We set formally e = 0 in (1). Thus we obtain the degenerate system

(4) Az +p(t) =0,

which has a solution
zo(t) = —A (1),

We seek an n-dimensional vector function z(t,e) piecewise continuously differ-
entiable with respect to the first argument and continuous with respect to the
second argument when ¢ € (0, g¢], i.e.,

z(-,e) € CY[a,b)\{T1,...,7}), z(t,-) € C(0,e0],
satisfying the problem (1 — 3) and the next limit relation

iii%x(t,a) =xo(t), t € [a,b]\{T1,..., 7}

The problem (1 — 3) was considered in [3]. In that paper we obtained a separate
requirement for each term of the asymptotic expansion, but in the present paper
there is just one requirement for the definition of all elements of the asymptotic
expansion of the solution of (1 — 3). We get this by another approach, more
precisely, by a modification [2] of the problem (1 — 3).

The basic methods for research of linear and nonlinear impulse systems
for ordinary differential equations are described in the monograph [5].
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Singularly perturbed systems of the form

dx dy
(5) E_f(tvzl:ay)v 5E_g(tal‘7y)
with initial condition z(a) = v (D = E) are considered in [7].
Results from [7] are applied in [1] for the system (5) with impulse condi-
tions of the form

(6) Azli—r, = Siz +a;, i =1,p.

We must note that in [5] a fundamental matrix of the solutions of the
impulse system

Ci]—i =At)x, t # 1, Az|i—r, = Siz, i=1,p,
under det(S; + E) # 0 is essential. With its help the solution of the system (5),
(6) is constructed in [1].

In this paper we consider generalized impulse conditions (3) as M;, N;, i =
1, p, are arbitrary rectangular matrices. This shows that we cannot use the fun-
damental matrix from [5].

As in the paper [3] we utilize the method of boundary functions [7] and
generalized inverse matrices and projectors [4], [6].

2. Asymptotic expansion

We seek a formally asymptotic expansion of the solution of the problem
(1),(2),(3) in the form

> - - t— T
(1) alte) =S e (@h(t) + Ty(m), vi= — =L =T, p+1,
k=0

€

where zi(t) are the elements of the regular series and II%(v;) are boundary
functions in a right neighborhood of the points 7;_1, i =1,p + 1.

We substitute (7) in the system (1), expand the function A;(¢) in Taylor
series in a neighborhood of the points ¢t = 7,1, i = 1,p + 1, equate the coeffi-
cients at the like powers of €, separately with respect to ¢ and v;. Then for the
elements of the regular series we obtain

i o —A_l i(t)’ k= 0’
(8) wp(t) = { A*l(Lsi;}'gil)(t), k=1,2,...,

where L is an operator of the form (Lx)(t) = ‘fl—f —At)x,i=1,p+ 1.
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The following systems are obtained for the coefficients of the singular
series

dIT: (v; . , )
(9) %:Ang(yi)juf;(yi), k=0,1,2,..., i=1,p+1,

where the functions f{(v;) have the form

0, k=0,

(10)  fi(w) = L AR i
0= { gy 0 iy ko1a,

We seek the solutions of the systems (9) as follows

(1) T0 () = X (i)t | X ()XY (s) fi(s) ds,i = T,pF L,k =0,1,...,
0

where ¢} are n-dimensional unknown constant vectors and X (v;) is the normal
fundamental matrix of the solutions of the system % =AX, X(0)=E,.

We combine the initial condition (2) and impulse conditions (3) rewritten
in the form

p+1

(12) Z lLix'(-,e) = h,
i=1

where
1 _ T 1 T 1
liz (-,6) = (D, @1, ceey @p+1) T (a,6)+(@0, My, 92, ey @p+1) T (7’1,6),
Liz'(-,e) = (Op, +.., Bi—a, Ni—1, 6y, -+, Opy1)” 2 (1i—1,€)+
+(O0, -y ©i1, My, ©iy1, -.ny Opi1)! 2(my€), i =2,
lp+1xp+1('75) = (®0a ey ®p7 Np)T xp+1(7_]>75)7

g, ©;, i = 1,p, are respectively s x n and k; x n, i = 1,p, null matrices,
h = (v, h1, ha, ..., hp)T is a v- dimensional vector, v = s+ ki +--- + k.
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We introduce the following notations

D;(e )—ZX(M), i=1,p+1 — (v x n) matrices,
D(e) = (Di(e), Da(e), ..., Dpti(e)) —a (v x (p+ 1)n) matrix,

To =T — ZPH lizh(-) — a v-dimensional vector,

13
+1 p+1 ;—Fl ()=Ti—1 -1 i

) = - et () - ST gy X (O X i) ds

—
~—

a v-dimensional vector, k =1,2,3,...,

= (ck, .. cp+1> — a (p + 1)n-dimensional vector, k =0,1,2,....

We substitute the series (7) in the conditions (12) and according to (8),
(9) and the notations (13) obtain the following systems

_ o k=0
14 DE = :’ ’
(14) ()2 {hk(s), k=1,2,3,....

We consider the case when the matrix D(e) has a representation

D) =D +0 (e (-2)),

where D is a v X (p+ 1)n constant matrix, and by O (e?exp (—2)) we denote a
matrix consisting of infinitely small with respect to € elements. We neglect the
exponentially small elements in the matrix D(e) and the systems (14) take the
form

(15) Doy = Do k=0
he(e), k=1,2,3,....

Let the following condition hold:

(H6) rank D = ny < min(v, (p + 1)n).
Then rank P5 = (p + 1)n —n1 = ¢, and rank Py = v — n; = d, where P5 and
P are projectors Pp R®*tD" _ ker D and P5 : R — ker D*. Thus in the
(p+1)n x (p+1)n matrix Py there exist ¢ linearly independent columns and in
the v x v matrix P+ there exist d linearly independent rows. We denote by P%

a matrix consisting of arbitrary ¢ linearly independent columns of the matrix
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Pg and by P%* — a matrix consisting of arbitrary d linearly independent rows
of the matrix Py-.

Let kK = 0. Then from (15) we obtain the following system Dy = ho
which has a solution

(16) = Pleo+D ' ho, & € RY,

if and only if
d 7
(I—i7) Pﬁ*ho =0. _
Here by D' the unique Moore - Penrose pseudoinverse matrix of the matrix D
is denoted.
We substitute the solution (16) in (11) and get to

(17) () = X' ()& + (), i = T,p + 1,

where 71(1/@) = X(v;) {P%} E ﬁé(l/i) = X(v;) [ﬁJrﬁg} . The index n; shows
that the i-th n-tuple of rowsz of the matrix PL, respectilvely of components of

the vector E+ﬁ0 is taken.
_ We define the unknown constant vector &y from the solvability condition
P%*El(s) = 0 of the system D¢, = hy(e), which is obtained from (15) for k = 1.

In accordance with (13) the vector I (¢) has the form

p+1 p+1 ()—7i—1

e =~ () - 2 [ (M) x e s

The function f}(v;) according to (10) has the representation

fiws) = Ar(rim) (), i =T, p+ L.

In the last equality we substitute the solutions (17). Thus

fiwi) = Al(ri) X ()0 + Ar(rim)To (i), i = T,p + 1.

In this way the vector fy (¢) has the form

(18) Ti1(€) = hio + B(e)& + by (e),



Generalized initial value problem ... 139

where
= p+1l . .
hio = — Y lizi(-) — a v-dimensional vector,
i=1
p+1 ()—7mi1

B(e) = (—19% Lifo ¢ X (()7%) X’l(s)Al(Ti,l)yi(s) ds — a v X ¢ matrix,

Ti—1

p+1 O ()= —
hie)=—Lhfy X (F2) X9 Ain)T(s)ds —a v
1=

dimensional vector.

We substitute (18) in the solvability condition P%*ﬁl(s) = 0 and obtain

(20) Q(e)éo = hao + bi(e),

where Q(e) = P%*B(z-:) is a d x ¢ matrix, hig = —P%*ﬁlo is a d-dimensional
Yector,

bi(e) = —P%*bl(a) is a g-dimensional vector.

The form of the matrix B(e) and the vector by (¢) shows that they consist
only of infinitely small elements with respect to e, i.e., B(e) = O (68 exp (—g)) ,
bi(e) = O (e%exp (=21)), s, ¢ € N, 3, v are positive constants. Therefore the
matrix Q(e) = P%*B (¢) also consists only of exponentially small elements. The
right-hand side of the system (20) besides the infinitely small elements by (¢) =
—P%* b1 () includes the elements not depending on ¢ — i~z10 = —P%,jlo. Thus
we seek the vector &y in the form of series at the negative powers of the small

parameter €
(21) €=+ E&ne  + e P+

Keeping in mind the representation of exp (—%) in the form

a -F q 1,4 o ras e
exp<—g>:e 1+i€ —|—§€ 4+ .- ] =€ Z*,

a:Fs—q,F:—[—g},O§2<1,
€

for B(e) and b1 () from (19) it is easy to find

B(E) = Z ng—j, b1(8) = Z blj€7j,
=0 j=0
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where Bj, b1, 7 =0,1,2,..., are known matrices.
Then the system (20) takes the form

o 9]
(22) > Qe (foo + &+ &ope P ) = by,
Jj=0 j=0
where

- — P, (B +b -
@3)= pi* B;, j=0,1,2,. blj_{ D ( 10 + 1o>7 3 =0,

—P%*blj, 7=123,....

We equate the coefficients at the like powers of ¢ in (22) and obtain the following

systems

B B J
(24) Qooo = bro, Qoloj =b1j — Y Qs&1j—s, §=1,2,3,....
s=1
Let the following condition be fulfilled:
(H8) rank Qo = g = d.
From (24) we define successively &y, j =0,1,2,...:

(25) o0 = Qg bio. &oj = (513 Zstlg s) y J=1,2,3,....
We substitute (21) in (17) and II4(v;) takes the form
(26) (1) = X (1) ifoﬁ_j + o), i =T,p+ 1,
j=0
where &;, 7 =0,1,2,..., have the representation (25).

Further we con81der the systems D¢, = ﬁk(e), k=1,2,3,....

to H6 the latter have solutions

(27) o =Pie+D hile), & €RY k=1,2,3,..,

if and only if P%*ﬁk () =0.
We substitute the solutions (27) in (11) and obtain

(28) H’;i‘(Vz) :72<V1)£k +ﬁ;f<yl)a k=1,2,3,...,1=1,p+1,

According
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where

o, () = X (v )[D hi(e +/ X ()X (s) fi.(s) ds

We define the unknown vector & from the solvability condition P%*ﬁk+1(€> =0

of the system D¢, = ﬁk.'.l(g). The vector ﬁkﬂ(s) has a representation analogous
to the form (18) of the vector hi(g):

(29) r1(2) = hisr0 + B(E)Ek + b1 (€),

where
p+1

P10 ==Y lLizh i1 (),
-1

p+1 O—mia1

@) = -3 [ x (V) X (A T+
i=1

klA(kj

+Z TZ 1) k_jH§~(s)) ds.

In accordance with (29) for £ we obtain a system analogous to the system (20):

(30) Q)& = hyy10 + brs1(e),
where _
hit10 = —P%* hi+1,0,
I;k+1(€) = —P%*bk+1(€).

Then we seek & in the form

(31) & = Eko + Epre ! + Epoe T+

Analogously to the system (24) we get

J
(32) Qo&ko = brs1,0 Qolkj = brgry — D Qsértirj—s, J = 1,2,3,...,
s=1

where _
~ . —Pi* (hk+170 + bk—i—l,O) ) .7 = 0’
bry1,j = D :
» —P%*karl,jy 1=1,23,...,
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bry1(e Zbkﬂ,g&? J.

The systems (32) under H8 have solutions

(33%k0 = Qp "brr10- Ekj = (bk—i—l,j ZQS&,J s), =1,2,3,....

We substitute (31) in (28) and obtain

o0
(34) TIL(14) = Zﬁkﬁ I+ M), k=1,2,...,i=T,p+1,
where &, j =0,1,2,..., have the form (33).
A proof of the exponential decreasing of the boundary functions and the
bound of the remainder term of the series (7) is described in [3].

Thus the following theorem is true.

Theorem 1. Let the conditions (H1) — (H8) hold. The initial value
problem with impulses (1 — 8) has a unique asymptotic solution of the form
(7). The coefficients of the regular series have the representation (8) in each
subinterval (1;—1,7;], i = 1,p+ 1. The boundary functions have the form (26)
fort € (10,m1] and (34) fort € (ti—1, 7], i =2,p+1, as &, j = 0,1,2,..., have
the representation (25) and &y, k=1,2,3,..., 5 =0,1,2,... — the form (33).
For the boundary functions the following estimate holds

I, (vi)ll < o exp(—kwi), i=Tp+1, k=01,...,
where o and Kk are positive constants.
Remark 1. If D is a nonsingular square matrix, then the problem (1),

(2), (3) has a unique solution of the form (7). The coefficients of the regular
series have the representation (8) and the boundary functions — the form

H%(V’L) :ﬁz:(y’i)v k= 0,1,2,...,t=1,p+1,
asD =D ..

Remark 2. If instead of the generalized impulse conditions (3) the
function z(t,¢) satisfies the following impulse conditions

(35) MZ':E(Ti —0) —I—NiZL‘(Ti—i-O) :Ii(ZL‘(Ti —O)), ) :m,
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where M;, N;, i = 1,p satisfy H5 and I;(x) are k;- dimensional vector functions,
whose elements are continuously differentiable functions in the neighborhood of
the solution of the degenerate system (4).

We substitute the series (7) in the impulse conditions (35) and expand
I;(z(7; — 0)) in Taylor series in a neighborhood of x(7;).

Li(z(r; — 0)) Ze (2 (1) + I (D=L
k=0

) = Ii( Za ZL‘k Ti)) = (w’o(n))

I (2 (1) (e (1) ++ - e e (1) +- - )+ 1] (2h(73)) (e (i) +- - &P (1) +- )2
+ o= Li(xh(m) + eli(wh ()2 (i) + (I (xh (1) 2h(73) + Biz)
oo (L (m)) k() + B) hy + ehi +&*hy + -

where B;; are expressed by z% (1), v = —1.

In this case
p+1 p+1

o=~ hy— > Liah(),
=1 =1

1 +1 +1 ()i
Laxgu : X : 1X<(')_Ti—1

—;h“ —;zix;(.)—;zifo

k=1,2,3,....

) XY(s) fi(s)ds,

The form of the latter does not lead to essential changes in the algorithm above.
This shows that in this case we also may utilize this approach.

3. Example
Let the problem (1-3) have the following coefficients

(1 -4 (11 _fa-t o, telo1], 5
A<2—5>’A1(t)<0 1)’9"“) 0 re(2, P~
00 -1 2 2/3
(1, 2),v=4,N;=| 1 3 |, M = 0 0|, m=]| 1
2 1 1 -2 1/3
Then
2t — g3t 2e73t _ et _ 2et — 3t 23t — et
X(t):< et _ g3t 93t _ ot >’X l(t):< of o3t 9e3t _ ot )

According to (8) for the elements of the regular series we find

wh(t) = (2 §§> 1<t>=§<23j$ft),te[0,11,m%<t>=w%<t>=o,
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te (1,2
Further
1 2 00 1 0 O 0 -2
— |1 0000 —+_1200 0 1_1 1
D_0013’D_500—13’P5_50’
00 2 1 00 2 -1 0
1
P%*: ( 0100 ),ﬁoz (1) and the condition (HT7) P%*ﬁ:()holds.
1

For ¢} and ¢ in accordance with (16) we obtain

1/ -2 1(1 12
Ctl)zg< 1 >§0+5<2>,ngg<1>,§0€f{‘

For the definition of £ from (21) we have the system

From the last system we determine £y = —3.
Further for ¢! and ¢? we get

1 [ -2 38 (1
ci:g< ) >51—1—5<2>,c§=0,§16R.

The system for &; according to (30) has the form

—ie_l (e_g — 1)5 = —é + E6_l + leis — ge_§
10 1™ 79760 6 ¢ 60

=

We neglect the exponentially small elements of the form O (e*g) and O <eaz)

and the last system takes the form

10 T 9760
—F e’} qj

Keeping in mind that e =¢ =0 ﬁsfj (for instance, if ¢ = 0,012, then
F=84,¢=0,008 and ¢ = 2 < 1), from (31) and (33) we obtain
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Thus

1(5-9t e 3t (1 1( 20— 16t
1 _ -
”P’:(lt’g)_3<2—3t>4r 3 (1)“3(9—%)4r
t

t
= [ 472 — 6 9 40 140 920
+e (e < 2 > <_ Ty e g 2_q26F+m> "

de “c — 2 27 27 27

t

t
e = < 162 — 238¢ 2=

30 81 — 2336_2§ )) + 0(52)7 te [0, 1],

e t—1 9 eit—l 8t_1 X 6_2t71 1

2 c c = e = 2

z=(t,e) = ( ) +e ( F1 0 gemt ) +0(e%), t € (1,2].
1 10 4T + e e — 1
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