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The probability of undetected error after using a linear code to correct errors is in-
vestigated. Sufficient conditions for a code to be t-good or t-proper for error correction are
derived. Applications to various classes of codes are discussed.
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1. Introduction

Let C be a linear [n, k, d; q] code which is used to correct t or less errors,
where d ≥ 2t+1. We shall consider a discrete memoryless channel with q inputs
and q outputs. Any transmitted symbol has a probability 1−ε of being received
correctly and a probability ε/(q− 1) of being transformed into each of the q− 1
other symbols. We assume that 0 ≤ ε ≤ q−1

q .

Let P
(t)
ud (C, ε) denote the probability of undetected error after t-error

correction and Ph(ε) denote the probability that an undetectable error pattern
in a coset of weight h occurs, 0 ≤ h ≤ t. Let Qh,c be the number of vectors of
weight c in the cosets of weight h, excluding the coset leaders. Then (see [1] and
[2]),

Ph(ε) =
nX
c=o

Qh,c

µ
ε

q − 1

¶c
(1− ε)n−c(1)
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and

P
(t)
ud (C, ε) =

tX
h=0

Ph(ε).(2)

The code C is called t-proper if P
(t)
ud (C, ε) is monotonous and t-good if

P
(t)
ud (C, ε) ≤ P

(t)
ud (C,

q − 1
q
)

for all ε ∈
h
0, q−1q

i
. It is easy to check that

P
(t)
ud (C,

q − 1
q
) = (q−(n−k) − q−n)Vq(t),(3)

where Vq(t) is the volume of the q-nary sphere of radius t in the n-dimensional
vector space over GF (q).

In this paper we first derive unified representation of P
(t)
ud (C, ε) as a func-

tion of z = εq
q−1 , 0 ≤ z ≤ 1. Using this representation we obtain then sufficient

conditions for a code to be t-good or t-proper. In the last section of the paper we
list some applications of our sufficient conditions, leading to examples of t-good
and t-proper error-correcting codes. For all notions which are not defined here
we refer to [3].

2. Unified representation of P
(t)
ud (C, ε)

For z ∈ [0, 1] introduce the functions

Rc(z) =

Ã
n

c

!
zc(1− z)n−c, c = 1, 2, . . . , n(4)

and

Lc(z) =
nX
j=c

Rj(z), c = 1, 2, . . . , n.(5)

Let C be a linear [n, k, d; q] block code with weight distribution {Ai : 0 ≤ i ≤
n}. We will express the probability of undetected error after error correction
P
(t)
ud (C, ε) in (2) in terms of either the functions (4) or the functions (5) and the
weight distribution

{A(t)i : A
(t)
i =

tX
h=0

Qh,i, i = t+ 1, . . . , n}(6)
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of the vectors in the cosets of weight at most t excluding the leaders. For brevity,
denote for c = t+ 1, . . . , n

A∗c,t =
cX

i=t+1

c(i)
n(i)

A
(t)
i , A∗c,0 = A∗c ,(7)

where

m(i) = m(m− 1) . . . (m− i+ 1) for any integer m ≥ 1.

Lemma 1. The probability of undetected error P
(t)
ud (C, ε) has the fol-

lowing representations:

P
(t)
ud (C, ε) = P

(t)
ud (C, z), z =

εq

q − 1(8)

where

P
(t)
ud (C, z) =

nX
c=t+1

q−cA∗c,tRc(z)(9)

= q−(t+1)A∗t+1,tLt+1(z) +
nX

c=t+2

q−c(A∗c,t − qA∗c−1,t)Lc(z).(10)

P r o o f. Let 0 ≤ h ≤ t. Then Qh,c = 0 for h ≤ c < t+ 1. The functions
Ph(ε) in (1) can be written as

Ph(ε) =
nX
i=0

Qh,iq
−i(

qε

q − 1)
i(1− ε)n−i =

nX
i=t+1

Qh,iq
−izi(1− z + z/q)n−i

=
nX

i=t+1

Qh,iq
−izi

n−iX
j=0

Ã
n− i

j

!³z
q

´j
(1− z)n−i−j

=
nX

i=t+1

Qh,i

n−iX
j=0

q−(i+j)
Ã
n− i

j

!
zi+j(1− z)n−(i+j).

Put c = i+ j above and use the identityÃ
n− i

c− i

!
=

Ã
n

c

!
c(i)
n(i)
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to get

Ph(ε) =
nX

i=t+1

Qh,i

nX
c=i

q−c
c(i)
n(i)

Rc(z) =
nX

c=t+1

q−c
∙ cX
i=t+1

c(i)
n(i)

Qn,i

¸
Rc(z).

Then by (2)

P
(t)
ud (C, ε) =

tX
h=0

Ph(ε) =
nX

c=t+1

q−c
cX

i=t+1

c(i)
n(i)

∙ tX
h=0

Qh,i

¸
Rc(z)

=
nX

c=t+1

q−c
∙ cX
i=t+1

c(i)
n(i)

A
(t)
i

¸
Rc(z) =

nX
c=t+1

q−cA∗c,tRc(z)

which shows (8) with P
(t)
ud (C, z) as in (9). We show now (10):

P
(t)
ud (C, z) =

n−1X
c=t+1

q−cA∗c,t[Lc(z)− Lc+1(z)] + q−nA∗n,tLn(z)

=
nX

c=t+1

q−cA∗c,tLc(z)−
nX

c=t+2

q−(c−1)A∗c−1,tLc(z)

= q−(t+1)A∗t+1,tLt+1(z) +
nX

c=t+2

q−c(A∗c,t − qA∗c−1,t)Lc(z).

Rema r k . In the case of t = 0, P
(0)
ud (C, ε) = Pud(C, ε), the probability

of undetected error when C is used for error detection only. The unified rep-
resentation of Pud(C, ε) in terms of the functions Rc(z) and Lc(z) were found
earlier in [4].

Lemma 2. The functions Lc(z), c = 1, 2, . . . , n are strictly increasing
in z ∈ [0, 1].

Pr o o f. For the proof see [4].

3. t-good error correcting codes

Let C be an [n, k, d; q] code over a finite field of q elements GF (q) with
weight distribution {Ai : 0 ≤ i ≤ n}. As before, let Vq(t) denote the volume
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of the q-nary sphere of radius t in the n-dimensional vector space over GF (q).
Next theorem gives sufficient conditions for the code C to be t-good.

Theorem 1. If for c = t+ 1, . . . , n

(q−(n−k) − q−n)Vq(t) ≥ q−c
cX

i=t+1

c(i)
n(i)

A
(t)
i ,(11)

then C is t-good.

P r o o f. Note first that

A∗n,t =
nX

i=t+1

A
(t)
i =

tX
h=0

nX
i=t+1

Qh,i,

which is the number of all vectors in the cosets of weight at most t, excluding
the leaders. The number of these cosets is

Pt
h=0

¡n
h

¢
(q − 1)h and every such a

coset has qk elements with one leader among them. Then

A∗n,t = (q
k − 1)

tX
h=0

Ã
n

h

!
(q − 1)h = (qk − 1)Vq(t)(12)

and thus the left-hand side of (11) is equal to q−nA∗n,t. Then (11) can be written
as

q−nA∗n,t ≥ q−cA∗c,t.(13)

The theorem now follows from (8)-(9) and the chain of simple relations

P
(t)
ud (C, ε) =

nX
c=t+1

q−cA∗c,tRc(z) ≤ q−nA∗n,t

nX
c=t+1

Rc(z)

= q−nA∗n,tLt+1(z) ≤ q−nA∗n,tLt+1(1)

= (q−(n−k) − q−n)
tX

h=0

Ã
n

h

!
(q − 1)h = P

(t)
ud (C,

q − 1
q
),

where we have used (13),(5), Lemma 2 and the fact that Lt+1(1) = 1, (12), and
finally (3).

R ema r k . If t = 0, (11) becomes

q−(n−k) − q−n ≥ q−c
cX

i=d

c(i)
n(i)

Ai, c = d, . . . , n,



152 R. Dodunekova, S. Dodunekov

and by Theorem 1 the above conditions must be sufficient for the code C to be
good for error detection. This result was obtained earlier in [4].

4. t-proper error correcting codes

Again, let C be an [n, k, d; q] code with weight distribution {Ai, 0 ≤ i ≤
n}. Next theorem gives sufficient conditions for the code to be t-proper.

Theorem 2. If for i = t+ 2, . . . , n

cX
i=t+1

c(i)
n(i)

A
(t)
i ≥ q

c−1X
i=t+1

(c− 1)(i)
n(i)

A
(t)
i(14)

then C is t-proper.

Pr o o f. In terms of (7),(14) is written as

A∗c,t − qA∗c−1,t ≥ 0, c = t+ 2, . . . , n.

Using the above and Lemma 2 in the representation (10) of the probability of

undetected error, we see that P
(t)
ud (C, z) is non-decreasing in z ∈ [0, 1]. Since

P
(t)
ud (C, z) is a polynomial, it must strictly increase in z. Thus P

(t)
ud (C, ε) is

strictly increasing in ε, too.

R ema r k . If t = 0, (14) becomes

cX
i=d

c(i)
n(i)

Ai ≥ q
c−1X
i=d

(c− 1)(i)
n(i)

Ai, c = d+ 1, . . . , n

and by Theorem 2 the above conditions must be sufficient for C to be proper
for error detection. This result was obtained earlier in [4].

5. Applications

Although the problem of finding the weight distribution of a code is
known to be NP hard (see [7]), it is often solvable for codes with relatively
small parameters. It turns out that for such codes Theorems 1 and 2 are quite
effective. Below we refer to some applications:

(i) In [5] the performance of the ternary [13, 7, 5] quadratic-residue code was
investigated. Using Theorem 2 it was shown that this code is t-proper for
error correction, t = 0, 1, 2.

(ii) In [6] the performance of all binary cyclic codes of lengths up to 31 and
ternary cyclic and negacyclic codes of length up to 20 were systematically
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investigated. Applying Theorems 1 and 2 a large amount of t-good and
t-proper codes have been found. For more details we refer to [6].

(iii) In [8-10] the corresponding versions of Theorems 1 and 2 for the case of
error detection, presented in [4], were used to analyze the performance of
CRC-codes of 8-bit and 16-bit redundancy. Many examples of CRC-codes
which perform better than the standardized ones were found.

For complete information we refer to [11].
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