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We consider some embedding problems relevant to the embedding of biquadratic ex-
tensions inM16, SD16,D16 and Q16 extensions over Q. The existence of C8 and Q8 extensions
over Q is studied as well. We find necessary and sufficient conditions in terms of congruencies
and quadratic residues.

1. Introduction

Let a and b be distinct square-free integers. In this work, we consider the
conditions for existence of G extensions over Q which are cyclic over Q(

√
a,
√
b),

for some groups G of order 16. In other words, we consider the embedding
problems related to the exact sequences of the type

1→ C4 → G→ C2 × C2 = Gal(Q(
√
a,
√
b)/Q)→ 1,

where G is one of the following groups of order 16 : the modular group M16;
the semidihedral (or quasidihedral) group SD16 (also noted in the literature as
QD8); the dihedral group D16 (or D8); and the quaternion group Q16. Their
presentations are as follows:

M16
∼= hσ, τ |σ8 = τ2 = 1, τσ = σ5τi,

SD16 ∼= hσ, τ |σ8 = τ2 = 1, τσ = σ3τi,
D16 ∼= hσ, τ |σ8 = τ2 = 1, τσ = σ−1τi,
Q16 ∼= hσ, τ |σ8 = 1, τ2 = σ4, τσ = σ−1τi.

1This work is partially supported by Project No15/14.03.2002 of Shoumen University
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We also study the existence of C8 (the cyclic group of order 8) extensions over
Q, containing Q(

√
a); and Q8 (the quaternion group of order 8) extensions over

Q, containing Q(
√
a,
√
b).

Our goal is to find necessary and sufficient conditions in terms of congru-
encies and quadratic residues. By the means of the elementary number theory
we find these conditions when a or b is a prime.

Of course, many other similar problems could be treated in this manner,
thus obtaining analogous results.

In Section 3 we investigate the existence of Q8 extensions over Q, con-
taining given Q(

√
a,
√
b). Part of the results there are known and can also be

obtained by applying the methods of the works [Re] (by solving a set of three
quadratic equations), or [Va] (by the norms of algebraic integers in quadratic
subfields of Q(

√
a,
√
b)). Such a fact is that Q(

√
3,
√
b) admits a Q8 extension if

and only if b = 2n, where every prime divisor p of n ∈ N satisfies p ≡ 1 (6).
In Sections 4-7 we consider the mentioned groups of order 16. An essential

part is given to the existence of extensions containing Q(
√
p,
√
q), where p and

q are distinct primes. We must say that we investigate only a part of the
ways of embedding such extensions. If one similarly considers all non-equivalent
embedding problems with kernels of order 4, this will give the answer of the
question whether the biquadratic extension of that kind is contained (whatever
the embedding might be) in the extensions realizing these groups.

We will write (a, b) the equivalence class in the Brauer group Br(Q) of
the quaternion algebra generated over Q by two anti-commuting elements i and
j such that i2 = a, j2 = b. It is known that the realizability of groups of order a
power of 2 is linked to the splitting of certain products of quaternion algebras in
the Brauer group. The obstructions for the realizability of the groups of order
16 over arbitrary fields of characteristic not 2 are well-known and can be found
in [GSS, GS, Ki, Le]. Very helpful in our consideration is the following lemma.

Lemma 1 Let a, b, c, and d ∈ Z∗. Then
(1). (a, b) = 1 ∈ Br(Q)⇔ ∃x, y, z ∈ Z : ax2 + by2 = z2;
(2).(the common slot property) (a, b)(c, d) = 1 ∈ Br(Q) ⇔ ∃x ∈ Z :

(a, bx) = (c, dx) = (ac, x) = 1 ∈ Br(Q).

Now let a and b be square-free relatively prime natural numbers. By the
lemma (a, b) = 1 ∈ Br(Q) ⇔ ∃x, y, z ∈ Z : ax2 + by2 = z2. This equation is
solvable if and only if a ≡ α2 (mod b) and b ≡ β2 (mod a), for some α, β ∈ N.
In other words, a must be a quadratic residue mod q, for every prime divisor q
of b, and b must be a quadratic residue mod p, for every prime divisor p of a.
The other situation which we will encounter is (a,−b) = 1 ∈ Br(Q)⇔ ∃x, y, z ∈
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Z : ax2 − by2 = z2. This equation is solvable if and only if a ≡ α2 (mod b)
and b ≡ −β2 (mod a), for some α, β ∈ N. Of course these two situations are
special cases of the diophantine equation ax2 + by2 = cz2, where a, b and c are
square-free natural numbers, which is solved by Legendre (cf. [Na, VI, Theorem
113]).

Given an odd prime p and an integer n relatively prime to p, Legendre
introduces the symbol (n|p) defined as follows : (n|p) = 1, if n is a quadratic
residue mod p and (n|p) = −1, if n is a non-residue mod p. We have the

relations (−1|p) = (−1)
p−1
2 , (nm|p) = (n|p)(m|p), and if n ≡ m (mod p) then

(n|p) = (m|p). Moreover, the quadratic reciprocity law holds : if p and q are
distinct odd primes then (p|q)(q|p) = (−1)h, where h = 1

4(p− 1)(q − 1).
Then (p, q) = 1 ∈ Br(Q) if and only if (p|q) = (q|p) = 1. In particular

p or q is of the form 4s+ 1. Also (p, pq) = (p,−1)(p, q) = (p,−q) = 1 ∈ Br(Q)
if and only if (p|q) = (−q|p) = 1. If p ≡ 1 (4) then p = x2 + y2, for some
x, y ∈ Z (see for example [Sa, V, §5.6]), and (p,−1) = 1 ∈ Br(Q). Whence
(p, pq) = (p, q) = 1 ∈ Br(Q) if and only if (p|q) = 1 by the reciprocity law. If
p ≡ 3 (4) then (−1|p) = −1, and (p,−q) = 1 ∈ Br(Q) if and only if (p|q) = 1
and (q|p) = −1. Again, by the reciprocity law this is equivalent to (p|q) = 1
and q ≡ 3 (4).

We will also make extensive use of the following facts (for p odd prime):

(2, p) = 1 ∈ Br(Q)⇔ (2|p) = 1 ⇔ p ≡ 1, 7 (8);
(−2, p) = 1 ∈ Br(Q)⇔ (−2|p) = 1 ⇔ p ≡ 1, 3 (8).

By the Davenport- Cassels result [Se, IV, Lemma B] is known that if a natural
number is a sum of two (three) rational squares then it is also a sum of two
(three) integer squares. Therefore (p, p) = 1 ∈ Br(Q) if and only if p = x2 + y2,
for some x, y ∈ Z, which is equivalent to p ≡ 1 (4). For a natural number to be
a sum of two squares it is necessary and sufficient that, for every prime divisor
of the form 4s+ 3, its exponent in the prime factorization be even [Sa, V, §5.6,
Theorem 1]. For a natural number to be a sum of three squares it is necessary
and sufficient that it can not be represented in the form 4k(8s + 7) [Se, IV,
Theorem(Gauss)]. The necessary and sufficient conditions for solvability of the
embedding problems which we shall consider are taken from [MZ2]. Finally,
I would like to thank N. Ziapkov for his support and suggestions during the
preparation of this paper.

2. The cyclic group of order 8

The necessary and sufficient condition for the solvability of the embedding
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problem related to the exact sequence

1→ C4 /→ C8 → C2 = Gal(Q(
√
a)/Q)→ 1(2.1)

is (a, a) = 1 and (a, 2) = (−1, x), for some x ∈ Z∗. If the condition is satisfied
we will also say that Q(

√
a) admits a C8 extension.

Proposition 2.1 Let a be a square-free natural number. Then Q(
√
a) admits

a C8 extension if and only if every odd prime divisor p of a satisfies p ≡ 1 (8).

P r o o f. Let (a, a) = 1; i.e., a does not have prime divisors of the form 4s+ 3.
Then the condition (a, 2) = (−1, x), x ∈ Z, is equivalent to (a, 2y) = (−a, y) = 1,
for some y ∈ N (we can always set x = y to ensure (−1, xy) = 1).

Since (a, a) = (a,−a) = 1, we can assume that a does not divide y. If p
is a prime divisor of a such that p ≡ 1 (8) or p = 2 we have (p, 2) = 1.

Now let p ≡ 5 (8) be a prime divisor of a such that p and y are relatively
prime. If 2 does not divide y then from (a, 2y) = 1 and (2|p) = −1 follows
that (2y|p) = (2|p)(y|p) = −(y|p) = 1 but (−a, y) = 1 implies (y|p) = 1, an
impossibility. If y = 2z, z ∈ N, then from (a, 2y) = (a, z) = 1 follows that
(z|p) = 1 but (−a, y) = (−a, 2z) = 1 implies (2z|p) = (2|p)(z|p) = −(z|p) = 1,
an impossibility.

Thus, we have proved that every odd prime divisor p of a must be of the
form 8s+ 1.

In particular, for all a ∈ Q such that (a, a) = 1 and (a, 2) = (−1, x), we
have (a, 2) = 1. In [Sc] Schneps gives the complete set of C8 extensions over
fields with that property.

3. The quaternion group of order 8

The realizability of Q8 over fields of characteristic not 2 is extensively
studied in the literature (see the works [Wa, Wi, Ki, Re] among others). In
[MZ1] are given some examples of solvable embedding problems both with Q8
and Q16. In [JY] Jensen and Yui give an explicit construction (when −1 is a
sum of two squares), and a survey of known results. Some of the following cases
are investigated in [Va] as well.

The necessary and sufficient condition for the solvability of the embedding
problem related to the exact sequence

1→ C2 /→ Q8 → C2 × C2 = Gal(Q(
√
a,
√
b)/Q)→ 1(3.1)

is (a, ab)(b, b) = 1 (or, equivalently, (a, a)(b, ba) = 1). Since the condition is
symmetrical regarding a and b, we will just say that Q(

√
a,
√
b) admits a Q8

extension.



Some Groups of Orders 8 and 16 . . . 159

For b = 2 the condition becomes (a, 2a)(2, 2) = (a,−2) = 1. Let p be
an odd prime divisor of a. From (a,−2) = 1 follows that (−2|p) = 1; i.e.,
p ≡ 1, 3 (8). (The case a = p ≡ 1, 3 (8) is studied in details in [Co].) Therefore
Q(
√
a,
√
2) admits a Q8 extension if and only if every odd prime divisor p of a

satisfies p ≡ 1, 3 (8).

Proposition 3.1 For Q(
√
3,
√
b) to admit a Q8 extension it is necessary that b

be even.

P r o o f. We have (a, ab)(b, b) = (3, 3b)(b, b) = (3,−b)(−1, b). By lemma 1 the
condition (3,−b)(−1, b) = 1 is equivalent to (3,−bk) = (−3, k) = (−1, bk) = 1,
for some k ∈ Z. Obviously, k and b must be natural.

Let us assume b = mn, where m ∈ N is a product of primes of the form
4s+1, and n ∈ N is a product of primes of the form 4s+3. Further, (−1, bk) = 1
implies k = nm1, where m1 does not have prime divisors of the form 4s + 3.
Then the condition becomes (3,−mm1) = (−3, nm1) = 1.

Then for every prime divisor q of n we have (−3|q) = −(3|q) = 1 and
(q|3) = 1, since q ≡ 3 (4). Therefore (−3, q) = 1, and also (−3, n) = 1.
Since (−1,m1) = 1, we obtain (3,m1) = 1. Finally, the condition (3,−m) = 1
implies that for every prime divisor p of m we have (3|p) = (p|3) = 1, since
p ≡ 1 (4). Therefore (3, p) = 1, and also (3,−m) = (3,−1)(3,m) = (3,−1) = 1,
an impossibility. In that way, if the condition is satisfied then b must be even.

Proposition 3.2 For Q(
√
3,
√
b) to admit a Q8 extension it is necessary and

sufficient that b = 2n, where every prime divisor p of n ∈ N satisfies p ≡ 1 (6).

Pr o o f. We have already proved that b = 2n, n ∈ N, is a necessary condi-
tion. Then the solvability condition becomes (a, ab)(b, b) = (3, 6n)(−1, 2n) =
(3, n)(−1, n) = (−3, n) = 1.

Let p be an arbitrary divisor of n. From (−3, n) = 1 follows that (−3|p) =
1; i.e., p ≡ 1 (6). Conversely, let p ≡ 1 (6). Then (−3|p) = (p|3) = 1,
consequently (−3, p) = 1, respectively, (−3, n) = 1.

Proposition 3.3 For a = p, b = q- distinct odd primes, the problem (3.1) is
solvable ⇔ p ≡ 1 (4), q ≡ 1 (4), and (p|q) = 1.

P r o o f. Indeed, p ≡ 1 (4) implies (p, p) = 1, q ≡ 1 (4) implies (q, q) = 1, and
(p|q) = 1 implies (p, q) = 1. Whence (p, pq)(q, q) = (p, p)(p, q)(q, q) = 1.

Conversely, let the problem (3.1) be solvable. If p ≡ 1 (4) then (p, pq)(q, q)
= (p, q)(q, q) = (−p, q) = 1 implies (q|p) = 1 and (−p|q) = (p|q) = 1. Therefore
we must have q ≡ 1 (4).
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By the symmetry the case p ≡ 3 (4), q ≡ 1 (4) is impossible.
Now let p ≡ 3 (4), q ≡ 3 (4). If (p|q) = 1 then (p,−q) = 1. But

(p,−q)(q, q) = (q, q) = 1 implies q ≡ 1 (4), an impossibility. Finally, if (p|q) =
−1 then (−p|q) = 1 and (q|p) = 1, therefore (−p, q) = 1. But (p, pq)(q, q) =
(p, p)(−p, q) = (p, p) = 1 implies p ≡ 1 (4), an impossibility.

Thus, we must have p ≡ 1 (4), q ≡ 1 (4), and (p, q) = 1 (i.e., (p|q) = 1).

Now, let p and q be distinct odd primes, and let a = p, b = 2q. Then the
condition is (p, 2pq)(2q, 2q) = (p, p)(p, 2q)(q, q) = 1, and we have four cases.

1. p ≡ 1 (4), q ≡ 1 (4). The condition becomes (p, p)(p, 2q)(q, q) = (p, 2q) =
1. Then (p|q) = (q|p) = 1; i.e., (p, q) = 1. Therefore (p, 2) = 1, which
can occur if and only if p ≡ 1 (8). Thus, in this case the problem (3.1) is
solvable ⇔ p ≡ 1 (8) and (p|q) = 1.

2. p ≡ 1 (4), q ≡ 3 (4). We have (p, p)(p, 2q)(−1, 2q) = (−p, 2q) = 1 ⇔
(−p|q) = 1 and (2q|p) = 1. By the reciprocity law this is equivalent to
(p|q) = (q|p) = −1 and (2q|p) = (2|p)(q|p) = −(2|p) = 1, which can occur
if and only if p ≡ 5 (8). Thus, in this case the problem (3.1) is solvable
⇔ p ≡ 5 (8) and (p|q) = −1.

3. p ≡ 3 (4), q ≡ 1 (4). We have (p, 2pq)(2q, 2q) = (p,−2q) = 1 ⇔ (p|q) =
1 and (−2q|p) = 1. Again by the reciprocity law this is equivalent to
(p|q) = (q|p) = 1 and (−2q|p) = (−2|p)(q|p) = (−2|p) = 1, which can
occur if and only if p ≡ 3 (8). Thus, in this case the problem (3.1) is
solvable ⇔ p ≡ 3 (8) and (p|q) = 1.

4. p ≡ 3 (4), q ≡ 3 (4). If p ≡ 3 (8) then (p,−2) = 1 and the condition
becomes (p, 2pq)(−1, 2q) = (p,−2)(p, q)(−1, q) = (−p, q) = 1. This is
equivalent to (−p|q) = (q|p) = 1. This is possible since (−p|q) = −(p|q).
If p ≡ 7 (8) then (p, 2) = 1 and the condition becomes (p, 2pq)(−1, 2q) =
(p,−q)(−1, q) = 1, which is impossible as we have seen in proposition 3.3.

Thus, we have shown that for a = p and b = 2q, the problem (3.1) is solvable in
either of the following cases :

1. p ≡ 1 (8), q ≡ 1 (4), (p|q) = 1;

2. p ≡ 5 (8), q ≡ 3 (4), (p|q) = −1;

3. p ≡ 3 (8), q ≡ 1 (4), (p|q) = 1;

4. p ≡ 3 (8), q ≡ 3 (4), (p|q) = −1.
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4. The modular group of order 16

The necessary and sufficient condition for the solvability of the embedding
problem related to the exact sequence

1→ C4 ∼= hσ2i /→M16 → C2 ×C2 = Gal(Q(
√
a,
√
b)/Q)→ 1(4.1)

is (a, a) = 1 and (a, 2b) = (−1, x), for some x ∈ Z∗.

Proposition 4.1 For a = 2, the problem (4.1) is solvable if and only if every
odd prime divisor p of b satisfies p ≡ 1, 3, 7 (8).

P r o o f. Since (2, 2) = 1, the condition becomes (b, 2) = (−1, x). Of course, if
b does not have odd prime divisors, the problem (4.1) is solvable since then b
must be equal to −2 or −1, therefore (b, 2) = 1.

Now let p be an odd prime divisor of b. If p ≡ 7 (8) then (p, 2) = 1. If
p ≡ 3 (8) then (p, 2) = (−1, p). Therefore, we can suppose that b does not have
prime divisors of the form 4s+ 3. Since (−1, 2) = 1 we can also assume that b
is natural. But then (b, b) = 1 and by proposition 2.1 the condition is satisfied
if and only if every odd prime divisor p of b satisfies p ≡ 1 (8).

If b = 2, the problem (4.1) obviously is solvable if and only if a 6= 2 is a
natural number, which does not have prime divisors of the form 4s+ 3.

Let a = p and b = q be distinct odd primes. Then p ≡ 1 (4)⇔ (p, p) = 1,
and the condition becomes (p, 2q) = (−1, x). This is equivalent to (p, 2qy) =
(−p, y) = 1, for some y ∈ N (since (p, p) = (p,−p) = 1, we can again assume that
p does not divide y). Then (y|p) = 1 and (2qy|p) = (2q|p)(y|p) = (2q|p) = 1.

Further, if q divides y then (−p, y) = 1 implies (−p|q) = 1; otherwise
(p, 2qy) = 1 implies (p|q) = 1. Therefore, we have either (−p, 2q) = 1 (and we
can put x = 2q) or (p, 2q) = 1 (and we can put x = 1).

Thus, for a = p and b = q, the problem (4.1) is solvable in either of the
following cases:

1. p ≡ 1 (4), (2q|p) = 1 and (p|q) = 1

2. p ≡ 1 (4), (2q|p) = 1 and (−p|q) = 1.

Now, let p and q be distinct odd primes, and let a = p, b = 2q. Then we
must have p ≡ 1 (4), and the condition becomes (p, q) = (−1, x). If (p|q) = 1
then (p, q) = 1. If (p|q) = −1 then (q|p) = −1. The condition is equivalent
to (p, qy) = (−p, y) = 1, for some y ∈ N. Therefore (y|p) = 1 and (qy|p) =
(q|p)(y|p) = (q|p) = 1, an impossibility.
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Thus, for a = p, b = 2q, the problem (4.1) is solvable ⇔ p ≡ 1 (4) and
(p|q) = 1.

5. The semidihedral group of order 16

The necessary and sufficient condition for the solvability of the embedding
problem related to the exact sequence

1→ C4 ∼= hσ2i /→ SD16 → C2 ×C2 = Gal(Q(
√
a,
√
b)/Q)→ 1(5.1)

is (a, ab) = 1 and (a,−2) = (−b, x), for some x ∈ Z∗.
First of all we will prove two lemmas which will also be used for the

groups D16 and Q16.

Lemma 5.1 Let p be an odd prime, let n be an integer, and let p and n be
relatively prime such that (p, pn) = (p,−n) = 1. Then :

1. ∃x ∈ Z : (p,−1) = (−n, x)⇔ p ≡ 1 (4);

2. ∃x ∈ Z : (p, 2) = (−n, x)⇔ p ≡ 1, 7 (8);

3. ∃x ∈ Z : (p,−2) = (−n, x)⇔ p ≡ 1, 3 (8).

Pr o o f. We need only establish necessity (⇒) in each case.

1. Let us assume that p ≡ 3 (4) and (p,−1) = (−n, x). Then by lemma 1
(−1, py) = (n, y) = 1, for some y ∈ N. But (−1, py) = 1 can occur if and
only if y = pz, where z is a square-free natural number which does not
have prime divisors of the form 4s+ 3.

Then (n, pz) = 1 implies (n|p) = 1, but (p,−n) = 1 implies (−n|p) =
−(n|p) = 1, an impossibility.

2. Let p ≡ 3 (8). Then (p,−2) = 1 and (p, 2) = (p,−1) = (−n, x) can not
occur as we have just shown.

Now let p ≡ 5 (8) and (p, 2) = (−n, x). Then (p, 2y) = (−pn, y) = 1,
for some y ∈ N. If y = pz, z ∈ N, then (p, 2pz) = (p, p)(p, 2z) = (p, 2z),
since p ≡ 1 (4). Also, (−pn, pz) = (−pn, p)(−pn, z) = (−pn, z), since
(p,−n) = 1. Therefore, we can assume that p and y are relatively prime.
Then (−pn, y) = 1 implies (y|p) = 1, but (p, 2y) = 1 implies (2y|p) =
(2|p)(y|p) = −(y|p) = 1, an impossibility.
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3. Let p ≡ 5 (8). Then (p,−1) = 1 and (p,−2) = (p, 2) = (−n, x) can not
occur as we saw in 2.

Let p ≡ 7 (8). Then (p, 2) = 1 and (p,−2) = (p,−1) = (−n, x) also can
not occur as we saw in 1. This proves our lemma.

Lemma 5.2 Let p and q be distinct odd primes, m be a product of primes of the
form 4s+1, and let t be an integer such that p, q,m and t be pairwise relatively
prime. If (pq, tm) = 1 then (t|p)(t|q) = 1.

P r o o f. Let (pq, tm) = 1. In particular (tm|p) = (tm|q) = 1. We have that
m =

Qk
i=1 ri, where ri ≡ 1 (4) are distinct primes (if k = 1, i.e., m = 1 then

obviously, (pq, t) = 1 implies (t|p) = (t|q) = 1).
If (p|ri) = (q|ri) = 1 then (ri|p) = (ri|q) = 1, and also (pq, ri) = 1.

Therefore, we can assume thatm does not have such divisors. Then (pq, tm) = 1
implies (pq|ri) = 1; i = 1, . . . , k. Whence (p|ri) = (q|ri) = −1 and (ri|p) =
(ri|q) = −1. Finally, from

(tm|p) = (t|p)
kY
i=1

(ri|p) = (t|p)(−1)k

and

(tm|q) = (t|q)
kY
i=1

(ri|q) = (t|q)(−1)k.

follows that (tm|p)(tm|q) = (t|p)(t|q) = 1.

For a = 2 : (a,−2) = (2,−2) = 1, so the condition becomes (a, ab) =
(2, b) = 1. Therefore the problem (5.1) is solvable if and only if every odd prime
divisor p of b satisfies p ≡ 1, 7 (8).

For b = 2 the condition becomes (a, ab) = (a, 2a) = (a,−2) = 1, therefore
the problem (5.1) is solvable if and only if every odd prime divisor p of a satisfies
p ≡ 1, 3 (8).

By lemma 5.1 we immediately get

Proposition 5.3 For a = p- an odd prime which is relatively prime to b, the
problem (5.1) is solvable if and only if p ≡ 1, 3 (8) and (p,−b) = 1.

Corollary 5.4 For a = p and b = q- distinct odd primes, the problem (5.1) is
solvable if and only if



164 I.M. Michailov

1. p ≡ 1 (8) and (p|q) = 1;

2. p ≡ 3 (8), q ≡ 3 (4) and (p|q) = 1.

We proceed with two examples where we can not use lemma 5.1 since b
is a multiple of a.

Proposition 5.5 For a = p- an odd prime, b = 2p, the problem (5.1) is solvable
⇔ p ≡ 1, 7 (8).

Pr o o f. Indeed, we have that (a, ab) = (p, 2) = 1 ⇔ p ≡ 1, 7 (8). If p ≡ 1 (8)
then (a,−2) = (p,−2) = 1.

Now let p ≡ 7 (8). By the Chinese theorem we can choose a prime q
such that q ≡ 5 (8) and q ≡ −1 (p). (In fact, they are infinitely many by
Dirichlet theorem.) Then (q|p) = (p|q) = −1, and (2|q) = −1. From (2p|q) = 1
and (−q|p) = 1 follows that (2p,−q) = 1. Put x = 2q : (−b, x) = (−2p, 2q) =
(−1, 2q)(2p, 2q) = (2p,−2)(2p,−q) = (2p,−2) = (p,−2). Therefore, for p ≡
7 (8), the condition also holds.

Now, let p and q be distinct odd primes, and let a = p, b = pq. Then we
must have (a, ab) = (p, q) = 1 which means that (p|q) = 1, and either p or q is
≡ 1 (4). The condition becomes (p,−2) = (−pq, x). We consider the following
cases:

1. p ≡ 1, 3 (8). Obviously (p,−2) = 1.

2. p ≡ 5 (8). We have the following subcases.

(a) q ≡ 1, 7 (8). Put x = 2 : (−pq, 2) = (−p, 2)(q, 2) = (−p, 2) = (p, 2) =
(p,−2).

(b) q ≡ 3 (8). Then (q, 2) = (q,−1) 6= 1. The condition is equivalent to
(p,−2y) = (−q, y) = 1, for some y ∈ N. (Since (p, p) = (p, q) = 1 we
can again assume that p and q do not divide y.) If y is odd then for
every prime divisor r of y we have (p|r) = (r|p) = 1 and (p, r) = 1.
Therefore (p, y) = 1 and (p,−2y) = (p,−2)(p, y) = (p,−2) = 1, an
impossibility.

Now let y = 2mn, where m is a product of primes ≡ 1 (4), n is a
product of primes ≡ 3 (4). Then, for every odd prime divisor r of y we
have the following. If r divides m, i.e., r ≡ 1 (4) then (−q, 2mn) = 1
implies (−q|r) = (q|r) = (r|q) = 1. Therefore (−q, r) = 1, also
(−q,m) = 1. If r divides n, i.e., r ≡ 3 (4) then (−q, 2n) = 1 implies
(−q|r) = −(q|r) = (r|q) = 1. Therefore (−q, r) = 1, also (−q, n) = 1.
Thus (−q, 2) = (q, 2) = 1, an impossibility.
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(c) q ≡ 5 (8). As before, we can choose a prime r ≡ 3 (4) such that
(r|p) = 1 and (r|q) = −1. Then we have (p, r) = 1 and (−q|r) =
−(q|r) = 1. Therefore (2r|q) = 1, also (−q, 2r) = 1. Put x = 2r :
(−pq, 2r) = (p, 2r)(−q, 2r) = (p, 2r) = (p, 2) = (p,−2).

Finally,

3. p ≡ 7 (8). We have two subcases.

(a) q ≡ 1 (8). The condition (p,−2) = (p,−1) = (−pq, x) is equivalent
to (−1, py) = (pq, y) = 1, for some y ∈ N. This can occur only if
y = pz, z- a natural number which does not have prime divisors of
the form 4s + 3. Then z = m or z = 2m, where m is a product of
primes ≡ 1 (4). Since (pq, q) = (p, q)(q, q) = 1, the condition becomes
(pq, pz) = (pq, q)(pq, pz) = (pq, pqz) = (pq,−z) = 1.
If z = m then we can put t = −1. Since (−1|p) = −1 and (−1|q) = 1,
by lemma 5.2 we have (pq,−m) 6= 1, an impossibility. If z = 2m then
we can put t = −2. Since (−2|p) = −1 and (−2|q) = 1, by lemma
5.2 we have (pq,−2m) 6= 1, an impossibility.

(b) q ≡ 5 (8). Again, by the Chinese theorem we can choose a prime r ≡
1 (4) such that (r|p) = (r|q) = −1. Then we have (p|r) = (q|r) = −1,
and (pq|r) = 1. From (−2|p) = (−2|q) = −1 we obtain (−2r|p) =
(−2r|q) = 1, therefore (pq,−2r) = 1. Put x = 2r : (−pq, 2r) =
(pq, 2r) = (pq,−1)(pq,−2r) = (p,−1)(q,−1) = (p,−1) = (p,−2).

Thus, we have obtained that for a = p, b = pq, the problem (5.1) is solvable only
in the following cases :

1. p ≡ 1 (8) and (p|q) = 1;

2. p ≡ 3 (8), q ≡ 1, 5 (8) and (p|q) = 1;

3. p ≡ 5 (8), q ≡ 1, 5, 7 (8) and (p|q) = 1;

4. p ≡ 7 (8), q ≡ 5 (8) and (p|q) = 1.

Note that the last two examples also show that when a and b are not
relatively prime the lemma 5.1 is not true.

6. The dihedral group of order 16

The necessary and sufficient condition for the solvability of the embedding
problem related to the exact sequence

1→ C4 ∼= hσ2i /→ D16 → C2 ×C2 = Gal(Q(
√
a,
√
b)/Q)→ 1(6.1)
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is (a, ab) = 1 and (a, 2) = (−b, x) (or, equivalently, (ab, 2) = (−b, x)), for some
x ∈ Z∗.

For a = 2, the condition becomes (a, ab) = (2, b) = 1. Therefore the
problem (6.1) is solvable if and only if every odd prime divisor p of b satisfies
p ≡ 1, 7 (8).

Proposition 6.1 For b = 2, the problem (6.1) is solvable if and only if every
odd prime divisor p of a satisfies p ≡ 1 (8).

Pr o o f. We have that (a, ab) = (a, 2a) = (a,−2) = 1 if and only if every odd
prime divisor p of a satisfies p≡ 1, 3 (8). Then the condition (a, 2) = (−2, x)
is equivalent to (ay, 2) = (−1, y) = 1, for some y ∈ N. Equivalently, ∃u, v, w,
and z ∈ N such that 2z2 + a(u2 + v2) = w2. Let p ≡ 3 (8) be an arbitrary
prime divisor of a. If p divides both z and w then an even power of p divides
a(u2 + v2), i.e., an odd power of p divides u2 + v2, an impossibility. But when
p does not divide z or w the congruence 2z2 ≡ w2 (mod p) can not occur, since
2 is a quadratic non- residue mod p.

Thus, we have obtained that every odd prime divisor of amust be ≡ 1 (8).
Since then (a, 2) = 1, the condition holds.

Again, by lemma 5.1 we immediately get

Proposition 6.2 For a = p- an odd prime which is relatively prime to b, the
problem (6.1) is solvable if and only if p ≡ 1, 7 (8) and (p,−b) = 1.

Corollary 6.3 For a = p and b = q- distinct odd primes, the problem (6.1) is
solvable if and only if

1. p ≡ 1 (8) and (p|q) = 1;

2. p ≡ 7 (8), q ≡ 3 (4), and (p|q) = 1.

Now, let p and q be distinct odd primes, and let a = p, b = pq. Similarly
to Section we must have (a, ab) = (p, q) = 1, which means that (p|q) = 1,
and either p or q is ≡ 1 (4). Then, the condition becomes (p, 2) = (−pq, x)
(equivalently (q, 2) = (−pq, x)). Obviously, this is satisfied if p ≡ 1, 7 (8) or
q ≡ 1, 7 (8).

If p ≡ 5 (8) then (p, 2) = (p,−2), therefore we can use the results from
Section . Namely, the condition holds if and only if q ≡ 1, 5, 7 (8).

If p ≡ 3 (8) then the condition holds if and only if q ≡ 1(8), since the
case p ≡ 3 (8), q ≡ 5 (8) is symmetrical to the case p ≡ 5 (8), q ≡ 3 (8).

Thus, finally, we have obtained that for a = p, b = pq, the problem (6.1)
is solvable in either of the following cases :
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1. p ≡ 1 (8) and (p|q) = 1;

2. p ≡ 3 (8), q ≡ 1 (8) and (p|q) = 1;

3. p ≡ 5 (8), q ≡ 1, 5, 7 (8) and (p|q) = 1;

4. p ≡ 7 (8), q ≡ 1, 5 (8) and (p|q) = 1.

7. The quaternion group of order 16

The necessary and sufficient condition for the solvability of the embedding
problem related to the exact sequence

1→ C4 ∼= hσ2i /→ Q16 → C2 × C2 = Gal(Q(
√
a,
√
b)/Q)→ 1(7.1)

is (a, ab) = 1 and (a, 2)(b, b) = (−b, x) (or, equivalently, (ab, 2)(b, b) = (−b, x)),
for some x ∈ Z∗.

The following lemma is derived from [MZ1, Lemma 7.1].

Lemma 7.1 A natural number b is a sum of three integer squares if and only
if (b, b) = (−b, x), for some x ∈ Z∗.

Let us recall that a square-free natural number b is a sum of three integer
squares if and only if b is not of the form 8s+ 7.

Proposition 7.2 For a = 2, the problem (7.1) is solvable if and only if b is a
natural number such that every odd prime divisor p of b satisfies p ≡ 1, 7 (8),
and if b is odd then also the number of the prime divisors ≡ 7 (8) of b is even.

Pr o o f. We have that (a, ab) = (2, b) = 1 if and only if every odd prime divisor
p of b satisfies p ≡ 1, 7 (8). Since (a, 2) = (2, 2) = 1, the condition becomes
(b, b) = (−b, x). By lemma 7.1 this can occur if and only if b is not of the form
8s + 7 (and of course b is natural). This, in turn, can occur if and only if b is
even or if b is odd of the desired form.

For b = 2 : (b, b) = (2, 2) = 1, so the condition is equivalent to that of
D16 (see proposition 6.1). Therefore the problem (7.1) is solvable if and only if
every odd prime divisor p of a satisfies p ≡ 1 (8).

Proposition 7.3 For a = p- an odd prime which is relatively prime to b, b is
natural 6= 8s + 7, the problem (7.1) is solvable if and only if p ≡ 1, 7 (8) and
(p,−b) = 1.
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P r o o f. Since (b, b) = (−b, x), x ∈ Z, the condition is equivalent to (p,−b) = 1
and (p, 2) = (−b, y), for some y ∈ Z. By lemma 5.1 this can occur if and only if
p ≡ 1, 7 (8).

Let a = p and b = q be distinct odd primes. Then the condition becomes
(p, pq) = 1, (p, 2)(q,−1) = (−q, x). We consider all possible situations.

1. p ≡ 1 (4). If q ≡ 1 (4) or q ≡ 3 (8), then by proposition 7.3 the problem
(7.1) is solvable ⇔ p ≡ 1 (8) and (p|q) = 1. If q ≡ 7 (8) we have two
subcases:

(a) p ≡ 1 (8), q ≡ 7 (8). Then (p, 2)(q,−1) = (q,−1) = (−q, x) can not
occur.

(b) p ≡ 5 (8), q ≡ 7 (8). Then (p, 2)(q,−1) = (p,−2)(q,−2) = (pq,−2) =
(−q, x) ⇔ (pq,−2y) = (−p, y) = 1, for some y ∈ N. Therefore
(y|p) = 1 and (−2y|p) = (−2|p)(y|p) = (−2|p) = 1, an impossibility.

2. p ≡ 3 (4). If q ≡ 1 (4), then (p, pq) = 1 can not occur. Let q ≡ 3 (4).
Then the condition becomes (p, pq) = 1 ⇔ (p|q) = 1 ⇔ (q|p) = −1 and
(pq, 2)(q,−1) = (p, 2)(q,−2) = (−q, x). We consider all possible subcases:

(a) p ≡ 3 (8), q ≡ 3 (8). Then (p, 2)(q,−2) = (p, 2) = (−q, x) can not
occur by lemma 5.1.

(b) p ≡ 7 (8), q ≡ 3 (8). Then (p, 2) = (q,−2) = 1.
(c) p ≡ 3 (8), q ≡ 7 (8). Since (p,−2) = (q, 2) = 1, the condition

becomes (p, 2)(q,−2) = (p,−1)(q,−1) = (pq,−1) = (−q, x). This is
equivalent to (−1, pqy) = (q, y) = 1, for some y ∈ N, which can occur
only if y = pqz, (z- a natural number which does not have prime
divisors of the form 4s + 3). Then (q, pqz) = (q,−pz) = 1 implies
(q|p) = 1, an impossibility.
Finally,

(d) p ≡ 7 (8), q ≡ 7 (8). Then (p, 2)(q,−2) = (q,−1) = (−q, x) can not
occur.

Thus, we have obtained that for a = p and b = q, the problem (7.1) is solvable
only in the following cases :

1. p ≡ 1 (8), q ≡ 1, 3, 5 (8) and (p|q) = 1;

2. p ≡ 7 (8), q ≡ 3 (8) and (p|q) = 1.
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Finally, let p and q be distinct odd primes, and let a = p, b = pq. Again,
we must have (p, q) = 1, i.e., (p|q) = 1, and either p or q is ≡ 1 (4). Then, the
condition becomes (ab, 2)(b, b) = (q, 2)(pq,−1) = (p,−1)(q,−2) = (−pq, x). We
consider all possible cases regarding q:

1. q ≡ 1 (8). Since (q, 2) = 1, (p,−1)(q,−2) = (pq,−1) = (−pq, x) ⇔ pq 6≡
7 (8)⇔ p 6≡ 7 (8).

2. q ≡ 3 (8). Then p ≡ 1 (4) and (q,−2) = (p,−1) = 1.

3. q ≡ 5 (8). If p ≡ 1, 7 (8) then pq 6≡ 7 (8), therefore (pq,−1) = (−pq, y),
for some y ∈ Z. Whence, the condition (q, 2) = (−pq, x) holds for x = 2.
If p ≡ 3 (8) then (p, 2) = (p,−1). Therefore, the condition (p,−1)(q,−2) =
(p, 2)(q, 2) = (pq, 2) = (−pq, x) holds for x = 2.
If p ≡ 5 (8) then (p,−1) = (q,−1) = 1. Then the condition (q, 2) =
(−pq, x) holds, since it is the same as that of SD16 and D16.

Finally, consider

4. q ≡ 7 (8). Since (q, 2) = 1, the condition holds ⇔ pq 6≡ 7 (8)⇔ p 6≡ 1 (8).
Since we must have p ≡ 1 (4), this means that p ≡ 5 (8).

Thus, we have obtained that for a = p and b = pq, the problem (7.1) is solvable
in either of the following cases :

1. q ≡ 1 (8), p ≡ 1, 3, 5 (8) and (p|q) = 1;

2. q ≡ 3 (8), p ≡ 1, 5 (8) and (p|q) = 1;

3. q ≡ 5 (8) and (p|q) = 1;

4. q ≡ 7 (8), p ≡ 5 (8) and (p|q) = 1.
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