Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathematica
Balkanica

New Series Vol. 17, 2003, Fasc. 1-2

On the Semiprimitivity of Crossed Products

J. M. Dimitrova and S. V. Mihovski?

Presented by Bl. Sendov

Let K * G be any crossed product of a multiplicative group G over an associative
ring I and let J(K * G) be the Jacobson radical of K * G. If K is an algebra over a field
of characteristic zero, then we prove that there exists a normal subgroup H of G such that
H' = H and J(K +G) C J(K % H)(K % G). Furthermore, if H is a subnormal subgroup of
G and all factors of the subnormal series are either locally finite, or generalized solvable, then
again J(I{ * G) C J(I + H)(K * G). Moreover, if I is a ring of finite characteristic m > 0,
G is a group with no p-elements for every prime divisor p of m and G has a subnormal series
with factors which are either locally finite, or locally solvable, then J (K * G) C B(K)(K * G)
where B(K') is the Brown-McCoy radical of K.
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1. Introduction

Let K * G be a crossed product [2] ol the multiplicative group G over the
associative ring K with respect to the factor set p = {p(g,h) € K*|g,h € G}
and the mapping o : G — AutK, where K* is the multiplicative group of K
and AutK is the group of the automorphisms of K. This implies that K * G is
simultaneously an associative ring and a free K-module with a basis G = {g €
K x G | g € G}, where the elements of G satisfies the conditions

gﬁ:g_hp(g,h). ag = gas? (_(/,IIIGG, CVEI\’)

'The first author’s research was supported by the Science Fund of Bourgas University ”A.
Zlatarov” under contract NI-27/2000.
2The second author’s research was supported by PU-25-MM.
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and a9 is the image of @ € N under the action of the automorphism go &
Aut K. Since [(gh) = (fg)h and (ag)h = a(yh), we have the following condi-
tions for associativity

p(frah)p(a,h) = p(fg, 1)p(f,9)"7, a@7h = p(g,h) " alo™7 p(g, )

forall f,g,h € G and a € K.

We shall assume that the basis of K * G is normalized [8], i.e. 1 1eq@)
is the identity element of K x (/. Then p(g,1) =p(l,g) =1 (g € G) and 1o is
the identity automorphism of K (sce [2]).

We shall say that the crossed product K * ' is semiprimitive if its Jacob-
son radical J (I () is zero. The semiprimitivity problem for crossed products
of infinite groups has been studied at first by A. A. Bovdi [2] and A. E. Zalesskii
[14]. It is clear that this problem generalizes the corresponding semiprimitivity
problem for group rings, which was investigated by many authors (see [8,9,10]).
Here we use some methods from [8,12,13] for group rings and we prove several
theorems which generalize some well known results for group rings.

Let K be an algebra over the field @ of the rational numbers and let
G be any group. Then we prove that there is a normal subgroup H of the
group G such that the commutator subgroup H' = [H, H] coincides with H and
J(K «G) C J(N « H)(K + ). Furthermore, let M be the set of all locally
finite, locally nilpotent, locally free and generalized solvable groups. If H is
a subnormal subgroup of GG such that all factors of the subnormal series are
M-groups and K is a Q-algebra, then again J(K x G) C J(K + H)(K * G).
Finally, let I be a ring of finite characteristic m > 0 and let ¢/ be a group with
no p-elements for every prime divisor p of m. I’ G has a subnormal series with
either locally finite, or locally solvable fectors and N,(/ is a twisted group ring
of G over K, then J(K,() C B(I)(N + ). Here B(K) is the Brown-McCoy
radical of K, that is B(/) is the intersection of the maximal ideals of I [1].

2. Preliminary results

Further let K #+ G denote a crossed product of a multiplicative group G
over an associative ring /{'. In this section we collect some facts concerning the
Jacobson radical J(I{ * ) of ' #+ G and provide the auxiliary results that are
need in this paper.

Lemma 2.1. If H is a normal sul-roup of G with a finile index n, then
JUC+E)" CTK =« H) X +G)CT(K+G).

Furthermore, if n € I{*, then J (K *G) = J(K +« H) (K * G).



On the Semiprimitivity of Crossed Products 181

Proof. The statement is proved in [9, Theorem 4.2] when H is the
identity subgroup of G. If I # {1}, then K * G = (K « H) * G/H is a crossed
product of the finite group G//H over the ring K * H [4] and again in view of
[9, Theorem 4.2] the result follows. ]

This result has a number ol extremely useful consequences, some of which
we offer below.

For any subgroup H of the group G there is a natural projection
wp I« G — K+ I, given by

ﬂH(Z gag) = Z gag.

geG geEH

It is clear that 7y (u 4+ v) = 7y (u) + 7y (v) and 7y(an) = arg(w), 7g(ua) =
mr(u)a for uw,v € K G and a € K * H. Moreover, if H is a normal subgroup
of G and v € K G, g € G, then my (g7 ug) = g7 rg (u)g.

The following lemma is proved in [7] (see also [8, Lemma 1.1.6] and [8,
Lemma 7.1.5]).

Lemma 2.2. Let I be a subgroup of G and let A be a right ideal of
K« H. Then
(i). The right ideal B = A(K *G') of the ring K +G' satisfies the condition

A=mp(B)=Bn (K x H);
(i), T «G)N (K« H) C J(I + H).
Now we shall prove

Lemma 2.3. (i). If J(K«L) C J(K)(K+L) for every finitely generated
subgroup L of the group G, then J(K + ) C J(K)(K * G);

(it). If T(K)(IC« L) C T(K « L) for every finitely generated subgroup L
of the group G, then J(K)(K «G) C J (K * G).

Proof. (i). Ifa € J(K+G) and L = (Supp a) is the supporting subgroup
of a, then L is a finitely generated subgroup of ¢ and by the condition it follows
that (K + L) € J(K)(K * L). Thus, in view of Lemma 2 (ii) we obtain

a€ JK*G)N(K+L)CJT(K+L)CJK)K+ L) C T(K) K *G).

Therefore, 7 (K + G) C J(K)(I + G) and (i) is proved.
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(ii). Suppose that o € J (/) and 2 = aa (e« € K * &) is any element of
the right ideal I = a(K *G) of the ring K +G. If L = (Suppa), then L is finitely
generated and J(K)(K x L) C J(K * L). Since o« € J{I') and @ € K x L, this
shows that 2 = aa € J(K * L). Thercfore the element z is quasi-invertible and
thus we conclude that [ is a quasi-regular ideal of K * GG. This implies that
J(K)(K «G) C J(K *G) and the lemma is proved. m

Now we shall consider a class of crossed products K * G where G has
some special ascending or descending series of subgroups.

Let H be a subgroup of the group G' and let Q be a totaly ordered set.
We shall say that a set S(H) = {(U;, Vi) | i € Q} of pairs (U;, V;) of subgroups
of G is an ascending (resp. descending) H-series of G if

(i). H <U;aV; forall i € Q;

(ii). V; < Uj for all i < j (resp. ¢ > j);

(ii). G\ H = U (Vi\ Uy).

1EQ

This is, of courese, a generalization of the different ascending (resp. de-
scending) series associated with the group G (see [8, p. 293]). We shall say
that H is an S-subnormal subgroup of G if G has at least one H-series S(H).
Further, let M be some class of groups. Then H is said to be an SM-subnormal
subgroup of G if all factor groups V;/U; (i € ) of the series S(H) are M-groups.
Moreover, G is an SM-group, if the identity subgroup is SM-subnormal in G.

Lemma 2.4. Let H be a subgroup of the group G and let S(H) =
{(U;, Vi) | i € Q} be any series of G. If T(K Vi) C J(K * U;)(K *V;) for all
1 €Q, then J(K xG) C J(K = H)(K * G).

Proof. If T(G/H) is some transverzal of /7 in G and 0 # a € j‘(K *Q),
then

a=aigr+ a9z - + tnfn .

where 0 # a; € K « H and g; € T(G/H) for i = 1,2,...,n. It suffices to show
that a; € J(K *x H) forall i =1,2,...,n.

First by induction on the T'(G/H)-support size ||a|| = n we shall prove
that if a € J(K * U;) for some i € Q and wpg(a) # 0, then my(a) € T (K x H).
Here 7y is the natural projection on K * H. Really, if ||¢|| = 1, 7 (a) # 0 and
a € J(K *U;), then a = a1§1 (91 € H) and by Lemma 2.2 (ii),

rh(a) =a1g1 € T(K «U;)) N (I + H) C T(K + H).

Let us assume that my(«) € J(K+H) forevery a € 7 (K +G) when a € j(K*Ui)
for some ¢ € Q and |ja|i < % — 1 and et =l =L > 1. Since S(I{) is a series of
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G and ||a|| is finite, we conclude that there exists a pair (U;,V;) € S(H) such
that « € K *Vj and @ ¢ KK + U;. Then Lemma 2.2 (ii) implies that

ae J(KxG)n (K «V;) C T(K % V).
Hence, by the condition of the lemma, we obtain
a€l=7JKx*U)K=V;).
Now Lemma 2.2 (i) yields
T (K +Uj) = ny,(I) = 1N (K + Uj),

where 7y, is the natural projection of K * U;. This shows that 7y, (a) € J(K *
Uj). 1t is clear that ||my, (a)|| < ||a||, because a ¢ K + U;. Then the induction
assumption gives

ru(a) = my(ry,(a)) € T(K + H).

Thus we obtain that 7y (a) € J(K + H) for all « € J(K * G) N J(K * U;) for
some ¢ € .

Now b = ag7! (1 < i < n)isalso an element of 7 (K *G) with 7z (b) = a;.
Ifbe K«V; (j€Q), then

be J(K+G)N (K +V;) CT(K *V;) CT(K +Uj) (K + V),

according to Lemma 2.2 (ii) and the condition of the lemma. Therefore, by
Lemma 2.2 (i) as above we obtain 7y, (b) € J(K * U;) and hence

7TH(7TUJ- (b)) . ﬂ'H(b) =a; € j([&v * f[)
for all : =1,2,...,n, as was to be shown. ]

We close this section with the following lemma which is proved in [11,
Corollary 2 and Corollary 6].

Lemma 2.5. Let K be a field of characteristic p > 0. If G is a group
with no elements of order p when p > 0, then every twisted group ring K ,G has
no non-zero nil ideals.

3. Radicals of crossed products

In this section we shall prove the main results of this paper.

Proposition 3.1. Let H be a normal subgroup of G' with a locally finite
factor group G/H. Then
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(i). T(K+« H)(K *G) C J(K +G);
(it). If the order of every element of G/H is invertible in K, then
J(K+G)=J(N +« H)(N =G).

Proof. Suppose first that H = {'}. Then G is a locally finite group
and every finitely generated subgroup L ol (7 is finite. Thus by Lemma 2.1 with
H = {1} we obtain that J(K)(K * L) C J(K * L). Now Lemma 2.3 (ii) shows
that J(K)(K * G) C J(K * G), i.e. the assertion (i) is proved when H = {1}.
If every element of G has an invertible order in I, then |L]| € K* and Lemma
2.1 yields the inclusion J(K * L) C J(K)(K * L). Hence by Lemma 2.3 (i) we
get that J (K +G) C J(K)(K +G). Therefore (i) is also proved when H = {1}.

In general, suppose that H # {1}. Then K «G = (K * H) * G/H is a
crossed product of G'/H over K * H [4]. Since K* C (K # H)*, from what has
been proved above we obtain

J(K+H)(K+G) = J(K+H)((K+H)*G/H) C J(K+H)+G/H) = J (K *G),

i.e. we obtain the assertion (i). In a similar manner we prove and the assertion
(ii). ]

Using the terminology of Passman [8, p. 304], we say that the subgroup
H of the group G controls the ideal I of the crossed product K +G if
I = (N (K*H))(K=x*G). It is known [7, Lemma 2.6] that if the subgroups
H; (i € Q) control the ideal I, then their intersection H = ﬂ H; also controls
1€EQ
I (for group rings see [8, Lemma 8.1.1]).

Proposition 3.2. Let K be any ring and at least one prime number p is
invertible in K. Let H be a normal subgroup of G with an abelian factor group
G/H.

(i). If G/H is a free abelian group, then

J(K*xG)=(J(K+*G)NK x H)(I +G);
(ii). If the order of every torsion element of G/H is invertible in K, then

J(K +G) C T(K « H)(K xG).

Proof. Suppose first that H = {1}.
(i). Let G be a free abelian group and let G = H (gx) be a decomposition
E>1
of G as a direct product of infinite cyclic groups [6, p. 118]. If the prime
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number p is invertible in K, then we set G,, = H (gzn) for every natural number
k>1

n>1 SoG =Gy DG D---DG, D---is an infinite strongly descending

series of G such that all factor groups G;/Giyy (i > 0) are locally finite p-

groups. Since p~! € K*, in view of Proposition 3.1 we obtain J(K * G;) =

J I+ Gip1) (K *+ Gy) for all ¢ > 0. Now with induction on » we conclude that

J(K *G) = J(K *G,) (K xG) for all n > 0. Hence by Lemma 2.2 (i) we have

T(K +G) = (T(K +G)n (K + Gp)) (I * G),

i.e. G controls J (K * G) for all n > 0. Then the intersection S = ﬂ G, also
n>0
controls the ideal J(K * G) [7, Lemma 2.6]. But it is easy to sec that .S = {1}
and therefore
J(K+G)=(JI «G)NK)(K xG),

i.e. (i) is proved when H = {1}.

(ii). Let G' be a torsion free abelian group. If L is a finitely generated
subgroup of GG, then L is a free abelian group and in view of (i) and Lemma 2.2
(ii) we have

J(EK+L)=(J(K*L)NK)(K + L) C J(K)(K * L).

Then Lemma 2.3 (i) implies /(K xG) C J(K)(K * G).
If G is not torsion free and Gy is the torsion subgroup of G, then K +G =
(K * Go) * G/Go where G/GY is a torsion free group. From this we see that

T (K +G) CI(K xGo)[(K * Go) * (G/Go)] = T (K * Go)(K *G).

Now, according to Proposition 3.1, we have J(K + Go) C J(K)(I * Go) and
thus J(K + G) C J(K)(K + G).

In general, if H # {1}, the result follows as above from the crossed
product K + G = (K * H) * G/H and the proof is completed. ]

Corollary 3.3. Let H be a subgroup of G and let S(H) = {(U;, V;)|i € Q}
be an H-series of Gi. If all factor groups V;/U; (i € Q) are abelian and K is a
Q-algebra, then J(K +G) C J(K * H)(K * G).

Indeed, since the order of every torsion element of V;/U; (i € Q) is
invertible in K, by the preceding proposition we have J(K *V;) C
J (I * U;) (K x V;) for all i € Q. Then the statement follows from Lemma 2.4.

Corollary 3.3 shows that if G is an SN-group (in [5] and [6] G' is RN-
group, i.e. G is a generalized solvable group) and K is a semiprimitive Q-algebra,
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then J (K * G) = O for every crossed product I * G. This result generalizes
some well known results for group rings (see [12,13]).

Proposition 3.2 (ii) can be generalized for locally nilpotent group [5,6].
Indeed, we have the following

Theorem 3.4. Let K be any ring and at least one prime number p is
invertible in K. If H is a normal subgroup of G with locally nilpotent factor
group G /H and the order of every torsion element of G/H is invertible in I,
then J(K * G) C J(K « H)(K *G).

Proof. Suppose first that H = {1} and let L be any finitely generated
subgroup of G. Then L is a nilpotent group and the torsion part Lo of L is
a finite normal subgroup of L [5, Theorem 16.2.7]. Moreover, the factor group
L/Lo has a upper central series with torsion free abelian factors [5, Theorem
17.2.2]. Hence L has a finite normal series Lo C Ly C --- C L, = L with torsion
free factors L;/L;—; for i = 1,2,...,n. Now we consider the ascending series
S(Lo) = {(U;, Vi)t =1,2,...,n},whereU; = Li_yand V; = L; (1 << n). By
Proposition 3.2 (ii) and Lemma 2.4 we receive J (K *L) C J (K *Lo)(KX*L). But
|Lo| € K* and by Lemma 2.1 it follows that J (K * Lo) C J (i) (K * Lo). Thus
J(K L) C J(K)(K * L) and Lemma 2.3 (i) yields J(K *G) C J(K)(K *G).

If H# {1}, then K *xG = (K * H) + G/H and the result again follows. m

If H and L are subgroups of G, then by [H, L] we denote the subgroup
of G which is generated by all commutators [z,y] = 27y~ lay with @ € H and
y € L. Then G' = [G,G] is the commutator subgroup of G.

Recall that G is a locally free group if every finitely generated subgroup
of G is free [6, p. 239]. For each free group G' we have G # G’, but there exist
locally free groups with the property G = G’ [6, p. 239].

Theorem 3.5. If the factor group G/H is locally free and at least one
prime number p is an invertible element in the ring K, then J(IK +G) C J (K *
H)(K * G).

Proof. As was seen in the proof of the preceding statements it is enough
to consider the case when H = {1}. So let L be a finitely generated subgloup
of Gandlet L = Lo D Ly D---D La D -+ be the lower central series of L,
that is Ly = [L, L], Li+1 =[L, L,—] for each ordinal number 7 and L, = ﬂ Ls

B<Lla
for limit ordinals. Then L is a free group and it is well known that all factor

groups Lo/Lq41 are torsion free abelian groups [6, p. 232] and ﬂ Ly = {1}
a>0
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[6, p. 230]. Hence, in view of Proposition 3.2 (ii) and Lemma 2.4 we obtain
J(K % L) C J(K)(K * L). Then the result follows by Lemma 2.3 (i). ]

Theorem 3.6. If K is an algebra over the field Q, then for every group
G there exists a normal subgroup H such that H = H' and

J(K xG) C J(K » H)(K G).

Proof. Let G =Gp DGy D---D Gy D -+ be the commutator series of G, that

is G1 = [G,G], Gat1 = [Go, 4] for every ordinal number o and G, = ﬂ Gp
B<a
for limit ordinal numbers a. Then all factor groups G/Ga+1 are abelian and

there exists an ordinal number 7 such that G, = G, for all « > 7 [6, p. 89].
Now the result follows from Proposition 3.2 (ii) and Lemma 2.4 with H = G,
Va = Gq and Uy = G4 for all a > 0. ]

In particular, if G is a generalized solvable group [5,6] and K is a Q-
algebra, then J(K + G) C J(K)(K * G).

Denote by M the set of the locally finite, locally nilpotent, locally free
and generalized solvable groups. Then the obtained results can be formulated
in the following more general

Theorem 3.7. Let H be a subgroup of G and let S(H) = {U;, V;)|i € Q}
be an H-series of G. If all factors V;/U; (i € Q) are M-groups and K is a Q-
algebra, then J(K xG) C J(K « H)(K * G).

4. Radicals of twisted group rings

Let K,G be any twisted group ring of a group G over a ring K with
respect to the factor set p and let F be the center of K. Then the conditions
for associativity of K,G show that p(g,h) € F for all g, h € G. Therefore there
is a subring F,G of the ring K,G.

In this section we shall consider some properties of the radical 7 (K ,G).
First we shall prove the following

Lemma 4.1. If K is a central simple F-algebra and I is a non-zero ideal
of K,G, then I N F,G is a non-zero ideal of F,G.

Proof. It suffices to show that I N F,G # O. Let

a= Zﬁ,’ai (0 # «a; € K)
i=1
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be a non-zero element of 1 with a minimal support size ||a|| = n. By assumption,
the principal ideal Na K contains the identity element of K. If
m

Z zjoqy; =1 (25,y; € K),

i=1
then

u = Zarjayj = Zg,ﬂ; (Bi € IX)
J=1 =1

is a non-zero element of I, because 8; = 1. Thus v = au —ua € I and ||u|| < n
for all @ € K. This means that v = 0 and hence By, 32,...,8, € I7, that is
w € F,G and INF,G # O, as was to be shown. B

Lemma 4.2. Let K,G be a twisted group ring over a central simple F-
algebra K of characteristic p > 0 and let G be a group with no p-clements. If the
factor group G/H is either locally finite, or locally solvable and J(K,I) = O,
then J(K,G) = 0.

Proof. Assume by way of contradiction that ¢ is a non-zero element of
J(K,G) and let Lo = (Suppa) be the supporting subgroup of «. If Ly C H,
then a € J(K,G)NK,H C J(K,H) = O, which is impossible. Therefore there
exists a subgroup L = HLg such that G D L D H,a € J(K,L) and L/H is a
finitely generated factor group. Thus L/H is either finite, or solvable.

If L/H is a finite group of order m, then by Lemma 1.1 we obtain
J(K,L)™ C J(K,H)(KpL) = O, i.e. J(K,L) is a nilpotent ideal. Now
by Lemma 4.1 and Lemma 2.5 we conclude that L has a non-identity p-element,
which is a contradiction.

If L/H is a solvable group, then let H = Lo C Ly C --- C L, = L be
a subnormal series of L with abelian quotients. By induction on ¢ =0,1,...,n
we shall prove that J(K,L;) = O. Because Lo = H, the case i = 0 is clear.
Suppose that 1 < ¢ < n and that J(K,Li—;) = O. If J(K,L;) # O, then
it is easy to see as above that there is an intermediate subgroup N such that
L; DN D Li—y, JE,N)# O and N/L;_; is a finitely generated abelian
group. Thus there exists a subgroup No with N D Ny D L;—;, where N/Ng
is torsion free abelian and Ny/L;—; has a finite order m. Then Lemma 1.1
yields J(IK,Ng)™ C J(K,Li—1)(I{,No) = O, and hence J(K,Ny) is nilpotent.
Therefore, by Lemma 4.1 and Lemma 2.5, we have J (K ,Ng) = O. Furthermore,
because N/Ng is a torsion free abelian group, Proposition 3.2 yields J (K ,N) C
J(K,No)(K,N) = O, which is a contradiction. So J(K,L;) = O and the
induction step is proved. Since L, = L, we obtain J(K,L) = O and again we
receive a contradiction. Therefore J(K,G) = O and the lemma is proved. m
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Further by B(I) we shall denote the Brown-McCoy radical of the ring
K, that is B(K) is the intersection of all maximal ideals in K [1, p. 331].

Theorem 4.3. Lel K be an associalive ring of [inite characleristic
m > 0 and let G be a group with no p-clements for every prime divisor p of
m. A G has @ subnormal series {1} = Gy C Gy C --- C Gy = G and all Jac-
tors GifGioy (i=1,2,...,0) are either locally Jinite, or locally solvable, then
J(N,G) C B(K)(K,G).

Proof. Let P be a maximal ideal in K. Then K/P is a simple ring ol
finite characteristic p > 0, where p divides m. It is clear that P(K,G) is an
ideal in N,G@ and K,G' / P(K,G) = (K/P);G, where p(g, k) = p(g,h) + P for
all g, € G. Since G'is a group with no p-elements and K /P is a central simple
algebra of characteristic p, by Lemma 4.2 with an induction on n we see that
J((IK/P);G) = O. Therefore, J(K,G) C P(K,G) for all maximal ideals P of
K. This shows that 7 (K,G) C B(K)(K,G) and the theorem is proved. =

Let K G be again any crossed product and let Inn(K) be the group of
the inner automorphisms of K. It is easy to verify that Gie, = {9 e G|go e
Inn(K)} is a normal subgroup of G and for every element g € G, there
exists an element ¢, € K* such that a9’ = ggacy! for all & € K. Setting
g =20cyg (9 € Ger), we have

d = ajgs, = ga%%c = ile. e~ Ve = g
ag = agsy = ga¥ley = glegae, " ey = ja

for all @ € K and g € (Y. Moreover, jh = ﬁﬁ(g,h), where p(g,h) =
S.;/Lll)(!/, h)epeg I:or all g, € Ge,. Since this is a diagonal change of basis, we
conclude that K G, = K;G e, is a twisted group ring. Then as an immediate
application of the preceding theorem we have the following

Corollary 4.4. Let K x G be a crossed product over a stmple ring I
of [inite characteristic p > 0 and let G, be a group with no p-elements. If
Gler has a subnormal series {1} =Gy C Gy C ---C G,, = Gller such that all
factors Gii/Gi—y (i = 1,2,...,n) are either locally finite, or locally solvable,
then JH xG) = O.

Proof. Assume by way of contradiction that J(K *G) # O. Then
I = J(K+G)NK #Gpe, is a non-zero ideal of K * Gle, [2] (see also [9, Corollary
12.6]). Moreover, Lemma 2.2 (ii) shows that I C J (K * Ger) and therefore
J (I % Gier) # O. But, as was seen in the above notes, I * G is a twisted
group ring and the preceding theorem shows that J(K % Grer) = O, because
B(K) = O. This contradiction proves the correctness of the statement. =
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