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Isogeodesic and isochebyshevian nets of the second kind into a three-dimensional
affinely connected space without a torsion are introduced. Characteristics of the spaces, con-
taining such nets are obtained. We find conforming transformations of a three-dimensional
Riemannian space by which an arbitrary net is transformed into isogeodesic or isochebyshe-
vian of the second kind.
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1. Isogeodesic and Isochebyshevian Nets in Aj

Let Az be a three-dimensional affinely connected space without a torsion
Asz. There is a net (21),221,2) defined by the independent fields of directions v»*
o

(e =1,2,3). The reciprocal co vectors 0; of vt are defined by the equations:
(o7
%ivk = 5:0 <~ 'Uigi = 53
« o

We shall denote the coefficients of the connection of the space A by I't .. The
following derivative formulae hold [3], [4]:

N . (o7
(1) Vo' = Th', Vi = -:515,- for any o, 0 = 1,2, 3.



200 I. Badev

1.1. After contracting (1) respectively by 111"', g" and 'gk, we obtain:

P U S AR S B
Vvt = Ty + Tr"v* + 10 ',
1 1 111 11 2 113

A CL 23,
(2) v Vvt = T vt + T vt + Tr"vt,
2 2 29 22 2°2 3

R S k, i k, i
Vo' = T + T + Tr"v'.
3 331 32 3
Definition 1. The net (11), g,g) € Aj will be called an isogeodesic net if:
2 1 3 2 1 3
(3) Tiw* = —Tw*, Tw*=-Twk*, Tw*=-Tw"
11 22 272 3°3 3°3 1
When
2 1 3 2 1 3
Tk = Tk =0, Th*=-Trw'=0 Tw*=-Twr"=0,
11 272 272 3°3 33 11

then the net (v,v,v) € A3 is a geodesic one [2].
Let a net (111,121,%1) be an isogeodesic one. From (2) and (3) we obtain:

Lk i 3k i
;0" Vv = —0;v" Vv
13 k3 zl kl )
1 ; 2 ;
4 ;v Vvt = —0;0F Vot
( ) 12 k2 11 kl )
2k i 3 K i
;0" Vvt = —v;0 Vo',
i3 Vky iy VY

Proposition 1. If a coordinate net (zl),g,'g) € As is an isogeodesic one

then the coefficients of connection satisfy the equations:

(5) I$y=-T% forany k+#s, ks=1,23.

Proof. From the first equation of (4) we have

1 k( i i s) 3 k( i i s
v;v° | Opv® + TLv° ) = —v;0° (Opv® + T v°) .
i3 \%3 ks3 | ks
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Since the net (111, v, g;) € A3 is coordinate, then I'}} = —T'1,.

The equalities I'}| = —T'},, I'}, = —I'3, are proved in essentially the same
way.

Conversely, if the coeflicients of connection of the space As, in the pa-
rameters of a coordinate net (zlz, g,g) satisfy (5), then the coordinate net is an

isogeodesic one. Really, from (5) taking into account the choice of a coordinate
net, we obtain subsequently (4) and (3). From where, it follows that the net
(111, s 131) is an isogeodesic one. m

1.2. After contracting (1) respectively by zl)k , gk and g’"‘, we obtain:

1 1. 1
1 1 .2 .3
vkvkvi = —Tk'u’"vi — Trwhy; — Tku’”v,-,
1 11 21 31
2 2 .1 2 9 2 .3
(6) v"Vkvi = —le’”vi - TI:u’"v,- — Tl:ukvi,
2 12 22 32
. 3 3 1 3 ® 3 .3
vl'Vk'u,- - —Tku"v,- - Tl:u’”vi — Tw'v;.
3 13 273 33

Definition 2. The net (111,121,51) € A3 we call an isochebyshevian net of the

second kind if:

1 . 3 3 1 ’ 2 . 2 . 3 .
(7) T* = -Twk Twk=-Twt, Tr*=-Twt.
31 1 3 21 1 2 3 2 2 3
When
1 3 1 2 2 3
Tk = -Twk =0, Tw*=-TwF=0 Tw*=—-Tw =0,
31 1 3 2 1 1 2 3 2 2 3

then the net (711, v, g) € A3 is a chebyshevian one of the second kind.
Let the net (111, Y, g) € A3 be a isochebyshevian of the second kind. From
(6) and (7) we have

i, kv L i,k 3
V'V v = -0 Vi5v;
31 LY 13 kEVi,
: 5 2 i I 1
8 VPV = —0'FV 0;
( ) 195 kU3 91 kUi,

i, kv 3 i, kv 2
V'u"VEv; = —v'w"Vi0;.
23 kY 3o kY
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Proposition 2. If the coordinate net (zl),g,g) € Az is isochebyshevian

of the second kind then the coefficients of the connection satisfy the equations:

(9) Tk =-T% forany k#s, k,s=1,2,3.

Proof. From the first equation of (8) we obtain :

; 1 1 i 3 3
vk (ak'u,- - Fiivs) = —pipk (8kvi - Fiivs) ,
31 13
from where, it follows that the coefficients of the connection, in the parameters
of the chosen coordinate net, satisfy the equation I'l; = —T3,.
Using the same argument we obtain: I'; = —T'}, and I'}; = —T'3,.

Conversely, if the coefficients of the connection of the space As, in the
parameters of the of the coordinate net (11),121,131) satisfy the equations (9) then

the coordinate net is isochebyshevian one of the second kind. ]
2. Conforming-isogeodesic and conforming-isochebyshevian netg
in a three-dimensional Riemannian space V3

Let a space Az be a three-dimensional Riemannian space V3 with a metric
tensor g;s. We consider the conforming transformation:

(10) 9is = € gis-
An arbitrary net (z{,g,g) € Va(gis) transforms into ({),é,é) € Vs(g;,) by (10).
Following Norden [2], for the coefficients of the connections of the spaces T*/3
and V3, we obtain:

*

Dl =D + 0k + 0Es — g7 g

o .
The vector Ay = 9\ = - is called the vector of conform transforma-
U
tion. It is known that the conform transformation of a Riemannian space ig
characterized by the condition Ay = grad.

*
Let the derivative formulae in the space V'3 are:

* o a .
(11) Vvt = Pw' for any a,0 = 1,2, 3.
(o7 a o
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2.1. Let the net (zl),qzz,g) € V3 be transformed into an isogeodesic one
(1;3, é, '1;3) € 1*/3 by the conforming transtormation (10).
Definition 3. A net (11), g,g) € V3 allowing conforming transformation
into an isogeodesic one ('213, gz, 'gz) € 1*}3, we shall call a conforming-isogeodesic net.
Theorem 1. A net (zl),gz),g) € Vi is conforming-isogeodesic if and only

if B
A = Z]a, = grad.

B B ;
Proof. Following [3] and [1] we have P, = Ty + A (gsgk— gig”'uk)
« e o

. B E B B
from where it follows Pr* = TrF — \,v;g%.
« a

Since the net (11*1,1;1, 1;3) is isogeodesic then from (3) we can write:

g™

k f) k £ ?":ﬂ
W = —rw or any o .
a BB Y

" Hence for the vector of the conforming transformation we have:

a g5 B g B ok 2
(12) As | vig"™ +vig =%’kg +%’Iwﬁ forany a # 8, o,6=1,2,3.
Let us introduce the notations:
B a

_ k k
(13) Sy = il
and
(14) 278 = $ig™ + 0ig®,

where a # B # v; (. 8,7) = (1,2,3), (2,3,1), (3,1,2).
We will prove that A is the solution of the equation:

(15) Zi\ = a,.

Since the matrix (Z5) is a nonsingular one, it has the converse one (ZZ)
Then from (15) we find:

(16) Ax = Z]a,.
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2.2. Let us find the conforming transformation such that an arbitrary
net (11;,@21,;37) € V3(gis) is transformed into an isochebyshevian net of the second
. * kK X %
kind (zll,g,g) € Vi(g;s)-
Definition 4. A uet (11), Y, g) € Vi, allowing conforining transformation

. : 5 . : * ok % hy .
into an isochebyshevian oune of the second kind (111,3, g) € V3, will be called a
conformning-isochebyshevian net of the second kind.
Theorem 2. A net (’(1),'12],"(3)) € V3 is a conforming-isochebyshevian one
of the second kind if and only if \y = by = grad .
Proof. Taking into account the chosen conforming transforination, for
*

the coefficients of the derivative formulae in the space V3 and V3 we obtain [2]

(3], [1I:

3

(17) (1@ b Py F s [0 e f # By, 8=1,2,3
kv =Tro" A |V —v g Ccos w or any « 7 e, 0 =1,2,3,
Yol Tate 0 \a 758 ) Y

where w is the angle between the fields v* and v'.
aff « B

(The branched indexes are not to be summmned.)
From (17), in accordance with (7), we find

(@) . B .
A ;g cos + v'; ¢*¥ cos w )—(v”-i-'u*)]
° [( Vg @ Y a B

@ @,
(18) =T rv" "+ T kv".
B (o) a (B
Denote
@ . @
by=Tkv"+ Tk
(@) a (8)
and
md = (3)“]"3 cos (é‘fﬂ + (g)igis cos a%) - (23 + gs) ,
where o # B #7v; (o,6,7) = (1,2,3), (2,3,1), (3,1,2),
(19) mf/As = b,y.

Since the matrix (m3) is a nousingular one then it has the converse one (73).
Now from (19) it follows that Ay = 72]b,, which means that \; is the solution
of the (19).
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