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1. Introduction

The concept of S-openness was introduced by M. E. Abd El. Monsef et
al. in [1]. These sets are also called semipreopen by D. Andrijevic [3]. Recently
M. Caldas and G. Navalagi [5] introduced a new class of functions called weakly
B-open functions which contain the class of S-open functions. They remarked
that weakly S-open functions are not always S-open. The present paper has
as purpose obtain a sufficient condition for a weakly B-open function to be -
open, establish relationships between this function and other generalized forms
of openness and also show that the inverse image surjective of every compact
set from the codomain are quasi H-closed.

Throughout the present paper, (X,7) and (Y,0) (or X and Y)) denote
topological spaces in which no separation axioms are assume unless explicitely
stated. The subset A of the topological space (X,7) is called S-open [1] or
semipreopen (3] if A C Cl(Int(Cl(A))), where CI(A) and Int(A) denote the
closure and the interior of A respectively. The complement of a f-open set is
called B-closed. The intersection of all 5-closed sets containing A is called the
B-closure of A and is denoted by Clg(A). The S-interior of A is the union of
all B-open sets contained in A and is denoted by Intg(A). For other definitions
and notations of this paper, we refer to [2, 4, 6, 7, 8, 9, 10, 11, 13].

2. Weakly (-open functions

Definition 1. A function f : (X,7) — (Y,0) is said to be weakly
B-open [5] if for each z € X and each open set U of X containing z, there exists
a f-open set V containing f(z) such that V C f(CI(U)). We denote a weakly
B-open function by w.g.o.



216 Miguel Caldas

The implications between weakly [-open functions and other types of
open functions are given by the following diagram (The converse of these state-
ments are not necessarily true).

preopen
1) e
opeun functions — a-open — pB-open  —  weakly G-open
1 e
semiopen

Example 2.1. (i) Let X = {a,b,c}, 7 = {0, X, {a}, {b},{a,b}},
o ={0,X,{c}} and f : (X,7) = (X,0) be the identity function. Then f is
w.B.0. but it is not weakly open since f({a}) ¢ Int(f(Cl({a}))).
. (i) Let X = {a,b}, 7 = {0, X, {6}}, Y = {z,y} and 0 = {@,Y,{fv}}-
Let f : (X,7) = (Y,0) be given by f(a) = « and f(b) = y. Then f is clearly
w.B.0. but it is not a F-open function since f(b) is not a B-open set in Y.

Example 2.2. (i) An injective function from a discrete space into an
indiscrete space is f-open, but is not a-open.

(ii) Let X = {z,y,z} and 7 = {0,{z},{z,y},X}. Then a function
f:(X,7) = (X,7) which is defined by f(z) = z, f(y) = z and f(2) = y is
a-open but is not open .

Example 2.3. Itis known in [2]:

(i) Let X =Y = {z,y,z} with 7 = {0,{z},{z,y},X} and o be an
indiscrete topology. Then the identity function I : (X,7) — (Y,0) is S-open
but not semi-open.

(ii) Let X = {a,b,c} with topology 7 = {0, {a}, {b},{a,b}, X} and ¥ =
{a,b,c,d} with topology o = {0, {a},{b},{a,b},Y}. A mapping [ : (X,7) —
(Y,0) defined as f(a) = b, f(b) = d and f(c) = a, it is clear that f is S-open
but not preopen.

Theorem 2.4.  For a function f : (X,7) = (Y,0), the following are
equivalent ([5 ,Theorem 2.3 and 2.4]):
1) f is w.B.0.
2) f(U) C Intg(f(CUU))) for every U € .
3) f(Intg(A)) C Intg(f(A)) for every A C X.
4) Into(f~1(B)) C f~1(Intg(B)) for every B C Y.
5) f~1(Clg(B)) C Cly(f~Y(B)) for every B C Y.
6) f(Int(F)) C Intg(f(F)) for every F¢ € .
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7) f(Int(CUU))) C Intg(f(CUU))) for every U € T.
8) f(U) C Intg(f(CI(U))) for every preopen subset U of X.
9) f(U) C Intg(f(CILU))) for every U € .

Theorem 2.5. For a function f : (X,7) = (Y,0), the following are
equivalent:
1) f is w.B.o.
2) f(U) C Cl(Int(Cl(f(ClLU))))) for every U € .
3) fIntg(A)) C Cl(Int(Cl(f(A)))) for every A C X.
4) Imtp(f~1(B)) C f~Y(Cl(Int(CI(B)))) for every B C Y.
5) 7 (Int(Cl(Int(B)))) C Cly(f~Y(B)) for every B C Y.
6) f(Int(F)) C Cl(Int(CIl(f(F)))) for every F€ € 1.
7) f(Int(CL(U))) C Cl(Int(Cl(f(CLU))))) for every U € .

Proof. This follows from Theorem 2.4 and that

Clg(A) = AU Int(Cl(Int(A))),Intg(A) = AN Cl(Int(Cl(A))).

Theorem 2.6. Let f: (X,7) — (Y,0) be a bijective function. Then
the following statements are equivalent:
1) f is w.B.o.
2) Clg(f(U)) C f(CLU)) for each U € 7.
3) Clg(f(Int(F)) C f(F') for each F closed of X.

Proof. (1) — (3) : Let F be a closed set in X. Then we have f(F¢) =
[f(F)]¢ C Intg(f(CI(F*))) and so [f(F)]° C [Clg(f(Int(F)))]c. Hence f(F) D
Cla(f (Int(F)).

(3) = (2) : Let U € 7. Since CI(U) is a closed set and U C Int(Cl(U)) by (3)
we have Clg(f(U)) C Clg(f(Int(ClL(U)))) C f(CUT)).
(2) — (3) : Similar to (3) = (2). And (3) — (1) is clear.

Theorem 2.7. Let g:(Y,0) — (Z,v) be an open continuous injective.
Then a function f : (X,7) — (Y, 0) is w.B.0. if and only if go f : (X,7) = (Z,7)
is w.(.0.

Proof. Necessity. Suppose that f is w.B.0. Let U be any open set
(X, 7). By Theorem 2.4 f(U) C Cl(Int(CIl(f(CIl(U))))). Since g is open and
continuous, we have g(Cl(Int(Cl(A)))) C Cl(Int(Cl(g(A)))) for every subset A
of Y. Therefore, we obtain (g o f)(U) C Cl(Int(Cl(go f)(CL(U)))). It follows
from Theorem 2.4 that g o f is w.B.0.
Sufficiency. Suppose that g o f is w.B.0. Let U be any open set of (X, 7). By
Theorem 2.4, (go f)(U) C Cl(Int(Cl(go f)(Cl(U)))). Since g is open and con-
tinuous, we have g~!(CI(Int(CIl(A)))) C Cl(Int(Cl(g~'(A)))) for every subset
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A of Z. Moreover, singe g is injective we obtain f(U) C Cl(Int(CI(f(CU(U))))).
It follows from Theorem 2.4, that f is w.B.0.

Theorem 2.8. Let f: (X,7) = (Y,0) be a function.
1) If f has the property that for each regular closed set A, f(A) is a B-open of
Y, then f is w.(.0.
2) If f is w.B.0. , then f(B) is a B-open set for each clopen set B.

Remark 2.9. If X is an extremally disconnected space, then both
converses of Theorem 2.8 are hold since the regular closed sets are precisely the
clopen sets.

Definition 2. A function f : (X,7) — (Y,0) is said to satisfy the
weakly [S-open interiority condition if Intg(f(Cl(U))) C f(U) for every U € .

Example 2.10. Let X =Y = {a,b,c} , 7 = {0,{a}, X} and 0 =
{0,{a}, [a,b},X}. Let f: (X,7) = (Y,0) be the identity function and let
U = {a}. Since Ints(f(CI(V))) = Ints(f(X)) = X ¢ f(U) = {a}, f does not
satisfy the weakly (-open interiority condition. However, f is clearly 8-open.

Theorem 2.11. If f : (X,7) = (Y,0) is w.(.0. and satisfies the weakly
B-open interiority condition, then f is B-open.

Example 2.10, shows that neither of these interiority conditions yields a
decomposition of B-openness.

Theorem 2.12. A function f : (X,7) = (Y,0) is w.f.0. with q
submazimal and extremally disconnected codomain if and only if f is weakly
open.

Proof. It is an immediate consequence of that every -open subset of
X is open if and only if X is submaximal and extremally disconnected [7].

Lemma 2.13. Let f: (X,7) = (Y,0) be a bijective w.B.0. function. If
U is a clopen set of (X, 1), then f(U) is B-clopen in (Y, 0).

Theorem 2.14. If f: (X,7) = (Y,0) is an injective w.B.0. function
of a space (X, T) onto a B-connected space (Y,0), then (X, ) is connected.

Proof Let us assume that X is not connected. Then there exist
nonempty open sets U; and Us such that Uy NU; = @ and U; U U, = X.
Therefore U; and Us are clopen in (X, 7) and by Lemma 2.13 f(U;) is a -open
subset for ¢ = 1, 2. Moreover, we have f(U1)Nf(Uz) = @ and f(U1)Uf(U:) =Y.
Since f is bijective , f(U;) is nonempty for i = 1,2. This indicates that (Y, o) is
not B-connected. This is a contradiction.
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Recall that a subset of a topological space is called closure compact (or
quasi H-closed [14]) if each open cover of the set contain a finite subcollection
whose closures cover the set.

Theorem 2.15. Let f: (X,7) = (Y,0) be surjective w.fB.0. and let K
be a compact set of Y. Then f~Y(K) is a closure compact subset of X.

Proof. Let A = {V,/a € I} , I being the index set be a open cover
of f7Y(K) and set T = {U € A/UN f~1(K) # 0}. Then T is an open cover of
FfYK). Foreachy € K , f~!(y) € Uy, for some Uy € T. By weakly S-openness
of f, there exists a B-open subset W, containing y such that W, C f(Cl(Uy)).
The collection {W,/y € K} is a [S-open cover of K and so there is a finite
subcover {W,/y € Ko} where K is a finite subset of K. Clearly {Cl(Uy,)/y €
Ky} covers f~1(K), or f~1(K) is a closure compact subset in X.
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