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Let H be a complex infinite-dimensional separable Hilbert space. An operator T' in
L(H) is called totally P-posinormal (see [2]) if and only if there is a polynomial P(z) with zero
constant term such that ||(P(T — z))*h|| < M(2)||(T — z)hl|| for each h € H, where M(2) is
bounded on compact subsets of C. In this paper we prove that every finite triangular operator
matrix T € L(®TH) with totally P-posinormal operators on main diagonal is subscalar, i.e. it
is a restriction of a generalized scalar operator to an invariant subspace.

1. Introduction

Let # be a complex infinite-dimensional separable Hilbert space and let
L(H) denote the algebra of all linear continuous operators acting on H. An
operator S € L(H) is said to be generalized scalar of order m if it possesses a
spectral distribution of order m, i.e. if there is a unital, continuous morphism
of topological algebras
. CF" — L(H),

such that ®(z) = S, where z is the identity function on C and C§*(C) is the set
of all compactly supported functions on C, with continuous derivatives of order
m (0 < m < 00). The operator S is said to be subscalar if it is similar to the
restriction of a generalized scalar operator to a closed invariant subspace. For

further information about these two classes of operators see [3].
An operator T' € L(#H) is said to be

. if and only if TT* < T*T or equivalently, if |T*h| < ||Th|| for
each h € H.
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In [5], M.Putinar has proved that hyponorinal operators are subscalar of
order 2.

It is well known that if 7" is lyponorinal operator, then Iin(7T") C hn(Z™).
That leads to the following two geuneralizations. An operator 7" € £(#{) is said
to be:

- if and only if Im(7) C IinT*, or equivalently 77* < \N2T*T", for
some A > 0 ([6]);

- (P-) if and ouly if there is a polynomial P(z) with
zero constant terin such that

hn(P(T)) € Tn(T™), or equivalently ||[(P(T))*A|| < N2||7°%||
for each h € H (see [2]).

Note that every posinornal operator is P-posinormal with P(z) = z.

The class of hyponormal operators is invariant by translation, i.e. if
the operator T is hyponormal, then 7" — z is also hyponormal. Since the class
of P-posinormal operators does not preserve this important property further
requireinents are imposed. An operator T € L(H) is said to be:

- P— if and only if there is a polynomnial P(z) with zero
coustant term such that ||(P(T — zI))*h|| < M()|(T" — zI)]L]| for cach
h € H, where M (z) is bounded on the compacts of C (see Definition 1
below).

In [2], a functional model for totally P-posinormal operators is obtained and in
[4] is proved that they are subscalar.
In [1], E. Ko has considered operator matrix 7" € L(@}7{) of the form

Ty T -+ T
(1) T — 0 T22 e TZn
0 0 o Tnn

where T3; ,72 = 1,2,...n, are hyponormal operators and proved that T is sub-
scalar of order 2n ([1], Theorem 4.5).

The object of this paper is to prove that if Tj;, i = 1,2,...n, are totally
P-posiuormal, then the operator 7" from (1) is subscalar.
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2. Preliminaries

Let 7 be a complex infinite-dimensional separable Hilbert space and let
U c C be a bounded open set. Troughout this paper we will need the following
functional spaces:

- O0™(U), (0 < m < o0) - the space of all m-times continuously dif-
ferentable on U functions; C™(U, H) = C™(U)®M - the space of all H-valued
C- functions; CF*(U) (resp. CH(U,7))-the space of all compact supported
functions in C™ (resp. C™(U,H)). We counsider these spaces with the usual
norins.

- Lp(U,H), (1 < p < o0) - the space of all H-valued functions in L, with
the usual norm || * ||,v.

- As(U,H) - the space of all analytic functions from Ly(U, H).

WU, H) = {f € Lo(U,H) : 8°f € Ly(U,H),k =1,2,...,m}, m € N-
the so called H-valued Sobolev-type space. This space is Hilbert with respect
to the norm "f“Wz;"u = >0 Il—gkf||2,U'

We recall that an operator 7" € £(#) has SVEP (single-valued extension
property) if for any open set U C C the only analytic solution of the equation
(T —2)f(z) =0, z€ U, is f(z) =0in U (see [3]). If, in addition, the range of
T — z is closed, then 7" has property (3) (see [3]).

Definition 1. (/2]). The operator T € L(H) is said to be tolally P-
posinormal if and only if

|1 P(T* — Z)h|| < M(2)||(T — 2)h]| for each h € H,

where P(z) = 2" + Y02} a2k, P(z) = 7z* + SpZt @z F, and M(z) is
bounded on compact subsets of C.

We will need the following leinma.

Lemma 2. ([}], Corollary 1) Let D be an open disk, let T be a totally

P-posinormal operator and let S be the orthogonal projection of Lo(D,H) onto
Ay(D,H). Then for f € Wi(D,H)

n
k
I(Z = $)fll2,p < Cp Y- T = 2)3" flla,;
k=0
where Cp s a constant depending on the disk D only.
Let us denote W2(D,H) = W(D,H)/(T — 7)W3”(D,’H) , where the
operator T is totally P-posinormal and let V : 7 — WZ"(D,H) be the operator

Vh=1®h+ (T — 2)Wi"(D,H), h € .
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If M is the multiplication operator with z on | W2n(D,H) and M, is the induced
operator by M, in W2 (D,H), then VT = M, V.
The following lemima is true.

Lemma 3. ([4], Lemma 8) If D is an open disk containing o(T") (the
spectrum of T), then the operator V is injective with closed range.
- To prove our main result we will also need

Lemma 4. ([4], Proposition 1) Let T be a totally P-posinormal operator.
Then T' has property (B).

3. Main. "t‘esult

Let # be a complex infinite-dimensional separable Hilbert space and
T € L(®TH) is a finite triangular operator matrix of the form (1), where
T;i ,t = 1,2, ..., n, are totally P-posinormnal (see definition 1) with corresponding
“.polynomials P;(z), of degree degP; = m;. Let s = Y 1| m;.
Now, let D be an open disk. Denote

Wr (D, H) = @1 W3*(D,H)/(T - 2)(@1W3* (D, H))
and let V : @tH — Wr(D,H) be the operator determined by the equality
(2) Vh=1Qh+ (T —2)(®TW3E*(D,H)), h = (h1,hz,....,hs) € OF

If M, is the multiplication operator with z on ®}W3*(D,H) and M, is
the operator induced by M, in Wr(D,#H), then it is clear that

(3) VT = M,V .

Lemma 5. Let D be an open disk containing o(T) (the spectrum of T').
Then the operator V defined by (2) is injective with closed range.

Proof. Let {h*}$° C @TH ,hF = (R}, ..., hE) and {f*}$° c @ W2 (D, )
& = (fF, ..., f¥), be sequences such that

(4) i (|7 = 2)7% + 1@ W¥llopze = 0.

3

The lemma will be proved if we show that h* — 0, as & — oco. Note that
condition (4) might be written in the form

limgyoo [[(T11 = 2)ff + Ti2f§ + -+ + Tinfy + 1 @ hfllwzs =0
(6) q limgosoo [(Tj5 — 2)fF + Tyjurffs + - + Tinfi + 1 ® A [lyy20 = 0

limg_y o0 [|(Tnn — z)frl: +1® h'ﬁ”W%’ =0.
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We will prove the lemma inductively by a procedure similar to that em-
ployed in [1]. We will show that for every t =1,2,...,n

limg 00 “(Tll - Z)flk +T12f‘§ i Tltftk +1® hllc”;,V:*t =0
(6) limy 00 “(Tjj - z)f]l!v + Ti_’i+lf]k+1 e r—r;ltft’v +1® h;';“pV;St =0

limy, o0 [[(T3e — Z)ftk +1® hf“wj’t =0,

where $; = $ — (myy1 + - +my). It is clear that in the case ¢ = n (6) is exactly

(5)-

Suppose that (6) is proved for some ¢t = 2,3, ...,n. We will prove that
liang o0 [|(Th1 = 2) fE+T12f5 +- - -+ Tig-1 fE HI@AT 2001 =0
2
(7) limg 00 ”(11]'.7'_z)fjl'c+1}j+lff+1+' : '+1}t—1ftl"'_1+1®h§”W:%—1 =0

limg_, o0 “(Tt—lt—l —z)ftk—l"'l@hf—l”W?’t—l =0.
2

By Lemma 3, from (6) we have hf — 0, as k — oco. Let S be the
projection of &7*~'Ly(D,#) onto @25 Ay(D,H). Then applying Lemma 2
for T = Ty we get

(T = 8)(fE,BfE, ..., 0 )20

me

<O T — 2)8 ™ (FF,BfE, ..., £ o,

k=0
Thus, we have
(8) Jim (I = 8)8 ffllap =0, i=0,1,..., 2501

So, for each 1 =0,1,...,2s;_1

Jim (Tt — 2)(T = S)3' fflla,p =0

and since [|(Tie — 2) ¥l 30 — 0,k — 0o, then limy_,o0 || (T - 2)S3' fF||a.p = 0.
Now, from the fact that totally P-posinormal operators possess property (f3)
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(Lemnma 4) follows that S'Ei ft"' — 00, 1 = 0,1,...,28;_1, uniformly on compact
sets of D. Let K be a comnpact set such that o(7") C K € D. Then

18951, = [ IST )Pz

[ sT G+ [ 188 k)P
K D\K

I

The operator 7' is invertil;le on D\ K, therefore the second integral tends to 0.
Then, from (8) we get |0 ff|la,p — 0, 4 =0,1,2,...,2s¢_1; hence ||fF|le,p — 0,
as k — oo. Now, returning to the proof of (7) we consequently have
o k i o
(T332 ff + Tigr ffnt- -+ Ty Sl +1 Oy

= (T35~ + T S+ + T S+ TS =TS E+LOBE ey

< Ty =2) ff + T ffaa -+ T fEF1O0E 2oy + NT5efElly 20ems

< T =D+ Ty S+ Tl 1O yane + Tl Elly e
Thus (7) is proved, which finishes the induction. Now, from Lemma 3 we get

hF —0, i =1,2,..,n. The proof is completed. m

Theorem 6. Let

T T -+ T
Too .. T

e Nl KoVl e}
0 0 Tnn

where Ty are tolally P-posinormal operators with corresponding polynomials
P;(z) of degree degP; = m; ,i = 1,2,...,n. Then the operator T is subscalar
of order 2s, where s =3 i" | m;.
Proof. The statement of the theorem follows directly from Lemma 5
and equality (3). The proof is completed. n
Since every hyponormal operator is totally P-posinormal (with polyno-

mial P(z) = z of degree 1 and M(z) = 1) Theorem 6 generalizes the result of
E. Ko ([1], Theorem 4.5).
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