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The weighted approximation of continuous functions by Bernstein-Chlodowsky poly-
nomials and their generalizations are studied.
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1. Introduction

The classical Bernstein-Chlodowsky polynomials have the following form

T

bn

bl

)n—k

(1.1) n fa'l') Zf TL Ck ) (

where 0 < 2 < b, aud b, is the sequence of positive numbers such that

lim b, =00, lim bT'LL = 0. These polynoinials were introduced by Chlodowsky
—>CO n—00

in 1932 as a generalization of Bernstein polynomials (1912) on an unbounded set.
Although there have been many studies of Bernstein polynomials to the present
date (see [1], [2], [6] and [7]), the Bernstein-Chlodowsky polynomials (1.1) have
not been investigated well enough. The aim of this article is to investigate
the problemn of weighted approximations of continuous functions by Bernstein-
Chlodowsky polynomials (1.1) (for a generalization of these polynomials see

(4])-
2. Main results

Let ¢(z) be a continuous and increasing function in (—oco, c0) such that

23 $(7) = o0
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and
plx) =1+ ¢*(z).
Denote by C, the space of all continuous functions f, satisfying the con-

dition
[f(z)] < Mpp(z), —o0<uw<o0.

Obviously C, is a linear nored space with the norin

”f“p — sup |f(L)|

—00<T<00 /)(-'U)

A Korovkin type theorem for linear positive operators L, , acting from G,
to C,, has been proved in [3], where the following results have been established.

Theorem 1. (See [3]) There exists a sequence of positive linear operators
L., acting from C, to C,, satisfying the conditions

(2.1) Jin [ L (1,2) = 1], = 0
(2.2) nl-l—l>[olc “Ln((/)aw) - (/)”l) = O
(2.3) Jim |2, (4, 2) = 4], = 0

and there exists a function f* € C, for which

T || L f* = f*]],p > 0.

Theorem 2. (See [3]) The conditions (2.1), (2.2), (2.3) imply lim || L,, f-
T—r 00
fllp = 0 for any function f belonging to the subsel of C,‘f of all functions f < c,
for which
lim f (@)

le|—o0 p(2)

exists finitely.
Setting p(z) = 1 + 22 and applying Theoremn 2 to the operators
Bu(f,z) if 0<a <,
Ln(f,z) = { . '
f(x) if w¢0,0,)

we obtain,
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Proposition 3. The assertion

|Bn(f,z) — f(z)] _
& e Sh, T e

holds for any function f € CJ, with p(z) =1+2%,2>0.
Note that conditions (2.1),(2.2) and (2.3) are fulfilled since
(2.5) B,(l,z) =1
(2.6) Bp(t,z) ==
(2.7) Ba(#%,2) = o + 2= %)

and therefore

B,(t%,z) — z 1 z(by, — z b
sup I"(h)z—l == sup _M <t
0<z<b, 1+ N o0<z<t, L1+ n

In view of Theorem 1, the assertion (2 4) does not hold in general for
an arbitrary function f € C, , p(z) = 1 + a2 Mmeover, the polynomials (1.1)
are not able to approximate even the analytlc function z? on the entire interval
[0, b,] without weight, since (2.7) gives

2
Oinax [Bu(t?,2) —2?] = Z—:L ,
which does not converge to zero as n — oco.

The affirmative solution of the problem of approximation of function
f(z) = 2? on the unbounded interval may be obtained by the consideration of
the polynomials of Bernstein-Chlodowsky with /b, replacing b, in (1.1) that is
the polynomials

(2.8) Bn(f,z) = Zf Vbn)CE 0<z< Vby.

_ n—k
(\/—)(1 \/7) ;

In this case (2.7) gives

- . s . /b —
(2.9) Bn(tz,a;) =%+ i(:“Lml , 0<z<Vb,,

and therefore b
max_[B,(t%,z) — 2] = -»
Oszsm[ n (1%, ) ] i’
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which tends to zero as n — oco.

We consider now the problem of approximnation of arbitrary continuous
functions by polynomials (2.8).

Firstly we shall consider the special case.

Lemma 4. For any continuous function f wvanishing on [a,~/by], where
a > 0 independent on n,

hm sup Igrz(f7 z) — f(z)| = 0.
20 o<r<von

Proof. Since by the condition, f is bounded, say |f(z)| < M,0 < z < a,
we can write for arbitrary small € > 0 the inequality

VD) - @) < e+ B E o - a2,

where z € [0,/b,] and § = §(¢) independent on n.
By the properties (2.5), (2.6) and (2.9)

z(vbn — )
\/__ T zck k 1 — n—k _ ‘L( n )
Z( ORI - 2= B
Therefore —_—
sup _|Bu(f,z) — f(@)| = e+ =,
0<z<v/bn " 52 4n?
which gives the proof. =
Theorem 5. Let f be a continuous function on semiazis [0,00), for
which
zll)rgof(a;) =kf <oo.
Then

lim  sup |Bn(f,z)— f(z)|=0.
n—)ooosws\/b? "

Proof. Obviously it is sufficient to prove this theorem in the case of
K = 0. In this case for any € > 0, there exists a point zy such that

(2.10) |f(z)| <e, z2>z.

Consider the function g with properties: g(z) = f(z) if 0 < 2 < zp , g(z) is
linear on 2o < & < o + and g(z) =0 if z > zo + §.
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Then
sup [f(z) —g(z)] < sup [f(z) —g(2)|+ sup |f(z)]
0<z<vbn ) zo<z<z0+1 T>T0+ 5
and since

max _|g(z)| = |f(z0)],

x05m3x0+%

we have

sup |f(z) —g(z)| < 3¢
0<a<vin

by the condition (2.10).
Now we obtain

sup |By(f,z) — f(z)] <  sup Bnu(|f —g 2)
0<z<Vbs 0<z<Vhn

+ sup |Bu(g,2) — g(z)|
0<z<Vbn

+ sup |f(z) — g(z)|
0<z<Vbn

< 6e+ sup |Bn(g,z)—g(z)|,
0<z<vbn

where ¢(z) vanishes in zy + % < z < b,. By Lemma 4, we obtain the desired
result.
It is easy to see thazt; the analog of Theorem 5 holds also for polynomials
(1) with condition lim %L = 0 (replace lim % = 0). Namely we have the
. n—0o n—oo ™
following theorem.
Theorem 6. If the sequence (b,) in (1) satisfies the condition

2
nli)rgo %ZLL =0, then for any function f, satisfying the condition of Theorem 5,

lim max | Bp(f,z)— f(z)|=0.

n—00 0<z<by

3. A generalization

We now give a generalization of Bernstein-Chlodowsky polynomials, which
can be used to approximate continuous functions on more general weighted
spaces.
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Let w(z) > 1 be any coutinuous function for 2 > 0.

Let also )
1+t

w(t)

and consider the following generalization of polynomials (1.1)

F(t) = 1(2)

' bn I __"i n—k
(3.1) Ln(f,z) 1+ Lz Z )Cn L) (1 bn) 3

where « € [0, by] and b, has the property as in (1.1). In the case of w(t) = 1 +4-¢2
the operators (3.1) coincide with (1.1).

Theorem 7. For a continuous function f, satisfying the condilion

f(z)
11520 (@) = Ky < oo,
the equality
lim sup | n.(fa fL) - f(a')l =0
n—=00 <<y, w(z)
holds.
Proof. Obviously
La(f,0) = (@) = 203 mp(y o (Z (1 = Eynek ()
n\Js I ? &= f m " by 7l
and therefore
qp a2 = S@I_ o |BuFpn) = By (@)
0<z<bn w(z) 0<z<by, 1+z

Also Ff(z) is a coutinuous function on [0, co) satisfying |Fy(z)| < My(1+
#?) , 2 > 0, since we have the inequality |f(z)| < Myw(z) for f. Therefore, by
Proposition 3 we obtain the desired result. A

Note that these types of statements also may be obtained for the gener-
alization of Bernstein-Chlodowsky polynomials considered in [5].
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