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1. Introduction
The expression
°r e(l;):1 —%)M
(1) Wy (fa X) = lim /
A—=o0 |,

—00

fx (z) (1 - e_)‘|x|> dz —2f (0)log A},

z_ _ =z
eNo —e N

which appears in A. Weil’s ”explicit formula” of prime nwunber theory [9], is
known as a Weil’s functional. (Here x is a Hecke character belonging to an
algebraic number field K with a conductor, v is an archemedean infinite prime
spot of K and m = m(x) € Z is uniquely determined by x. N, = 1 for
real v and N, = 2 for complex v). In a detailed proof of Weil’s formula (cf.
[7]), to obtain functional W, makes it necessary to impose restrictions upon the
function f near the origin. As K. Barner, who gave a more practical form to
the Weil’s functional in [3], noted, the advance essentially consists in weakening
the conditions imposed on f.
The basic conditions posed on f by Jorgenson and Lang [5], are:

Condition 1. f € BV (R) NL! (R)
Condition 2. There exists € > 0 such that f (z) — f (0) = O (|z[°) for z — 0.

We will show that Condition 1 can be wakened still further, replacing
Jordan variation by ¢-variation. Condition 2 will be also reconsidered.
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2. ¢—variation and Sticltjes integral

The universal class of this paper is the class W of regulated fun-tions
[4, p.145] i.e. functions possessing the one - sided limits at each point. TFor
f € W, we always suppose 2f (x) = f(r F0) + f(x— 0) If T is an interval
with endpoiuts a and b (a < b), we write [ (I) = f (b) — f (a).

Let ¢ be a continuous functions defined on [0, co) and strictly i increasing
fromn 0 to co. A function f is said to be of ¢ bounded variation on I 1f

Ve (£.1) = sup 3¢ (If (In)]) < o0,

where the supreinum is taken over all systems {I,,} of nonoverlapping subinter-
vals of I.

Example. ¢ (u) = u gives us Jordan variation, and ¢ (u) = uP, p > 1
corresponds to Wiener variation.

In the latter case, V,, (f) traditionally denotes the p-th root of V, » ().

The function j §%%lt is of bounded ¢-variation whenever ¢ satisfies con-

0
ditions Zd)(,—t) < oo and ¢ (u1) + ¢ (u2) < ¢ (ug +ug), for ug,ue > 0. In
particular, the following lemina holds.

Lemma 2.1. Let FA (z) = j swAL gt for o > 1, FA = 0 otherwise. Then

Vp (F4) = (AP ) (A = o0) for every p > 1.

Proof. On (1,00) we have ‘lr (z) = 8242 = 0 for Az = km, k > > [£]

a natural number. Function F4 is a monotone functlou on [’7, W] Hence

Var (74 88, 52]) = |4 (50) - o) = |7 "t < 2 <
kmw

Thus V' (£4; [41, 84071 < Land VE (F) =0 | 55 & | =0y (s610).

-y
bl
Definition. ([10]) The Sticltjes integral [ fdg is said to ezist (in a gen-

a
eralized Moore - Pollard sense) with the value J, if given € > 0 there exists a
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finite set of points IV in [a,b] such that the sum

Zf(sk){J(M_O)"J (k-1 H))}+if (z1) {9 (@ +0) — g (. — 0)} +
k=1 T k=1

+f(a){g(a+0)—g(a)} + /(D) {g (D) —g(b—-0)}

differs from J by less than ¢ whenever the points {xy} include all the poinls of
E. (a=290<& <2 <...<apy <& <2 =D).

Example. If [ is a step function and g a regulated funclion, we may
take E to be the set of discontinuities of f.

In case of functions of bounded ¢-variation, L.C. Young succeeded to
prove the following theoremns on existence and approximation of this integral.

Theorem 2.A. (10, (5.1.)] Let f and g be respectively of bounded ¢—
and — wvariation on [a,b] and let ¢ and 1) satisfy the condition

Z(/)_J (%) Pt (%) < 0.

Then the Stieltjes integral of [ and g exists and for a < & < b we have

7 Ol <37 (5) 07 (3)

where A=V, (f,[a,b]) and B =V, (g,[a, b]).

Theorem 2.B. [10, (5.2.)] Let f, g, and 1 be as in Theorem 2.A.
Then given € > 0, there ewists § > 0 (independent of [ and g) such that

b

/ Fdg—3"F () {0 (@) — 9 (w0} < &
k=1

a
provided that in each [zj,_,z1] determined by a=xz9 < & <21 < ... L@y <

&n < 2, =0, one at least of the functions [ and g has ils oscillation less than §.

As a direct consequence of this approximation theoremn, we obtain validity
of the formula on partial integratio.



270 M. Avdispahic, L. Sinajlovic

Theorem 2.1.  Let f and g be respectively of bounded ¢p— and p—
variation on [a,b] and 3 ¢! (L) =" (L) < oo. If for every § > O there exists a

division of [a,b] into subintervals on each of which at least one of the functions
f and g has its oscillation less than &, then

b

b .
/fdg=f(b)y(b)~f(a)g(a)— /gdf-

a

In particular, the formula of partial integration is valid if one of the
functions f and g is continuous.

Proof. Given € > 0, according to Theorein 2.B and our assuinptions,
we may find points a = 2o < z; < ... <z, = b such that

b n
[tas -3 F @) @) —g @) <5 and
i k=1

b n
3
Jodr =0 @) (0 o) = £ )| < 5
a k=l
(We took zj, xp—1 respectively for & in Theorem 2.B).
Adding these two inequalities, we end up with
b b
/fdg -+ /gdf = f(b)g(b) — f (a)g(a) (since € was arbitrary).
a a

It is customary to assume that ¢ is a continuous, couvex, strictly increas-
ing function on [0, 0o0) satisfying counditions

(01) limﬂ}) =0
x—0
(001) limn ﬂfl = 0.
I—rC0

These conditions ensure that Young’s complementary fuuction of the
function ¢ is well defined and that the Young’s inequality is satisfied. In what
follows we will pose these conditions on ¢.
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3. Harmonic variation and representation of a function by
Fourier singular integral

Let A = {)\,} be a non-decreasing sequence of positive numbers sucl: that
> 7\1;- = 00. A function f is said to be of A-bounded variationon I (f € ABV (7))
if

Z |f§\In)| < 00

for every choice of nonoverlapping intervals I, C I. The supremun of these
sumns is called the A— variation of f on I and deunoted by Vi (f,I). In case
A = N, one speaks of harmonic bounded variation (HBV).

Perlman has shown that W (I) is precisely the union and BV (I) is the
intersection of all ABV (I) (See [1, p.228] for exact reference, as well as for the
following remark).

Remark. ¢BV (I) C HBV (I), if Z,-’l;qS_] (—1-> < 005

¢BV (I) C {n®}BV (1), if Lo (L) <oo, for0<a<l.

For future needs, we note the following, straightforward lemina.
Lemma 3.1. If f € ABV (R) N L' (R), then f (z) — 0 (Jz| — o0).

Proof. If we had limsup f (z) # liminf f (z) (z — +o0 or = —0c0),
then the function f could not be of A—bounded variation. The existing lim f ()
(z — 400 or z — —oco) has to be 0, otherwise the function would not be
integrable on R.

HBYV represents a kind of a "natural border” for everywhere pointvise
convergence of Fourier series in a sense demonstrated by the following theorein
of D. Waterman.

Theorem 3.A. ([8]) a) If f € HBV[0,2n], then the partial sums of
its Fourier series are uniformly bounded. The series converges everywhere and
converges uniformly on closed intervals of points of continuity.

b) If HBV C ABV properly,there is a function f € ABV [0,2x] whose
TFourier series diverges at a point.
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-~ oo .
Now, let f be an integrable function over R and J (t) = \717—; J f (@) e By
" —oc

its Fourier transforin. For such an f and A > 0, we deline

oo A
Y O e iinA(.'z;—y) s /A g,
fa(z) = - / f () e dy = wrd f(t) e da.

—-A

An analogue of Theorein 3.A. is given by

Theorem 3.1. If f € HBV (R) N L' (R), then fa is bounded indepen-
dently of A, fa(z) = f(2) (A — o0) everywhere and convergence is uniform
on compact sets of points of continuity of f.

Proof. We shall start with a siinple direct proof of boundness of f4,
uniform in A, as an illustration of a way harmonic variation comes into play in
these matters. For a given ¢ > 0 and A, let us choose an odd integer N = 2L 41
such that

sin At A A|lfl
)= M << —— x4t < ——=2
/ flz-1) : dt No / |f (x4 t)| dt N <€

N
[t 7= lt]> 5

Notice that

A 27
< — _— =
at| < 2111l 2% = 271,

sin At

% Fla+1)
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The integrand is domninated by

i+ @-17 1 Ct+am) 1
f("” A )t+(2l-—1)7r_f<l+ A )t+‘217r

L t+Q@I-D)w t+ 2w 1
f(a’+ A )_f('” A )‘t+(2l—1)7r

t + 2n 1 1 S 1
f("“" A )(t+(21—1)1r_t+217r)’SVI’(f)+I|f||°°Z(2l—1)2’

=1

I

where V7 (f) = Vi (f,R). The integral

I |
3

sin At
t

dt

.f(:z:-i-t)

™

2\>

A

may be treated analogously. Hence ||falloo < C (Vir (f) + || lloo)-

Instead of refining the above argument to obtain the convergence result,
that would essentially counsist in repeating the argument for Fourier series case,
we recall the interplay which exists between these two contexts.

Given a € R, let ®f be a periodic function coinciding with f on
(a —m,a+ 7). Denote by S,f the n — th partial sum of the Fourier series
of “f. According to [11, Ch. XVII, Theorem (1.3)] fa(z) — Spayf (2) — 0
uniforinly in each interval totally interior to (a — , a + 7). Thus, our assertions
on convergence follow from Theoremn 3.A.

In the next two sections we look for a more precise version of Theorem 3.1
for certain subclasses of HBV (R) relevant to our extension of validity of Barner-
Weil formula.

4. Conditions at zero and at infinity
For a regulated function f we will consider the following two conditions:

1
Condition ¢. f € ¢BV (R) N L' (R), where }> ¢! (1) (2)» < oo for
some p > 1.

Condition «. There exists & > 1 such that f(z) = O (|log|z

(z —0).

™)
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Lemma 4.1. If f satisfies ¢-condition, then

Ifalls < CV; F)Z r$” ( )whenB Vs () =V (£, R) .

n= ln”

Proof fiile j F@) A= gy VT £ (1) dF (A (@ — £)), where

w
—00

T
F(z) = % J S”“dt as before. Applying Theorem 2.A, for a < 0 < b, we obtain
0

7[f(t)—f(0)]dF(A(w—t <c§j¢ ( )D‘:”,

ne

where B,y = V (f,[a,b]) and D,y is p-variation of G (t) = F (A (z —1t)) on
[a,b]. Obviously B,y < B = V4 (f) and Dgyp <V, (F). Hence,

b .
[ro=2E=a) < OIIF (AE-b) - F (A=)

+cv, (F)gqs-l (Z)

ne

Observation that |F (A (z — b)) — F (A(z — a))| < 27 completes the proof. m
Lemma 4.2. Let g satisfy ¢-condition. Then, for all A > 1, we have

o0

sin Az sin A (z —1 1p=1
Jo [ - 2EE =0 gy o, (1bFF) @0
1

T—y

independently of A.

Proof. If g satisfies the assumnptions of the theorem, so does g~ (z) =
g (—z). Therefore, without loss of generality we may suppose = > 0. We will
consider two cases.

Casel. z< A1

Applying the mean value theorem we have

sindy sinA(z —y)
Y r—=y

1
<« A%z < 7, since z < A™4,
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This gives us

(o]
sin Aq sin A (z —
ot [P AL =W gy < sk,

Y z—y
1

Case II. x> A1, Therefore A~ l< gk,
We will consider integrals j g (y) S'"A”dy and j g (y) %ﬂ’)—dy sepa-

rately.
b , b
For an arbitrary b > 1 we have [g(y) S"—'yAﬂdz = [g(y)dF4 (y). Since
1 1

the function F4 (y) is continuous, applying the integration by parts formula
(Theorem 2.1.) we have

b

b
/ 0 (y) dFA (y) = g (b) F* (b) - / FA (4) dg (y).-
1

1

Applying Theorem 2.A. and Lemina 2.1. to the integral on the right side we
get:

b_ b
/F" (¥)dg (y)| = / (F* (y) - FA (1)) dg ()
1 1

IA

> 1 V 1 1 1
K =) AP~ 1 V=Y .
S0 () A whee v = Va0

ne

Since g (b) = 0 (b = o0) and |FA (:z:)l < 7 for all z, letting b — co we obtain

o0
2) / SmAyd <CAs ' < CaiF.
1

Now we will rewrite the second integral in the form:

oo 1 [e%)
’ sin A (z — 1 nA n Ay
/g(y)—(_a—J—)dy=/g(L+y) ydy+/g( +y) 2 Jde—I1+Iz

T
1 11—z 1
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The function & (y) = g (¢ + ¥) X(1,400) (¥) € #BV (R) N L' (R). Applying (2) to

1p—1
Iy, we get |I] < Czi'v . Assuming that < J, we get the trivial estimate for

I

dy _,
1< [ oo+l L <2l
l'—:c
This completes the proof of lemnna.

Lemma 4.3. Let g satisfy ¢ condition and o condition. Then for A > 1,

a_p-—1

/ ('l) Ayd <C-ma.x{(log Ylme AT e e
0

Proof. Since g satisfies the « condition, there exists §; > 0 such that
1
lg (w)] < C-|logy|™*, y € (0,6]. Let § = miu{JhA"ﬂ-_H}. We will split the
integral into two parts:

o ) co

sin Ag ' sin Ay sin Ay
/9 (¥) Yay = /g(y) dy - /y (y) ——dy =TI, + I.
o ) A Y ! Y

The integral I, can be trivially estimated:

dy C —a- _

Ll <C- < - log aH< A . l—«

1< 0 [ oo < 20 flogd ™" < C(g) - (g )',
0

1
since o« > 1 and § < A” a+1,
The estimate for Iy is obtained in the same way as in Lemma 4.2, since
for b > & we have

b b

5
sin A1 i
/um yJ@=/uwa“m.
J

1

Now we easily see that

oo
/ qude <q, (A5)
)
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1
If §; = miun {51; A_ﬁj} , then |I,| < C, - A» 7! gince §; depends only oun g. If
o p—=1
AT = min{dl,A"ﬁ} then || < C,, - A”aF 5. In both cases we get

[T2] < Cy- A™ ST . This completes the proof of the leimna. L

Lemma 4.4. Let g satisly ¢ condition and o condition. Then for all
A>1

[ow |2 - 2L =] 4y — o, (jog el ™) (—0).

. -y
0

Proof. We will consider two cases, as in the proof of Lemmna 4.2 (we
will also assume z > 0).

Case I. 2 < A=, Tlhen, using the mean value theorem we get

sin Ay sin A (z —
y T —y

O.\.»—-

g () [ y)] dy| < Cz? ||g]l, -

Case II. « > A~ s0 A~! < i and A~'o~8 < z5. Then, logA >
4 [log z|. Using Lemmna 4.3 we obtain

L

sin A « p-1 _
/.(1 ) qmy ydy <C- ma.x{llog.z,[ %_ﬁpT} =O(|log:1;[l "‘), x —+0.
0

1 )
It is left to estimate the integral I = [g(y) ﬂ}’%@y_—yzdy. We will write I as the
0

suin of three integrals:

I= / J(J)———gmA(Ly )dy+ / g(y)—-—smA(m_y)dy

-y
|e—y|<A-T A_‘<}z—y|§A“1z_3‘§

sinA (z —
+ / g () wdy =1, ++ I + Is.
z—y

]w—y|>A‘1:1:_§

We will estiinate integrals I, Iy and I3 separately.
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In I} we will substitute u =y — « to get

A_.‘ A A_.l
sin
|| = / g (z +u) ; “du| < A / lg (z + u)| du
'
41 iy
<2- max |log|z+u||7".
—A"1<u<A—!

Since |z +u| < =+ A~ < 227 for z — 0, we get
L <2-|log(z+A™")| ™" < Cy - [loga| ™ < C - [logz|' ¢,
Using the same substitution as in I} we obtain

)
A-1z™38

ml = | [ Gerw+gE-w)

A1

sin Au

du

Az
/‘ (log |& + w||™* + [log |2 — u||™)
u

< C- du| .

A-1

1
Since |z +u| < z+ A7'278 and |z —wu| < z + A~lg7§, when © — 0 for
1 1
At <u < A7leTs < a8, we get [log |z £u||™* < C - [logz| ™. Now we have

1

A~lg™8
W ] d : -
Bl < G- flogal | [ % =C- flogal = [toga™}| " = € floga] <.
A-1

We will write I3 as the sum of two integrals:

sin A (z — y) / sin A (z — y)
ATV = smAW Y
/ 9(y) ey W 9 () oy dy
]w—y[>A“1z_§ z:—-y>A—‘:1:_§
+ / g(y)S‘i’g—(_“'T_@dy = S+

w—y<—A“z_§‘
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For simplicity we will just look at J,. J; is done in the same way. In Jy we will
change variables, putting t =y — z to get

in At
J2 = / g(z+1) smt dt.

1
t>A"1z”8
1
We now choose the point zq such that z + A~'2™8 < z¢ < z + 241278, and

decompose Js into a sumn:

. s |
Ty = / (g(w+t)—g(wo))smtAtdt+ / g (z0) 5 dt = Ly + L.

1
t>A-1g—8 t>A-1z78

Using the growth condition on g, we get

1 _
|L2| < C - [log 2|~ - r <C-|loga|'™®,
_1$—§
since for 0 < a < b we have the trivial estimate

b
sin Mz o
< —.
/ T de| < aM

a

Applying Theorem 2.A. and Lemma 2.1. to

L= [ Ge+-g@pirto
t>A-1z-8%
we get

p=1

ILi| < C-a8% .

This concludes the estimate of the integral |J2| and hence the integral I.

5. Fourier inversion formula

The main result of this section is the following uniform version of the
Fourier inversion theorem.
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Theorem 5.1. Let g satisfy ¢ condition and « condition. Then for all
A>1

ga(z) —ga(0) =0, (|log ]'J;||l~") , when x — 0.

Proof. We will write

oC
1/ sinAd (z —y) sinAy
) — = = - d
i@ =9a @) = 1 [o|BEEZY ]y,
oo
1 L ] -1
= = /+/+ /+ TI‘I‘IZ'{‘I.S'*‘L‘I]
0 L -0 —1

It is enough to take care of integrals I; and I, since the other two are estimated
in the same way. By Lemma 4.2 and Lemma 4.4 we have |I\| + |I2] < C -
[log |||'~® what finishes the proof. o

The iimnediate consequence of this theorem is the following assertion that
further refines uniformity of convergence, if some stronger growth conditions on
g in the neighborhood of zero are assumed.

Theorem 5.2. Suppose g has M derivatives and g,q',...,gM=1 qre
integrable and bounded when x — *oo. Suppose also that

gM (z) =0 (|log |a;|[_(M+°‘)) (z = 0), for somea>1.

Then: (a) Function g4 has M derivatives and (gA)(k) = (g(k))A, L=1,M.
(b) For ezpansion near the origin, we have

94 (@) - ZJ‘“«)) 2= 0 (ol - loglall ') (e —0),

where the estimate on the right is independent of A.

Proof. (a) It is enough to prove the statement for M = 1. Let ¢’ €
#BV (R) N L' (R) and let g be integrable and bounded when z — #co. Since

the function g (y) £ (-SM‘;‘_”L;Q) is dominated by CA%|g| € L' (R) we can



¢-Variation and Barner-Weil Formnula 281

differentiate under the integral sign in the following integral:

[e.0) oC
d 1d sinA (y — z) 1 d (sinA(y— .’1;))
_ 4 1 — _— 1 SR . A —_ 1 S PR 1. d'(
da 7" (=) m dz ./g ®) y—x dy ™ /g W) dx y— d
66 e
17 A (y — )
sinA(y —x
= —= [ g(y)dy| ——=} .
= ./J (v) y ( Y-z )
—0QC
We may assume that the function S—”’yif’{i) and all its derivatives are contin-

uous, since they can be coutinuously extended at y = x. Applying the clas-
sical integration by parts theorem to the continuous function g and function
s 2W=2) € BV ([a,b]) we get

y—x
b
' sinA (y — z) B sinA(b—z) sin A (a —«)
[owa, (LG g RALD) g I
a

b
_/ smA(y—'-a:)dg ().
y—x

[

Since ML_T_IZ—_J) — 0 when y — oo and the function g is bounded at infinity,
letting a —+ —oo and b — co we get

(o9}

1 / sin A (y — x)

d e sin 4 (y — )
dz 4 (@) = y—a

o dg (y) = % / . g (y) dy = (g') 4 (@)

—00 —00

y—w

This proves (a) by induction.
(b) Since g™ (z) = O (|log

2|~ (M 'I-ti)),, for o« > 1, Theorem 5.1. gives
us
M M - -
g1 (@) = 05" (0) = O (Jtog al| "+ (= -+ 0).
Integrating this estimate from 0 to z, we get

&T
(M-1) . (M-1) (M) ' dt
g () — ¢ 0)—z-g 0§C’/~————-—
A ) 9a (0) ga ( ) J |10g|t||(M+a)-l‘

&
) dt .
SCfL‘/ < C |z| |log [t||~(M+e)+2
|| / 4] log [¢]| FTFOT = || [log [¢]|
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Repeating this argument (M — 1) times, we end up with
M \ ok
ga (@) = g% 0+ 55 = 0 (Jal™ - [log |a]' =) (& = 0).
k:() Ve

6. A general Parseval formula

Tt is well-known fact that for any two functions f and g from the Schwartz
space S of test functions the elementary Parseval formula (f, g) = < fs §> holds,
where (f, g) denotes the usual Hermitian product,

(frg) = / f (@) (@) de

and fis the Fourier transformn of f.

The aim of this section is to prove Parseval formula under less restrictive
conditions on f and g. Instead of Hermitian product of f and g we will consider
the linear functional H, , defined on S where (i, () is a special pair to be
defined below. We will prove that if a regulated function f and its first M
derivatives satisfy conditions ¢ and «, then

A—co

A
lim /f(t) Hy,(t)dt=H,,(f),
ZA

where f~ (z) = f (—z).

Let {p} = {po,p1,-.-} be a sequence of complex numbers with Re (pg) <
Re(p1) < ... increasing to infinity. To every p in this sequence we associate a
polynomial B, and set b, (t) = By (logt). The asymptotic polynomial at zero is
a polynomial P (t) = > by (t)-tP. The last sun is finite since {Re (p)}

Re(p)<Re(q)
is increasing to infinity.

A special pair (u, ¢) consists of:

1° a Borel measure p on RT such that dy (2) = h (z) dz, where h is some
bounded measurable function.

2° a measurable function ¢ on Rt that has the following two properties:

(a) there exists a complex polynomial at zero Py (t) such that ¢ (z) —
Py (z) = O (Jlogz|™), = | 0 for some integer m > 0;
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(b) let M be an integer such that 1— < M + Re (po) < 0. Then both
zM Py (z) and ¢ (z) are in L' (|p]) outside a neighborhood of zero.

Condition (a) iinplies
@ (x) e — Py (z) ' = O (|log z|™), z | 0.

Since, for a fixed ¢,

i k M k
Py (z) e¥® = kg Py (z) o Gt)* = E Py (z) = @) +0 ([.’z;[H 1) , w40,
c=0 k=0

where [ = M + Re (py) > —1, we can write
. M ok
v (2) €' = > i (@) ()" = O (llogal™), & 1 0 for wi (¢) = Py () 75
k=0

Given a special pair (y, ¢), a functional H, , on the Schwartz space 8 of test
functions is defined by

- M
Hyyp (B) = / (so (2) B(2) = 3 (~1)F uy () B®) (0>) du (), B € 8.
0 k=0

Its ”Fourier transform” as a distribution is the function A wyp (t) such that

= _ 1 T ) itz = BT R —itz
Hyp (1) = \/T—W{ (80 (x) e™™® — gjuk (z) (—it) ) dp (z) = \/—Z——;Hu,w (e7).

For the future needs we will state the following elementary leinmas:

Lemma 6.1. Let f be M times differentiable function. There ewist
B € S such that B has compact support and f® (0) = g*) (0), k = 0, n.

Since E has compact support it is obvious that for such a B we have
Ba = B for A large enough.

The following analogue of Parseval’s equation generalizes the Barner-Weil
formula from [3].

Theorem 6.1. Let f be M times differentiable function such that fM)
satisfies ¢ condition, and let fU) € HBV (R) N L' (R), for j € {0,..., M — 1}.
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Assume that fOD (z) — fM)(0) satisfies condition « for some a > M + 2.
Then, for special pair (u, @) we have

A',\ N oo M
Jm [FO B, 00 = [ (m:c)f(—w)—zuk (2) (~1)* 7@ (0)) dp ()

—A 0 k=0
= Hyuy (f_) :
Proof. Since (u, ) is a special pair, the integral
/ ( () e=ite — Zu;, (z) (~it) ) dp ()
0

is absolutely convergent. Hence, we can apply Fubini’s theorem to get

M
/ F @) B () dt = / = ) (cp(z)e_itz—zuk (w)(—it)’“) e~ dydy (z).
k=0

—A R xR+

Interchanging the order of integration, we obtain on the right-hand side

/ =f(y) ez / —’t(‘+”)dt——2uk (z) = /(—zt ="M | dydy ()

RxRF

Now, using the differentiation formnula

A
1 k ity d\* sin Ay
5 / (—1t) dt = T .
A

and substituting —y instead of y in the last integral, we get

A
&) / F@) By (t)dt =

/ f—”#( @) 2LLE=Y) Zu @ (- ) (B22) =i )dydﬂ(m)-

R xR+
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Let us recall that f), (l.: =0,n— 1) is differentiable and hence continuous func-

k /.
tion. Since for all ¢ < 0 < b we have ((—[‘f—l) (s‘—"yi”) € BV ([a, b]) , we can apply

integration by parts formula k-times to the integral jf (y) ( dy) ’ (S"’ A") dy,

in the saine way as iun the proof of Theoren 5.2. The uniform boundness of the

ks |
function (jf;) (5&#) and the fact that f(z) — 0 (x — £o0) give us that

71770 7 (-2) (Y 4y = 110 ).

Integrating with respect to y in (3), we have:

A.A R - M )
(4) / F(t) Hyp () dt = / (so (@) fa (=) = 3w () (—=1)F £ (o>) dps (@) -
A “0 k=0

This finishes the proof of our theoremn in the case f = 3, where S € 8, 8(0) #0

and function E has comnpact support. Qtherwise, for § > 0 we will split the last
integral into three parts:

o2 J M
/ (¢ (2) = Py (2)) fa (—2) du (2) + / Py (2) (fA (-2) - (—1)" P m)) dpe ()

k=0

3 M
+/P0 (=) <fA (=) - Z (—1)k e (’") (0)) du(z) =5 + I + Is.
) k=0

Lemma 6.1 implies that there exists 8 € 8, B with compact support such that
F®) (0) = p® (0) for k = 0, M. Set g = f — 8. Since the above integrals are
linear in f and the statement holds for 3, it is enough to prove the theorem
for g. It is left to prove that we can apply the dominated convergence theorem
and pass to the limit (A — co) under the integral sign in Iy, Iy and Iy (with f
replaced by g).

Conditions posed on ¢ imply that ¢BV (I) C HBV (I) S0 ‘IE\) |oc

(k =0, M) is uniforinly bounded (Theoremn 3.1). Since (¢ (z) — Py (z)) € L' (),
we can apply the dominated convergence theoremn to I.

Let us choose § such that for 2 € (0,d) the estimate of the Theorein 5.2
holds for the function g4. Obviously, § depends only on g. Theoremn 5.2 iinplics
that the integrand in I, is bounded by C |&|MTRePo) . 100 2=, for some o > 1.
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Since M + Re (pg) > —1 the function h (z) = || +T®0) . log 2|~ is integrable
near zero and we can apply dominated convergence theorem to Ip.

Finally, the uniformn boundness of _1( ) gives us the estimate

Py (2) <JA (~) - Z( 1)“,gA (o>)

for the integral Is. The condition (b) for a special pair enables us to apply the
dominated convergence theoreimn to I3.
This completes the proof of the theorem.

< CI:L'IIW lPO (:L)la z > 67

Theorem 6.1 and the Gauss forinula for the I'—function
F/ . t \/—— - )
T (e + iy =- 27H, , (t), where

- b (1—a)bx 1
a>0,b>0 teR, plz)=e" ¢z)= —;_—e_n and Py (z) = o imply

the classical Barner - Weil formula for the Weil’s functional.

Corollary 6.1. Let f satisfy the condition ¢ and let f(z)— f (0) satisfy
the condition «, for some o > 2. Then:

~ T ) > 0 pe(l—a)bx
Algr;o\/z_ﬂ/f(t)F (a+z%> dt=/<fi) - e_Mf(—a,-)) et g,

0

It is possible to obtain more general corollaxy with the principal part I,
of a regularized harmonic series instead of II:

Jorgensen and Lang [5] considered two sequences: sequence L = {\;} k>0
of distinct complex nunbers with A\g = 0, A\p # 0, (k> 0) and A = {a;} k>0 Of
complex numbers. To the pair (L, A) they formally associated Dirichlet series
C(8)=> 5k X and theta series 0 (t) = 3 age ™!, t > 0.

Their convergence conditions imposed on the Dirichlet series DIR1-DIR3
[5, pp. 129-130] and asymptotic conditions AS1-AS3 [5, pp. 131-132] posed on
the function @ (¢) imply that the Laplace-Mellin transform of the 6,

&(s,2) = LMGO(s,2) = /.0 (%) e_“'tt’%
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is a meromorphic function in s near s = 1. The regularized harnonic series,
IR (z) , associated to the pair (L, A) is defined as the constant term of the Laurent
expansion of the function & (s, z) at s = 1.

For any w € C with Re (w) > 0 and Re (w) > max (—Re (A + 2)) regu-

larized haronic series can be expressed as the sun

8

R(z+w)= [ (6, (t) — Rl (t)) e tdt + Sy (2) = I, (z) + Sw (2),

O\

where I, (2) is so called ”principal part” of R (z + w) and Sy, (#) is a polynomial
in z of degree less than —Re(py). Here, 0, (t) = e %0 (t) and Pyl (t) is the
principal part of an asymptotic expansion of 6, (t) at zero. For z = a + it the
principal part of 8, (t) can be written as

SP+E g
Pyl (1) = Z by () %— (—a—it)F = Z cx (a,z) (—it)" .

k+Re(po)<0 k+TRe(po)<0

With this notation, one has

I, (a +it) = / Ou(x)e™™ = N~ ¢ (a,2) (—it)* | e da=2rH,, (1),
0

k+TRe(po)<0

for ¢ (2) = 0a (z); p(z) = e and uy, (2) = ¢ (a, ).

The asymptotic conditions posed on the §—function and the condition
Re (w) > 0 imply that such a pair (g, @) is a special pair.

Our Theorem 6.1 proves that the Jorgenson - Lang general Parseval for-
mula for I, (a + 4t) holds for a broader class of test functions, introduced in our
paper.

Corollary 6.2. Let (L,A) be a pair of sequences of complex num-
bers such that conditions DIR1-DIR3 and AS1-AS3 are satisfied. Let f sat-
isfy conditions of Theorem 6.1 up to an order M for an integer M such that
-1 < M + Re(po) < 0. Then for any w € C such that Re(w) > 0 and
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Re (w) > max (=Re (\r)) and a € Ry we have

A
1 i
lhin —— I it) dit
—A

Il

k-+Re(po)<0

/‘ Oo () f~ (z) — Z cr (a,x) FE0) | e v da.
0

Remark. Theorem 6.1 plays a mnajor role in the proof [2] of a generaliza-

tion of A. Weil’s explicit formnula to a fundaental class of functions (introduced
by J. Jorgenson and S. Lang in [6]), under less restrictive conditions posed on
the test function F'.
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