Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathematica
Balkanica

New Series Vol. 17, 2003, Fasc. 3-4

Measurability of Sets of Pairs of Planes
in the Simply Isotropic Space

Adrijan V. Borisov!, Margarita G. Spirova?

Presented by P. Kenderov

The measurable sets of pairs of planes and the corresponding invariant densities with
respect to the group of the general similitudes and some its subgroups are given.

AMS Subj. Classification: 53C65

Key Words: simply isotropic space, measurability, density

1. Introduction

The simply isotropic space I3(!) is defined [6], [8], [9] as a projective space
P3(R) in which the absolute consists of a plane w (the absolute plane) and two
complex conjugate straight lines fi, fo (the absolute lines) into w with a (real)
intersection point F' (the absolute point). All regular projectivities transforming
the absolute figure into itself form the 8-parametric group Gg of the general
simply isotropic similitudes. Passing on to affine coordinates (z,y, z) a similitude
of G'g can be written in the form [6; p.3]

= a+p(zcosp —ysiny),
= b+ p(zsing + ycosyp),
= c+cz+ ey +c32,

(1)

R < gl

where p > 0,¢,a,b,c,c1,c2 and c3 # 0 are real parameters.
We shall consider with Gg and the following its subgroups:
I. B C Gg <= p=1. It is the group of the simply isotropic similitudes of
the d-distance [6; p.5].
II. 87 C Gg <= c3 = 1. It is the group of the simply isotropic similitudes
of the s-distance [6; p.6].
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III. W7 C Gg <= c3 = p. It is the group of the simply isotropic angular
similitudes [6; p.18].
IV. G7; C Gg <= ¢ = 0. It is the group of the boundary simply isotropic
similitudes [6; p.8].
V. V7 C Gg <= c3p? = 1. It is the group of the volume preserving simply
isotropic similitudes [6: p.8].
VI. G¢ = G7 N V7. It is the group of the voluine preserving boundary simply
isotropic similitudes [6; p.8].
VIL. Bg = B7 N G7. 1t is the group of the modular boundary motions [6; p.9].
VIIL Bg(!) = B;N S7. Tt is the group of the simply isotropic motions [6; p.6].
IX. By = Bg N BV 1t is the group of the unimodular boundary motions [6;
p.9].
A plane in I3() is said to be nonisotropic if its infinite straight line is not
incident with the absolute point F’; otherwise the plane is said to be isotropic.
We underline that much of the common material of the geometry of the
simply isotropic space I3(!) can be found in [6], [8] and [9].
Using some basic concepts of the integral geometry in the sense of M. 1.
Stoka [7], G. I. Drinfel’d and A. V. Lucenko 3], [4], [5] we study the measura-
bility of sets of pairs of planes in I3;(1) with respect to Gg and indicated above
subgroups. Analogous problems for sets of spheres in I3 have been treated in

[1].
2. Measurability of a set of pairs of nonisotropic planes

2.1. Measurability of a set of pairs of intersecting nonisotropic
planes with respect to Gg

Let (1, 72) be a pair of intersecting nonisotropic planes determined by
the equations [6; p.16]

T z=ux+vy+w;, t=1,2

where uv2 — ugvy # 0. The angle (w1, m2) between 7 and 72 is defined by [6;
p.17]

(2) P(my, ma) = +\/(U2 —up)? + (v — vp)2.

The angle (2) is a relative invariant of the group Gg and an absolute invari-
ant of the group W7 and Bél) [6; p.18]. Under the actoin of (1) the pair
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: . . ' [ R
(71, m2) (w1, v1, w1, uz, v2, w2) is transformed into the pair (7}, 7h)(u}, v}, wh, ub,
/ '
vh, wh) as

ul = ——(“"Cfcl) cosp — ——("‘cc;:rc”) sin p,

(3) vl = KLQ;;Fcizsingo + g""c“p—"'cz)cos ®,

1 — a(vica+ea)—bluica+er)

i a(uica+cr)+b(vica+ca)
? P p

sinp — cos ¢ + w;c3 + ¢,
where 7 =1, 2. L e

The transformations (3) form the associated group Gg of Gs. Gg is
isomorphic to Gg and the invariant density with respect to Gg of the pairs of
planes (m1,72), if it exists, coincides with the invariant density with respect to
G of the points (u1,v1, w1, ug, ve, we) in the set of parameters [7, p.33]. The
associated group Gg has the infinitesimal operators

) _ .8 8
Yi = —uiggr —wagegs Yo = —ui5; —vagey: Y3 = goy + 2y
]
]’4:—’(1,1%—’01‘3%-“232_2—”2 Vg ?
4) Y5=—vlau—a—1+“1?9%“”2auiz+"2 =

=9 4 9 -0 4 0
},6'—011.1_*-8142’ Y7_3v1 +8v2’

) )
Yg = ulﬁ +v1% +w1531_1 +u2% + v23,; + Wag,,;-
We distinguish the following cases:
(A) w1 — up # 0. In this case the infinitesimal operators Y1, Ya, Y1, Ys, Yo
and Y7 are arcwise unconnected and

- — Ugw
Y8=—w2 w1Y1+ uiwa + Uz 1Y3—Y4.
U2 — Uy U2 — U1
Hince wo — W —UuUj W + Ugw
Yi(= ) + Yy (22 Yy (~1) #0,
U — U U2 — U1

we deduce that a set of pairs of intersecting nonisotropic planes of type (A) is
not measurable and it has not measurable subsets with respect to the group Gs.

(B) w2 — w1 # 0. Now the infinitesimal operators Y2,Y3,Y,,Ys,Ye and Y7
are arcwise unconnected and

w2 — W) —vwe + vow
Yg=— Ye + Y; - Y;.
V2 — U1 V2 — V1
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It is easy to see that

w1y —V1We + Voyw)

Wo —
Yo(——=2——2) + Ya( )+Ya(—1) #0
vy — vy vy — U
and therefore a set of pairs of intersecting nonisotropic planes of type (B) is not

measurable and it has not measurable subsets with respect to the group Gg.

2.2. Measurability of a set of pairs of parallel nonisotropic
planes with respect to Gg

Let (71, 72) be a pair of parallel nonisotropic planes determined by the
equations
miz=ur+vyt+w; =12,

where

(5) wo — wy # 0.

The distance (1, m2) between m and o is defined by [6; p.18]
(6) a(my, m2) = wg — wy.

The distance (6) is a relative invariant of the group Gg and an absolute invariant
of the group S7 and Bél). Now the corresponding associated group Gg of Gg
has the infinitesimal operators

Y. a a a a a i
! "“(awl 6w2)’ Ya _U(Bwl sz)’ Y3 owy wz ?
3 a 9 3
(™) Yo=—ugy —vgy, Y=g +ug, Yo= g3 Y=g,
Yo = o)
8 —’u%+v{%+w1—98 ”+w2a—m.

From (5) it follows that the infinitesimal operators Y3, Ys, Y7 and Y3 are arcwise
unconnected but Yg(—u) +Y7(—v) # 0 and consequently a set of pairs of parallel
nonisotropic planes is not measurable and has not measurable subsets under the
group Gs.

We summarise the foregoing results in the following

Theorem 2.2. Sets of pairs of nonisotropic planes are not measurable
wiht respect to the group Gg and have not measurable subsets.
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2.3. Measurability of a set of pairs of intersecting nonisotropic
planes with respect to By

Consider the set of pairs 7, m) of intersecting nonisotropic planes. The
associated group By of the group By has the infinitesimal operators Y1, Ya, Y3, Vs,
Ys, Y7 and Y3 from (4) and it acts transitively on the set of parameters (uy, v, w1,
uz, V2, w2). The integral invariant function f = f (uy,v1,wr, ug, ve, wy) satisfies
the so-called Deltheil system [2; p.28], [7; p.11]

Yif =0, Yaf =0, ¥3f =0, Y5f =0, Yof =0, Y7/ =0, Yaf +6f =0

and has the form

h

[(u2 — u1)? + (v2 —v1)?]3’

where h = const.
Thus we have the following

Theorem 2.3. The set of pairs of intersecting nonisotropic planes is
measurable with respect to the group By and has the invariant density
1

e duy A dvy A dwy A dug A dve A dws,

d(my,me) =
where 1 is the angle (2).

2.4. Measurability of a set of pairs of parallel nonsotropic planes
with respect to B

Now let us consider a set of pairs (1, m3) of parallel nonisotropic planes.
The corresponding associated group B7 of B7 has the infinitesimal operators
Y1,Y2,Y3,Ys5,Ys,Y7 and Yg from (7). The group B7 acts transitively on the set
of parameters (u,v,w;,ws2). The Deltheil system

Yif=0,Y2f =0, Y3f =0, Y5/ =0, Yof =0, Y7f =0, Ysf +4f =0

has the solution "

" (wa —wp)?’

f

where h = const.
From here it follows immediately

Theorem 2.4. The set of pairs of parallel planes is measurable with
respect to the group By and has the invariant density

1
d(my, mp) = o du A dv A dw; A Adws,
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where « is the distance (6).

2.5. Measurability of a set of pairs of nonisotropic planes with
respect to Sz, W, G, Vo, Gg,Bg,Bél) and By

By arguments similar to the ones used above, we examnine the measura-
bility of sets of pairs of nonisotropic planes with respect to all the rest groups.

We collect the results in the following table:

group a set of pairs of intersecting a set of pairs of parallel
nonisotropic planes nonisotropic planes
d(’”la 7!'2) =
it is not measurable and
S7 = ‘l“"\d”"\dw'&d“?’\d”/‘dwz has not measurable subsets
it is not measurable and d(my,me) =
Wz has not measurable subsets = Ldu A dv A dwy A dws
G it is not measurable and has it is not measurable and
not measurable subsets has not measurable subsets
d(my,me) = d(my,m) =
V7
= du]/\dm/\dw./}guz/\dvz/\dwz — alodu Adv A dwl A d’I.U2
k3
it is not measurable but has
the measurable subsets
up —uy = hy(vy —vy),ve — v #0,
vo — vy = ho(ug — uy),us —uy # 0, d(my,me) =
Ge hi, hy = const with the densities = ﬁgdu Adv A dwy A dws
d(7r1,7r2) — du1/\dv[/\dw1/\lc:l3v2Adw2,
[v2—v1 |3
d(7rl, 71_2) — du;/\dvll\dwll\ldug/\dwz
[uz—u1|3
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1 2 3
it is not measurable but has
the measurable subsets
ug —up = hy(ve —vy),ve — v #0,
vy — v = ho(up — wy),us — uy # 0, d(my,me) =
Bg hy, hy = const with the densities = %d’u Adv A dwy A dws
d(ﬂ'l; 7[.2) = (lulA(lu||£;1101L1\l(éggA(lwz ,
d(my,mg) = dul/\dviis;lluizll\ltéuzl\im
it is not measurable but has it is not measurable but
the measurable subset has the measurable subsets
Bél) (u2 — u1)? + (u2 — uy)? = h?, wg —wy = h,h = const # 0
h = const # 0 with the density with the density
d(my,m2) = duy Advy Adwy Adwy Adwy | d(my,m2) = du A dv A dw
it is not measurable, but has it is not measurable but
the measurable subset has the measurable subset
Bs ug — u; = hy,vy — v = ho, we —wy = h,h = const # 0
hi, hy = const, |hy| + |ha| # 0 with the density
with the density d(my, m2) = du A dv A dwy
d(’ﬂ'l, 7!‘2) = duy A dvy A dwy A dws

3. Measurability of a set of pairs of isotropic planes

3.1. Measurability of a set of pairs of intersecting isotropic
planes with respect to Gg

Let (¢1,¢2) be a pair of intersecting isotropic planes determined by the
equations [6; p.18]

Lruiz+vy+1=0, i=1,2

where

(8) U1V2 — UV 7é 0..

Under the action of (1) the pair (¢1,¢2)(u1,v1,u2,v2) is transformed into the
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pair (¢}, ) (ul, vi, ubh,vh) as
u; COS (p — v; Sin @
(via — uib) sin — (uja + v;b)cosp + p’
;L u; Sin ¢ + v; Cos ¢
(via — u;b) sing — (u;a +v;b)cosp +p’

-
U; =

(9)

V; =

The transformations (9) form the associated group Gg, which has the
infinitesimal operators

Y; = u} s + uv 4 + < + usv

1= 18 1 1a Uza u 26

Y2=UL'01—8—+’Uf—+u2v2 a -+ gi

Ouy Ovy Ouy vy

(10) o o 0 o

Y T T e T B 00y

Y-——'u—g—+ g 4 +u

5 — 16 1 Ulal 82 ’Lgavz

The group Gg acts intransitively on the set of points (uy, v1,u2,v2) and therefore
the set of pairs (v1,¢2) of intersecting isotropic planes has not invariant density
under Gg. The system
has an integral
_ Uuru2 + 0102
UV — V1U2
and it is an absolute invariant of Gg. Consider the subset of pairs of intersecting
isotropic planes satisfying the condition
U U2 + V1
(11) A2 T L2,
U1V2 — V1U2
where h = const. By (8) we have v; # hu; or vy # hus. We can assume without
loss of generality that v; # hu;. Then the group Gg induces on the subset (11)
the group G§ with the infinitesimal operators
o 7] a
Zy =u}
1 Uy o + w1 — Fo; +u 3 au

R 5 0 u3(u1 + hvy) 0

(12) 63 ('96 h,gl —v; Ouy’
Z4 = Y%L 6u1 %0, Bvl a’u,z
15] uz(ul + hvl) 15]
Zy = — Ao S L
5= vla Ul tu Bvl hU1 — V1 8’[&2
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The Deltheil system [2; p.28], [7; p.11]
Z1f + (Buy +2u2)f =0,

I
Zof + (3'01 + 2u2__u1 L WI) =0,

huy — vy
Z'lf - 3f = Oa
uy + hv,
Zsf —
f huy — vy 0

has only trivial solution f = 0. Hence the subset of pairs of the intersecting
isotropic planes satisfying (11) is not measurable with respect to the group G§.
So we can state:

Theorem 3.1.  Sets of pairs of intersecting isotropic planes are not
measurable with respect to the group Gg and have not measurable subsets.

3.2. Measurability of a set of pairs of parallel isotropic planes
with respect to Gg

Let (¢1,¢2) be a pair of parallel planes determined by the equations
titT+vy+w; =0,

where
w2 — Wi ;ﬁ 0.

Now the corresponding associated group G of Gg has the infinitesimal operators

}/1: 9 o )/Z:UYIa

T 0wy T dwz’
— a 2]
Y4 = w155 + wagy;s
Y5 = (1+v%)Z + vwi 58— + vwa 2

and it acts transitively on the set of parameters (v, w;,ws). The integral invari-
ant function f = f(v,w;,ws) satisfies the system of R. Deltheil

if=0, Yaf+2f=0, Y5f+4vf=0

and has the form

. h
T (w2 —w)2(1 +02)°

f
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where /v = const.
Fromn these considerations, we have the following

Theorem 3.2.  With respect to the group Gg a set of pairs (¢1,t2) of
parallel isotropic planes is measurable and has the invariant donsily

i

desea) = P+ o)

dv A dw; A dws.

3.3. Measurability of a set of pairs of intersecting isotropic
planes with respect to By

Considering a set of pairs (¢1,¢2) of intersecting isotropic planes, we ob-
tain that the associated group By of the group Bz has the infinitesimal opera-
tors Y1,Ys,Ys from (10). The group Bz acts intransitively on the set of points
(w1,v1,u2,v2). Hence the set of pairs (¢1, ¢2) has not invariant density under B.
The system

Yi(f) =0, Ya(f)=0, ¥5(f)=0
has the integral
. Upu2 + v1v2
ULV — ULV
and it is an absolute invariant of B7.

Let us consider the subset of intersecting isotropic planes satisfying the

condition

(13) = w’

U1V — ULV
where h = const. Since ujh — vy # 0 or ugh — v # 0, we can again assume
without loss of generality that u;h — vy # 0. By (13), we have that

_ug(vih 4+ uy)
ulh — V1

(14)

and the group B7 induces on the subset (13) the group B3 with the infinitesimal
operators Z, Za, Zs from (12), which acts transitively on the set of parameters
(u1,v1,u2). By (8) and (14), it is clear that uy # 0. The integral invariant
function f = f(u1,v1,us) satisfies the Deltheil system

Zi(f) =0, Z(f)=0, Zs(f)=0

and has the form
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~gluih —wvy)
ud(u? +0?)?’

where g = const.

Thus, we can state:

Theorem 3.3.  With respect to the group By a set of pairs of intersecting
isotropic planes is not measurable but has the measurable subset

uruy + v1v2 = h(ujvy — ugvy), h = const

with the density
[’Uq/l, | I

d(t1,10) = —5—5—5—5duy Advi A dus.
(1 2) u.j(uf+v]2)2 1 1 2

3.4. Measurability of a set of pairs of parallel isotropic planes
with respect to By

By analogous arguments we can also state the following

Theorem 3.4.  With respect to the group By a set of pairs of parallel
isotropic planes is not measurable but has the measurable subset

V1402 = h(wy —w),

where h = const, with the density

d(Ll,Lg) = 3d’U/\d’LU[.

(v +1)2
3.5. Measurability of a set of pairs of isotropic planes with
respect to Sz, Wy, G7, V7, Gg, Bg, B and Bj

Based on arguments similar to the ones used above, we obtain the fol-
lowing results:

group | a set of pairs of intersecting a set of pairs of parallel
isotropic planes isotropic planes
S7 it is not measurable and d(ty,t2) =
has not measurable subsets | = mdv A dw; N dwoy
Wy it is not measurable and d(t1,t2) =
! y . = 1 y oy
has not measurable subsets | = m—)dv A dw; A dws
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Iy = const # 0 with the density

urh—v1
up(ui+of)

d(t1,t2) = duy A dvy A dug

1 2 3
it is not measurable and
it is not measurable and has but has ineasurable subset
G7 not measurable subsets v=~", h=const
with density
d(ey,00) = (w—z_lwl)z(lu.'l A dwy
\% it is not measurable and d(e1,t2) =
_ 1
not measurable subsets —mmdv A dwy A dwsy
it is not measurable but
it is not measurable and has has measurable subset
Gg not measurable subsets v=~h, h = const
with density
d(Ll, Lg) = (_fu?—lw—l)fd(wl AN d'w2
it is not measurable but has
the measurable subsets
up = h1v1,ug = hova, vy # 0,v9 # 0, it is not measurable, but has
up = h1v1,v2 = gaug, v; # 0,us # 0, the measurable subsets
V] = g1u1, g = houg, u; # 0,v9 # 0, wy —wy = h, h = const # 0
Bg v = g1U1, V3 = goug, Uy # 0,up # 0, with the densities
hi, ha, 91,92 = const, by # ha, g1 # ga, d(e1,t2) = dv A dw,
higs # 1, hog) # 1 with the densities
d(bl,L2) = dvl/\dvz’ d(’ll,‘Q) — dviAduy ,
vivy viup
d(“’ Lz) = du!/\dvz’ d(L] , Lg) — du /\duzr
ujvs ufuj
it is not measurable but has it is not measurable but
the measurable subset has the measurable subsets
B((il) U U2 + Vv = h(U1U2 - 'Ul’u,z), V1402 = h('w2 - 'wl),

h = const with the density

_ 1
d(e1,2) = mdv A dwy
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1 2 ' 3

it is not measurable but has

the 1ineasurable subsets

wyp = hyvy,uy = hovy, vy # 0,0y # 0,
wp = Iy, v9 = goug, vy /0, us # 0, the measurable subsets
By | vy =g1wi,uy = houo. uy /0,9 #0, | wy —wy = h, h = const # 0
VI = grug, vy = gy, u) 7 0,us # 0, with the densities
hyyha, g1, 90 = const, hy # ho, g1 # go, d(tyyt2) = dv A dw
higa # 1, hogy # 1 with the densities

it 1s not mensurable but has

d(L[,I.z) = 4%2&?21 d(l'lal"l) = i‘i‘{ﬁé’_@_

1V5 viuy
dui A A

A, 12) = 2, d(un, ) = Lafden,
192 142

4. Measurability of a set of pairs of a nonisotropic and an
isotropic plane

4.1. Measurability of a set of pairs of a nonisotropic and an
isotropic plane with respect to Gg
Let (71, ¢2) be a pair of a nonisotropic and an isotropic plane determined

by the equations
T zZ=uT + vy -+ wp,
Lo wx+uvy+1=0,

respectively, where
(15) uj + vi #0.

Now the corresponding associated group Gg has the infinitesimal operators

Y = —m% +u§£§ +u202-3%2,

Yo = —v1 59 + ugva - +vd2, Y= 32,
Vi = —uigo —vigh —uapd —varl,

Y5 = —v159 + w1 b — vl +uap,

Ye = ;93—,, Y7 = 5‘37, Yg =u1Ys +v1Y7 + w, V3.
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unconnected but Yg(w,) + Y7(v1) + Ys(w) # 0.
Therefore we can state:

Theorem 4.1.

4.2. Measurability of a set of pairs of nonisotropic and isotropic

planes respect to By, S7, W7, Gz, Vo, Gg,Bs,Bgl) and By

In manmner as above, we establish the following results:

group | a set of pairs of nonisotropic and isotropic planes
By it is not measurable and has not measurable subsets
S7 it is not measurable and has not measurable subsets
W7 | it is not measurable and has not 1neasurable subsets
Gr it is not measurable and has not measurable subsets
V7 it is not measurable and has not measurable subsets
Gg it is not measurable and has not measurable subsets
Bg it is not measurable and has not measurable subsets
B(()l) —l—gdul Advy Adwy A duy A dvoy
(uf +v3)2
it is not measurable but has measurable subsets
up = hvg, w9 #0, h = const,
v = gug, uz #0, g = const,
Bs with density

1
d(ﬂl,bg) = v—zd’ul Advy A dwy A va,
2

1
d(my,t2) = Edul A dvy A dwy A us,
2

Sets of pairs of nonisotropic and isotropic planes are
not measurable with respect to the group Gg and have not measurable subsets.
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