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On an Inequality Between the Dyadic Diaphony
and the Star-Discrepancy
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The star-discrepancy is a classical measure of the irregularity of the distribution of
an arbitrary s—dimensional net. Respectively, Zinterhof, Hellekalek and Leeb propose other
measures of the irregularity of the distribution, so-called diaphony and dyadic diaphony.

In the present paper the authors prove an inequation, connecting the dyadic diaphony
and the star-discrepancy of an arbitrary s—dimensional net, (s > 1).

This inequation is an analogue of the inequation between the diaphony and star-
discrepancy, proved by Fleischer and Stegbuchner.
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1. Introduction

For an arbitrary integer s > 1, let E* = [0,1)® be the s-dimensional unit
cube. Let wy = {xy,...,xn}, be an arbitrary net, composed of N points in F*.
For an arbitrary subinterval @ = [0,z1) X ... X [0,2,) of E¥ let cg(x), x € I5%
be the characteristic function on Q. The star-discrepancy D*(wy) is a classical
measure of the irregularity of distribution of the net wy and is defined as
N

% Z cq(xn) — /s cq(x)dx

n=1 E
Zinterhof [8] proposes another measure for the irregularity of distribution,
called diaphony, which is defined as

r

D*(wyn) = sup
QC

. a%

Fwn) = >, R*m) IN > exp(27i < m, x, >)
meZ*\{0} n=1

where for vector m = (my,...,ms) with integer coordinates

R(m) = Hma.x(|m,~{, 1) and <m,x, >

i=1



308 V. Grozdanov, S. Stoilova

is the inner product of the vectors m and x, (1 <n < N).
The Rademacher [5] functions of order 2 are defined as:

1 if ze€l0,3)
ro(z) = . 1
—1 if ze€ [2 1),
and for au arbitrary integer I > 1 ry(z) = r9(2"x). The Walsh [7] functions
of order 2 are defined as: wy(z) = 1, & € [0,1) and for an arbitrary integer
k > 1 with binary preseutation & = 2¥ 4 . | 4 28 where by > ... > Lens
wr(x) =y, () ... 1y, (2), z € [0, 1).
For an vector k = (ky,...,ks) with nonucgative coordinates the k—th
8

Walsh function wy(x) on E* is wy(x) = H wy (), x = (x1,...,24) € I7°. Let
1

1=
Ny =NU{0} and W(2) = {’Luk}kGNs denote the systein of the Walsh functions.
Using the system W(2), Hellekalek and Leeb [4] iutroduce a new version
of diaphony, the so-called dyadic diaphony, which is defined as

1 2)%

1 N

FOV@)wx) = ( =1 2P0 |y 2o wx)

3 -1 N ~—
k#0 n=1

g [ 27 2 <k<wt g0, gez

(1) p(’v)—{ 1, if k=0,

and for a vector k = (k,..., k) with nonnegative coordinates
§
(2) p(k) = [T p(k:).-
i=1

The next results, connecting the star-discrepancy D*(wy) and the di-
aphouy I"(wy) of an arbitrary net, are proved:

Stegbuchuer [6] gives a s—dimensional version of the inequality of LeV-
eque: For each net wy in ¥ there exists a positive constant C\(s), depending
on the diineusion s, for which s

(D*(wn)) 2 < Ci(s)F(wn)-

Zinterhof and Stegbuchner [9] show an estination in opposite direction:
For each net wy in £* there exists a positive constant Cy(s), depending on the
dimension s, such as

(3) F(wy) < Ca(s)(D*(wn))?,

where for an arbitrary integer & > 0

Fleischer and Stegbuchner [2] also prove a better variant of the inequality (3):
For each net wy in E*® there exists a positive coustant C3(s), depending on the
dimension s, such as



On an Inequality Between the Dyadic Diaphony and . .. 309

(4) F(wy) < Cs(s)D*(wn)-

In our paper we will prove an inequality between the dyadic diaphony
aud the star-discrepancy of arbitrary net in E*, which is an analogue of the one,
given in (4).

We will note some equations which will be useful in our work: For an
arbitrary dimension s > 1 we introduce the sets

Jo ={(s1,52) : 0 < 51,82 < s, s1+82= s},
Jh={(s1,82):0< s, <s—-1,0<s53<s, s1-Fs2=5}
and
Is = {(s1,582,83) : 0 < 81,852,583 < 8, 81+ 82+ 83 =8}
Let for 1 <j < 3 aj, bj and t; be albltrary real nuibers. Then the equations

hold

H(”’J +b;) = Z Z aj, - azb, 1 "'b]sz )

j=1 (sl,sz)GJw
where the summing in 3* realised by (1) possible choice of addends from the
type @i, --- @iy by - b, (i1, 506,015 - - Jsp) 15 @ periuutation of (1,2,...,8),
and

S
B Il@+bi+t)= > Z @iy oo @iy, bjy - Dby -ty
Jj=1 (s1,82,83)€Ts

S1
from the type a;, ... ai, bj, ... bj, timy -« tmgys (1155861515 - - - s G829 MLy« « 3 Tgg)
is a permutation of (1,2,...,s). It is obvious that
s
(6) H(aj +bj) =ar...as+ Z Z Qi - alsl j - bjsz'

Jj=1 (s1,82)€J)

where the sumnming in °* realised by (S ) (s - Sl) possible choice of addends
S2

2. Statements of the results
Let an arbitrary real « € [0,1) and an arbitrary integer k > 0 have
oo oo

bynary presentations z = Zwﬂ‘j—l and k = Zkﬂj , where z;,k; € {0,1}.

Jj=0 Jj=0
9—1
We define 2(0) = 0, £(0) = 0, and for an integer g > 1 z(g) = Z:z:jb”-"" and
j=0

g—1

k(_(]) =S Z kj?j.
7=0
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For an arbitrary integer & > 1 we define the integer g > 0 by the condi-
tions 29 < k < 29%1 If k = 0, then we put ¢ = —1. For an integer £ > 0 and
the corresponding integer g > —1, satisfying the above condition, and « € [0, 1)
we define the function

0, if k=0
) o(k; g;z) = { —wk(z)(z —z(g+1))-
~4 Vo) (wigg) (2(9) = 60x) , i k0

and §; ; is the delta Kronecker symbol.

1) %

1 .

Let wy = {x1 = (:v(l ), yeois XN = (Zh's-- ws\’}))} be an arbi-

trary net, composed of N poins in F°. For an arbitrary vector k with nonnega-
tive coordinates and for every integer n, 1 < n < N we define the function

* 81

d(wiwnin) = Y ZH p(ki,)wi,, (2 (’”))Hw(k]q,,z;q,rb("'))
q.——

(sn,sz)eJ'
For an arbitrary vector k with nonnegative coordinates we define

(8) @ (wy; w) N Z D (wy; wN; ),
and
1 XN
9) S(wk;wn) = Nﬂglwk(xn).
We put
(10) GW(2);wn) = Y O (wi;ww),
k#0
and
(11) HW(2);wn) = D \/p(k)S(wi; wn) ®(wic wn)-
k#0

We will prove the next theorem:

Theorem 1. For every net wy by N points in E° (s > 1) the inequality
holds
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POV@iwn) < <z (D3 (0m)? = G GV(@)0n) = s HOV() ).

This result was annonced by the authors in [3]. In this paper we will
explain the full proof of Theorein 1.

3. Preliminary notations and results

For z,y € [0,1) we define the function

! 3
K(2,y) = cpoy)(@) - /0 coy)(@)dy + 7 —y-

For the vectors x = (z1,...,25) and y = (y1,...,¥s) in E®, using the function
K(z,y), we define the kernel of the product

K(x,y) = H K(zj, Yj)-

Let wy = {x1,...,xn} be an arbltra.ry net of N points in E°. We define the
function

1N
1\ = — ; - K dx.
V) =y o KGy) = [ K y)ds
We have that / K(x,y)dx = %, and for the function ¥y (y) we obtain that
s

(12) Tn(y) = Z/C(xz, -5

Lemma 1. Let k > 1 be an arbitrary integer and define the integer
920 as29 <k<29t For every x € [0,1) we have the equation

[ o)y = /o) + wr@)(@ - a9 + 1) + 2o (o)),
where the function p(k) is defined by (1).

Proof. For each integer k > 1, 29 < k < 29*! and for every z € [0,1)
we have

(13) J) wrwry = wnio o)) [ rotw)an
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o0 o0

Let z = » ;2777 and y = ) y;2797", where ;,y; € {0,1} be the binary
3=0 7=0

presentations of z and y.

First, let © € [w(g),w(y) +

1
W) . Then x, = 0, 2(g) = z(¢9 + 1) and

yg = 0. We obtain
(19 /( )7',,(y)dy = (=1)*(z —z(g + 1)).
(g

1 1 .
Second, let z € [z(g) + W,w(g) + 2—9) . Then z, = 1.

1 . 1
Ifye [:L'(g),:z:(g) + W) , then y, = 0, and if y € [:u(g) + W,’L) ,
then y, = 1. We obtain

z z(g)+g—'|- T
/ oW = / vy (y)dy + / | e(y)dy
z(g A

(9) Ja(9)+ g

1

(15) = Em'f'(—l)wg(l'_m(g'f'l))’

The formulae (14) and (15) we write in the form

(16) /;g) ro(y)dy = 1_—2(,};1)2 + (~1)% (z — z(g + 1)).

From (13) and (16) we obtain

J; st = a1 55+ G )
+ wi(g) (2(9))(=1)* (z — x(g + 1))
B _i p(R)wi(z) +wi (o) (@ — 2(g +1)) + %_{\/mlwk(ﬂ)(fl}(g))a

so, Lemma, 1 is proved. o

Lemma 2. For an arbitrary integer k > 0 and z € [0,1) we have the
equation

) 1
| K@ pyontnits = 3y/owta) + ol g:2),
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where the functions p(k) and ¢(k; g;x) are defined by the equations (1) and (7).

Proof. Let k = 0. Then fromn the equations wy(x) = 1,

/ K (x,y)wo(y)dy = 1 , p(0) =1, and for « € [0,1) ©(0; —1;x) = 0 we obtain

/0 K (2, y)wo (y)dy = \//)(0)100( :) + p(0; —1; ) = \ﬂ(_/_)uv + (ki g; ).

If k # 0, then we have the equations

1 1 1
a0 [ K@y = [ @ - [ o,
0 0

The equations hold

1 T
[ o @ oy = [ ooy = [y = [ty

(18) = /0 " wi(y)dy.

Fine [1] proved that for every integer k& > 1

l «
(19) / ywi(y)dy = —270+2)5,, .
0
From (1), (7), (17), (18), (19) and Lemma 1 we obtain

-1
/ K(z,y)wg(y)dy
0
1 1 a-—-(g42) ¢
= VPR)w(@) = wi(@)(@ = w(g + 1) = 7v/p() i (@(9) + 275y,

— i, [p(E)ywi(z) + o(k; g; ),

so, Lemina 2 is proved. W

Lemma 3. Letwy = {x| = (.'1: ,.z,ls)), JXN = (z,(l),.. (”))}
be an arbitrary net in E°. The k—th Fourze7 Walsh cocfﬁczent of the functwn
UnN(y), defined by (12) satisfies the equation

Iy =4 0 if k
RS #VPR)S(wis wN) + B(wiwy),  if k;é :
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where the functions p(k), S(wy;wn) and ®(wi;wn) are defined respectively by
the equations (2), (9) and (8).

Proof. For an arbitrary vector k the Fourier-Walsh coeflicient of the
function ¥ n(y) is

(20)  Tpn(k NZH/ Kz, y;)yw, (y;)dy; — H/ wi; (y5)dy;-
=1 y=1
Let k = 0. From Leinma 2, when & = 0 and (20) we obtain ¥ (0) = 0.
Let now k # 0. Theu there exists some j, 1 < j < s, that k; # 0. Then
from (6), (20) and Lemma 2 we obtain

w00 = & ST [ K, 5, ()

1—1_7 1

1 N s
=N.ZH[ pkjyw; (@0)) + o(kj; gj; 20 )]

i=1j=1

-

o(k;) 'wk, (j))

e

1 *

N . |
15 IR VEDD [H VP Yw, (2 "’)} [H so(qu;gj,,mgm)}
i=1(s1,52)€J} e
1 1 Y
=V p(k)ﬁ ; wic (x;)

+—= Z Z Z* [H ; p(klp)'wk,p( E’p)):| l:f[ So(quvgjq:'l'(]‘l)):l

Z—]. (sl,sz)EJ’ g=1
Finally, from the significations (9) and (8) we obtain

T (1) = 551/p09) 8w ) + @(wis n),

so Lemma 3 is proved. =

Lemma 4. Let wy be an arbitrary net of N points in E*. The equation
holds

33

2
lenl?, = =

FQ(W(z),wN) + H(W(2),wN) + GW(2);wn),
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where the functions GIW(2);wn) and H(W(2);wn) are defined by the equations
(10) and (11).
Proof. By the Parseval formula we have | x||7, = Z | v (k) |2

kEN®
From Lemma 3 we have that \’I\'N(O) = 0 and obtain

2
101, = 3 [ /P09 Stu ow) + D wn)

k#0

1 ; i
= 4—22 Z p(k)ls(wk;wN”Z -+ Z @Z('wk;wN)
k#0 k#0

+42_S 3 /oK) S(wi; wn) @ (wii; wiv)

k#0
-1, 2
=~ FW@)wn) + G HW(2);wn) + GV(2);wn),
so, Lemma 4 is proved.

Lemma 5 Let wy be an arbitrary net of N points in E°. The following
equation holds

1¥N|loo < 3°D*(wn)-

Proof. For arbitrary vectors x = (zy,...,%s) and ly = (y1,...,¥Ys) in

E* we introduce the significations a; = C[U’yj)(wj)a bj =— /0 C[O,yj)(""j )dyj, and
3
15 = 1Y According to (5) for K(x,y) we obtain

K(x, y) = Z Z (—1)s2tml .. tm,3 C[O,yil)(:l:i,) ies C[O’yin )(:1,'1'3l )

(81,82,83)€ls

1 1
X A ces /(; C[O,yjl)(wjl) .. C[O,yj,z)(a"jag )dyjl .. dij

(21) = Y Z*(—l)”tml eeetmyg

(51,82,83)€1s

1 1
A [0,y )((L‘il) ... C[O,y.-,l )(:l,‘,",1 )C[O,yjl )((L‘jl) ven C[O,yj,z )(zjag)dij - dyjs2 .
We signify Q = [0,21) x...x[0, z5), where z; = y; for j € {i1,...,%s,,71,---,Js2}
and z; =1 for j € {my,...,my,}. Then from (21) and (12) we obtain

X
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Un(y) = N Z Z Z (=1)*%m, ... by,

i=1 (s1,82,83)€ls

1
x/o /0 cq(xi)dyj, - - - dyj,, — g
= Z Z*(—]- ‘"LI .- 1’“3 ((2(xl dJJ‘ tte llr'l/js? - l'
> T 4

(s1,52,83)€Is
*
= D> 2 (1)t ..t

(81,82,83)€Ts

1 1 N
(22) x/o /0 [%7 ZCQ(xi) - V(Q)} dy;, ;..Llyja2
i=1

. S§2 & l 1
+ Y () -tm,...tmss/o /0 V(@dyi, - dyji, = 55

(S| y32)53)€’8

We have the equations

L 1 1 1
/0 /0 V(Q)dy;, - - - dyj,, =yi1---yi,,/0 yj,dyjl-u/o Yisy Wi,

1%
= Yi, ...y,',l (5) N

Z Z 1) t1n.| . tyn_,s / / V dy]l % (,l‘jl"2

(51,92,83)€ls

= Z Z (—'_) Yiy - Yig, by -+ - bingg

(s1,82,83)€T,

1

(23) H(-———+t> "
From (22) and (23) we obtain
Un(y) = Z Z (=1)2tpm, --. by

(81,52,83)€1s
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/ / [ Z"Q(xt) V(Q)] dyj, - - - dyj, -

Then
"\IIN”oo

Z Z( 1) tm]-- LTS

(s1,52,83)€Ts

1 1 N
X /0 e [) |:% l:Zl (:Q(xi) e V(Q)] (l’yj, -bs dyjs2
3o D el

(s1,82,53)€ T

1 1
(24) X / . / sup
0 0 yers

We have that

= sup
yes

IN

me»vwwwwd%f

1 N
sup |— ) ¢ (xi)“V(Q){
ye[o,1) Nizzl Q
1 N
(25) < sup  sup [— > co(x) — V(Q)| = D*(wn)-
velo,1)s o1y |V =

Fromn (24), (25) and (5) we obtain that

*
”\IlN”oo < D*(‘UN) Z Z |tm| | .. Itmssl

(‘9| :32:53)€rs

N 53 11 SD'
< D = B by r 3
<ovew) 2 2 (3)=(3) pem
(s1,82,83)€Ts
finally ||¥ n|lco < 3°D*(wy) and Lemma, 5 is proved.
4. A proof of Theorem 1
From Lemimas 4 and 5 we obtain
38
42s

FZ(W(2),wN) = TNz, - SH(W(2)§WN) — GW(2);wn)

317
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g 2
<|eniz - #HWE)wn) = GOV(2);wN)

. . 2
< 3%(D*(wn))? - 7 HW(2);0n) = GIW(2);wN).
Fromn the last inequation we obtain

FOV@i0n) < Z22e\ (D m))? = LGOVE)0w) ~ 4o HOV@s ),

and Theorem 1 is proved.
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