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We describe a numerical method for approximate reconstruction of a function on the
unit disk on the basis of its Radon transform Pj(t,8) given for a finite number of the rotation
angle 6.
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1. Introduction

The natural approach to approximation of functions in the univariate
case is based on information about f at a finite number of points. This is be-
cause a table of function values is a standard type of information which appears
in practical problems and processes. In addition, the simplicity and universality
of Lagrange interpolation formulas, Gauss quadrature formula, other classical
results in univariate approximation confirms such a choice of the information
data. The direct transformation of the univariate results to the multivariate case
faces various difficulties. For instance, point-wise interpolation on the plane is
no mnore solvable for arbitrary choice of the nodes. The recent development in
tomography, as well as the power of Radon transform and other results in mul-
tivariate interpolation suggest as a reasonable choice of the data when working
with bivariate functions, the values of linear integrals over segments. Many clas-
sical approximation problems admit natural extension in the multivariate case
(in RY, if the approximation is based on integrals over (d — 1)— dimensional hy-
perplanes.) The nice multivariate extension of Lagrange interpolation formula
obtained recently by Hakopian [5] is an example.



338 I. Georgieva,

In this paper we develop munerical methods for reconstruction of bivari-
ate functions on the umit disk B := {(z,y) : > + y* < 1} on the basis of
linear integrals [; f ds over a finite number of chords I. Our study relies on the
fact that every function f fromn Lo(B) is completely deterinined by its Radon
transform

Py(t,€) = f&f(t£+s)ds, —1<t<l,

where £ is an element of the unit sphere S and &7 is the hyperplane through
the origin which is perpendicular to &.

In Section 3 we reconstruct on the unit disk a polynomial f € II, (R?)
from its Radon projections {Ps(t,6;)}!_, for a set of (n+1) angles 6; . Moreover,
every f € Lo(B) can be reconstructed by the corresponding Tchebiceff- Fourier
series. For f € C(B), the rate of convergence of the approximating polynomial
to f is estimated. In Section 4 we present a method for reconstruction of a
polynomial f from its projections over all chords starting from a point M; =
(cos a;,sin ;) on the unit circle, for i =0,...,n, 0 < ap < ... < ap < 27. The
method is based on Hakopian’s interpolation formula [2]. Namely, f is searched
as a linear combination of some ridge polynomials Py (z cos 8 + ysinéy), each
P, is associated to a chord I;, such that the integral of P over the chord I; is
\.éik'

Results from computer experiments are attached.

The author is deeply thankful to professor B.Bojanov for posing the
problem, for many ideas and useful discussions.

2. Preliminaries

A main topic in our studies is that of ridge functions. Let 6 € [0, 27) and
p(t) be a real valued function.

Definition 2.1. The function p(0,z,y) := p(z cos + ysinb) is called
a ridge function corresponding to p, with direction 0.

Obviously the ridge function p(@, z,y) is constant along any line of direc-
tion . We denote by II,, (R?) the set of all algebraic polynomials of total degree

n,i. e.,
II, (]R2) = { Z a,'j:z"yj} .

i+j<n

In what follows we consider functions f(z,y) which are integrable on the
unit disk B := {(z,y) : =% + y? < 1}. Without loss of generality we can suppose
that f(z,y) is supported on B.
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Given t and 0 € [0, 7), we define the line
I(t,0) = {(z,y) : wcosb+ ysinh =t}.

We assume that the intersection of I(¢,0) and B is not empty.
The formula

+00

Pf(t,ﬁ):/ f(tcos® — ssinf,tsinf + scosf) ds
—00

defines the projection Py (t,0) of f along the line I(t, 8). Since f(z,y) = 0 outside

B, the projection can be reduced to

Vi—E?
f(tcos@ — ssinf,tsiné + scosf) ds.
t

ﬂ&®=/

Let us mention the following simple but useful property of the projection:
Py(t,0 + m) = Py(—t,0).

That is why we can assume that 0 < § < 7 when it is more convenient. By
a fundamental result, due to Radon [9], every function f € Ly(B) is uniquely
determined by its Radon transform:

f— {Pf(t,0), 0< 0 <7}

Theorema 2.1. Every algebraic polynomial P € II,, (R%) can be repre-
sented as a sum of n + 1 ridge polynomials. More precisely for any preassigned
00, - - -+ 0n,0; # 0;,7 # §,0; € [0,7), every polynomial P € II,, (R?) can be repre-
sented as a sum of n+1 ridge polynomials Q;(0;, z,y) = Qi(z cos O;+ysinb;), i =
0,...,n.

This is a known result (see [6]). For the sake of completeness, we supply
here a new simple proof.

Proof. The functions (¢t —t)™,..., (t —tm)™, ti # t;,% # j , are linearly
independent. Since their number is m + 1 they form a basis of II,, (R) . Then
the following representation holds

m
th =" ak(t—t;)™,
-
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with appropriate coefficients {(!_’7}

m m

L m k Za L—Jt m__za IIL

where T = (z,y) and @; = (1, —1;) and @; - Z is the dot product of the vectors a;
aud Z, j = 0,...m. Clearly (a; - Z)™ is a ridge polynowmial of degree m. Then

the polynomial
n m

P(z,y) = Z Zamkwkym_k

m=0 k=0
can be written as

P(z,y) = ZZamLZa

m=0k=0

Grouping in the proper way shows that P(z,y) can be represented in the form
P(z) = fo(aoZ) + f1(@1Z) + - - - + fu(@n@),

that is, as a linear combination of the ridge polynonials f; of degree not greater
than n.

Theorema 2.2. FEvery algebraic polynomial [ € 11, (R?) is determined
by n + 1 projections

Py(t,00), - Py(t,0n), 0: # 0,1 # j.

Proof. Since

fley)= > {aij-’lii?/j}’

i+j<n

we have

Py(t,0) = Z ai; / (tcos O — ssinf)'(tsin 6 + s cos 0)7 ds.
i+j<n

From the condition 7 + j < 7 it follows that the integrand is a trigonometric
polynomial of 6 of order n and after integration on s it remains a polynomial
of the same kind. Since Pf(t,6 + m) = P;(—t,0), the projection Ps(t,0) is
known for 2n + 2 different values of 6 in the interval [0,27). Let us mention
that every trigonometric polynomnial is determined by its values m 2n + 1 points
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in [0,27). It follows from this property that Pf(t,6) can be recovered for every
0. Finally, using Radon theorein we conclude that f is deterinined uniquely by
Pf(t, &), ... ,Pf(t, 0,.)

Since a function, identically equal to zero, has zero projections P(t,6;),
using the above theoremn we get:

Corollary 2.1. Let f € II, (R%). If Pf(t,0) = 0 for Oy,...,0, €
[0,7), 0; # 6;,¢ # j, then f = 0.

Let us denote by U,(t) the Tchebicheff polynoinial of the second kind of

degree 7, i. e.
. U(t) = 1 sin(n + 1)arccost
Y

Cousider the ridge polynomials

+ ysin

lm )
r+1/"
The equality [ [ U3(z,y) dz dy = 1 explains why in the formula for U (t)
we take a multiplayer ~\}—1-;

Im
Un(z,y) :== U, (:L cos 1

By Marr’s formula [7],

sin (r + 1) (6 — %)

sin (0 — rl{l—)

V1-¢2
r+1

[ Ualzy)ds=2 Un (t)
1(t,0)

A different proof can be seen also in [3], Lemma 5. This formula was used in [3]
to derive the following

Theorema 2.3. The ridge polynomials Uy(z,y), 1=0,...,n, 7=0,...,n
form an orthonormal basis of 11, (R?) .
This theorem was established earlier by Logan and Shepp [6].

3. First method for reconstruction

3.1 Recovery of polynomials, based on Radon projections
First we consider the following

Reconstruction problem 3.1. Given are Oy,...,0n,0; # 05,1 #
J,0i € (0,7) and functions fi(t), i =0,...,n, such that they are projections of
some polynomial f € II, (R?) along the lines

I(t,0;) = {(z,y) : zcosb; +ysinb; =t}, t € [—-1,1].
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The problem 1is to reconstruct f on the unit disk.
We are going to search f in the form

nor
f= Z ZarlUrl-

r=01[=0

This is possible since by Theorem 1.3 {Un},2,"_ form a basis of II,, (R?).
Using Marr’s formula for the projection of U,;, we get

)= [ f@nds =Y [ Uaep)as

r=01=0 t,0;

\/————‘Z sin (7 + 1)(6; — 1‘+1)

Ur(t , 1=0,...,n.
(1) sin (0; — 1 =10 n

DI IAAE

r=0 =0
Let us introduce the functions

r+1)

sin (7 + 1)(6; — r+l)

gi(t) := Zzarl (%) sin (0; — )

r=0 (=0 1

Clearly fi(t) = v/1 — t2g;(t). Since g;(t) € II,, (R), it can be represented it in the
form

Gi (t) - Z Al t)v
where the quantities

-2 [ vitEseuma=>2 [ nau.oa
m™J-1 m™J—-1

are known. These two representations of g;(¢) give

r sin (r + 1)(6; — r+1)

Al=_—_%"g¢
T r+1§ 5 sin(ﬁi—ﬁ%)

Using the notations B = T} A¢| we rewrite the last integral as

=z’:a sin (r + 1)(6; — IL)
=0 ! sin (6; —

ror)

Taking it for 4 = 0,..., r we arrive at a linear system of equations in unknown

arQy ---5 5Qrr.
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We shall show next that the systemn for any given data {B;} To d(? thki.)s, is
n—NK
suffices to prove that its deteriminaut A is non-zero. Let us denote by Ay ()
the following matrix

sm(u F1)(0-— &:T) sm(u 4-1)(0- (—&L’I-]):y sin(n-t 1) {047
- - - e e —_— )»f rzT\“‘
\111\(47%1) q”.([)_,%’l,") ) sin{0 1/
sm(n I‘(()‘ e ”‘I—l) sm(u i l)((); ' (i:;'?) qlll(lH )(0! 1 ',;7"{!, )
. = = | cee - - ,,
Afl”ﬁ-k) ((}) = \“'(n* +17 7}}4 ) qm(()k 1 = i.‘)t) sin 0/ LT l 7)

sm(n—H)(()" "_H ) sin(n-}—l)(On—-%’i) o sin(n- H) (0n— 255
sin(0, — n+l ) sin(0pn — (k-H)’f) T sin(0n— "+1 }

n+41

for k=0, ..., n—1. )
Note that the determinant of the systemn above for {a;} is of the kind

1 0
Ay (6y)
A= As(6) :

0 An(oo)

where A, (6) = AM(0).
Let us mention that A = L.detA, (). ..detd,(0p). Evidently A # 0.
Siuce S'"gﬁh is a trigonometric polynomial of order n, then detA,(0) is also
a trigonometric polynomial of order n.

Observe that detA,,(0) vanishes at 0y, ..., 04,01 +, ..., 0, +m. We shall
show that detA,,(0) is not identically equal to zero. Indeed, suppose that
detAn (0) = 0. But

detA, (0) = detA™(0) = (n + 1)det AT~V (6)).

Our next task is to prove that detAs,n —')(01) #0. To do this, note that
detA%"—l)((i) vanishes at 0y, ...,60,,02+7,...,0,+m, 0, 7. Hence it has 2n zeros.
-1 .

Since 6, differs fromn all these zeros it is enough to show that detASL" )(9) is

not identical]y zero. So we need some 6 such that detAS,"_l)(G) # 0. Let us take
0 = ;%7- In this way we get

A(” l)( ) (n+1) 0...0
2)
n+4 1 * A(" (m)
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DctAsbn_m (0) vanishes at 03,...,0,,05+x,...,0, +7,0,m, T = - Hence
it has 2n zeros. So we need some 0 such that det A2 (0) £ 0. We take 0 = 2=

- . ! nt-1
and continue this process until we get to the factor

Sin(n.+1)(0u._|—(7LD‘—T) sin(n+l)(0,._|—("——n—”)

741 741
sin(0p—1— ("n__'_ll)") sin((’u—l"‘%)

" (n—1)m . n)mw
sin(n+1)(0, — ) sin(n-+1)(0, — ] )

sin(0n — ("1::1)" ) sin(0n = 355)
s ) : m "
= sin(n + 1)@, sin(n + 1)0,, sin i sin(b,—1 — 6,),
n

which is obviously different from 0. Hence A # 0.

The reconstruction of a bivariate polynomial f(z,y) on the basis of n+1
Radon projections can be done also in the following way in which, instead of
solving a linear system one is led up to calculating univariate integrals. Let
us describe it in brief. Since Py(t,0; + m) = Pf(—t,0;), we can suppose that
P (t,0) is known at 2n + 2 values of 6. The projection Pf(t,0) is a trigonometric
polynomial of § of order n, hence we can assuine that it is known. We have

arlz// f(may)Url(wxy)da;dy
D

1 1 l7T
= U, d.-dt:/ U, () Pr(t, —"—) at.
/—1/I(t,,%)f i ds U @OF ()

Computing the last integrals oune gets the coefficients. Then

nor
f= Z ZarlUrl-

=0 [=0

3.2 An algorithm for reconstruction

On the basis of the results from the previous section we suggest an algo-
rithm for reconstruction of a function f from its Radon projections.

Suppose that by, ...,0,, are given angles, 0; # 0;,i # j,0; € (0,7), and
the functions f;(t), ¢ = 0,...,n, are known to be the projections of a certain
function f along the chords I(¢,0;) = {(z,y) : @ cosb;+ysinl; = t}, t € [—1, 1].
Using this information we shall construct the polynomial

n T
Sn(f;fb', .‘/) = Z ZarlUrl(w:y)a

r=01=0
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where a, =< f,Uy; >:= [ [; fU,;. We shall show that S, (f) approximates f.
Assume that f adinits a representation of the forin

f=Y> anUn.

7=01=0
Then
= ,Zo%w Sy Uriv) ds
55 a,,zmu,(t it 0 )
r=01=0 r+1 sin (6; — ;7)

o 1)(6; —
Vi g S, Zarl 2 3111(7"+ ¢ T+1),i=0,...,n.

r=0 = rt+1 sin(6:- r+1)

On the other hand, we can represent f;(t) in the forin
filt) =V1- tlZA’ (),
where AL = 2 [ f.()U,(t) dt. Comparing the coefficients in the both represen-
tatious of f;, we get as in the polynomial case that
2 sin (r + 1)(0;i — ;35)

I
T . L Ay . i
r+1= sin (0; — 777)

Given {f;}{, we can calculate {AL} and find the functions
n
fin(®) = V1—12Y" ALU(t), i =0,...,n
r=0

Using the above algorithn for polynomials we fiud the unique polynomial F,
from II2 (R?), such that

(*) fi;"(t) = f[(t,O;) Fn(:l,', y) dS, i= Oa EREN (D

Consider the polynomial S,,(f;z,y). We have

/l(t,0) n(f,.Lydb—ZZa / Uni

7=01=0 I(t,0:)
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LU 1—¢2 sin (r + 1)(0; — %)
= Z Z“rl2 T U, (t) : :l7r L
r=01=0 T+ sin (0; — )
9 sin(r 4+ 1)(0; — )
=vV1 - tl U ar - -1
§0 IX% Tr+l o sin(0; - )

= \/1—:?2 U,-(t)A:- e fi,n(t)'
r=0

Thus the Radon projections of Sy, (f;«,y) coincide with those of Fj,. By
the results of previous section this yields that S, (f;z,v) = F,(z,v)-

Now, let us turn to the question about the rate of approxiination of f by
Sp(f). We shall use a result by Oskolkov, namely Theoremn 3 from [8]:

Theorem 3.1. Ewvery function f € Lo (B) can be uniquely represented
by the corresponding Tchebicheff-Fourier series -

oC

flz,y) = Z ZarlUrl(a"’ Y),
=0

where

Gyt = / /D (@, 9)Un (=, y) da dy,

and this series converges in Ly (B).

Since S, (f) is the n—th partial smn of the Tchebichefl-Fourier series of
f, Theorem 3.1 implies the polynomial S,(f) tends to the function f in Ly—
norm when n — oo.

We are interested in the rate of the uniform convergence of S,,(f) to
f when n — oo. The operator S, acts from C(B) to C(B). Recall that the
Lebesgue coustant of Sy, is defined by

ISullcBy—c(B) = ma.x/ |22Ur1 (t)| dt,
r=01=0

and for f € C(B), w(f) denotes the modulus of continuity of f:

w(f,h) = sup |If(z) — f(y)l

z, y€B |z—y|<h

c(n)-

We shall use these notations in our estimate. We follow the ideas fromn [10]
where the author considers a orthogonal polynomial system {Pn}, ; in Ly,
with respect to the weight w(z) = 7~1(1 — |z|)!/? for z € B.
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In the notations of [10],
n
sn(f) = Z< [ Pri > Pry.

The theorem for the rate of convergence of s,(f), proved by Skopina in [Sk]
says:
"Let f € C(B), T € B then

5@ = snl7, P s AvAw (£7)

where A is an absolute constant. In particular if f € Lip o, @ > %, then the
Fourier series 3 22, < f, Pri > Py converges uniformly to f on B.”

The proof is based on some facts about the relation between s,(f) and
the partial sums of Laplace series of F' € C(S?), where S? is the unit sphere in
R3. Here the associated function F to f € C(B) is defined by F(z,y, z) = f(z,y)
for all (z,y) € S?. In our case {U.} is the orthogonal systemn with respect to
the weight = 1. The corresponding partial sumns of the Laplace series in our case
look like:

on(F,z) = —2'17?,;)(1» +1) /52 F)U(t - 2)V'1 — t?ds(t).

Analogously to the proof of theorem 3 in [10] we can show that for f € C(B),
Fn(F,T) = Sn(f3T)

for all Z € §2.
In our case the corresponding estimate for the Lesbegue constant is

1
ISallca-cm < [ Vi~ ar

S Uk (1)U (r)
k=0

For the following theoremn we use ideas from the proof of Theorem 6 in [10],
namely Jackson’s theorem and some results of [1] on the behaviour of the last
integral when n tends to infinity.

In our terins,

1 T'(n+2) 1.1

D)= e
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and the integral

h

*w|--
MI—
1

) p(t) dt

v

takes the forin

T2k + 3/2)
I2(k + 2)

20y, ——=Ui(t)Ur(z)| V1 — 12 dt.

1
L
We can apply the main result of [1] for
T?(k +2)

11
hk = m’\’2 2 2 +()(1)
since
T(k +2)
m ————— =
k—oo T'(k + 3/2)Vk
We obtain

V1 —t2di < Cv/n.

' ihkUk(t)Uk(a;)
L )

As in [10], this leads to the following conclusion.
Theorema 3.2. Let f € C(B), T € B. Then

7@ = Su(f.2) < Aviiw (£,1)

where A is an absolute constant. In particular if f € Lip o, « > %, then the
Tchebicheff-Fourier series 3272 < f,Up > Uy converges uniformly to f on B.

Next we illustrate the algorithmn on two exaimnples.

The first one is an example on which usually the new methods f01 recovery
of surfaces are tested. The next example is the function sinz cos 2y. Since this
function is smooth, the convergence of the approximating polynomial is faster
than in the first example.

Let us mention a property of the interpolating polynomial S,,(f; z, Y).

Theorem 3.3. Let f(a'a y) = f(_w, y)Then Sn(f;wa y) = Sn(f; -, ’lJ)
Proof. Let us note that

[
Uri(—z,y) = ( z cos 1 -+ ysin 7—_}%—)
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sin (37 \/m:ﬁ‘)_

Bmy/aHy? 110~ 18

Figure 1: The graph of the function Mexican hat

Figure 2: The graph of the approximating polynownial € 114(R?) and the graph
of the error € II4(R?).
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Figure 3: The graph of the approximnating polynomial € Tg(R?) and the graph
of the error € ITg(RR?).

Figure 4: The graph of the approximating polynomial in € p(R?) and the
graph of the error € IT;o(R?).
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Figure 5: The graphs of the function sinz cos 2y, its approximating polynomial
€ II3(R?) and the graph of the error.

l
=U, (—.'L'(—].) cos(m — ;l_:'_r—l) + ysin(m — > _:.ri)>

r+1—1 Lor+1—=1
= U,- (l COS n 1‘-71' + Yy s —""1—1.-71' = Ur,r+l -1 ("I‘.v y)a
for I=1,...,r. Then

ary Z//Df(w,y)Urz(w,y) dx dy

= [ [ 120U a=5,9) dmdy = i,

for 1=1,... ,r. Moreover,

ao = [ [ 1@y ddy = [ [ f(-z,0)U(-z,y) dody

= [ [ 1@ 0 Vo) dody = (1) ar,

because
Uro(=%,y) = Ur(—2) = (=1)"Ur (%) = (=1)"Uro (2, y)-
Therefore,
n o n T
Sn(f;—2z,y) = Z ZurlUrl(”wa y) = Z ((J,,-()Uro(—(l:, y) + ZarlUrl("m: Y)
r=01[=0 r=0 =1

= Z ((_1)rar0(_1)TUr0(way) + Zar,r+l—lUr,r+l—l(-'L': y))

r=0 =1

7

-
= Z (arOUTO(wa y) + Z arkUri(z, y)) = Su(fi2,y).
r=0

k=1

&

)
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4. Second method for reconstruction
Conusider the following: Suppose that M;(cos ¢, sine;), i =0,...,n, are
fixed distinct points ou the unit circle 9B. Let
J(M;, P) = / fds, PEOB, i=0,...,n
M;P
be the Radon projections of a certain polynomial f € Il (Rz), (for all P € B).
Find the polynomial f. We prove the following

Theorem 4.1. The polynomial f € II, (R?) can be uniquely recon-
structed from the information

/ fds, i=0,...,n, PeOB.
M;P

Proof. Take a poiut M(cosc,sina), on the unit circle 983, different
from any of the points M;. It follows from the assuruptions of the theorein that
the values

J(M;, M) = ;, 1=0,...,n

* .
J(Mian)=’Yka ]c=n+1,_._,£ﬂ'il_)§('“‘_'ul

are known. The conditions of Hakopian’s theorem [2] are fulfilled, hence there
exists a polynomial fas € II (R?) such that

/_fhld3:7ia 1=0,...,n
M;M

and
/ fmds=, k=n+1,... ——-———(7L+1)(7L+2)
AT 3 ) ) 2 .

Since [375 fds are projections of the polynomial f, then f satisfies the con-
ditions ("‘). Using the uniqueness of Hakopian’s theoremn we conclude that f
coincides with fas. This proves the theorem.

Our next purpose is to find out an explicit forin for the solution of the
interpolation problem. We are going to apply au idca which was suggested to
us from H. Hakopian [4] for a simple proof of his interpolation theorein in the
bivariate case.

It is more couveuient to denote the point M by M, . In this way we get
(n + 2) poiuts M;(cos ¢, sincy;), i =0,...,n-+ 1, on the unit circle. Connecting

(n+42)(n-+1)
2

any two of these points by line segments we get chords:

I; = I(t5,0;) = {(z,y) : wcosb; +ysinb; =1¢;}, t; € [-1,1].
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Suppose that the points M; arve such that 0; 7 05,4 / 4, U; =05 # 7 1 T
7, 05 €[0,2m), 5 =0,...,(n+1). Let I(¢;,6;) be the chord determined by the
poiuts M, and M,. The quantity

/ f=1_ 7
T(t;,05) MyAT,

is known, we deuote it by ¢;j. We search f in the fornn

(n+2)(nA-1)
2

Z ¢ P (z cos 0y, + ysindy,),
fz=]

where Pj; € II,,(R) is such that the integral of the ridge polynonial Py (« cos 0f +
y sinf;) over I; is equal to djy.

Let us fix the k—th chord Ij; and introduce a coordinate systein with
origin at the zero aund parallel to I;. (Let us wention that 6, = 0 because
of the choice of the coordinate system.) After calculating ¢; and 6; we get
t; = cos “23% and 0; = 2F%_  Then the chord M,M, has the following
parametrisation:

ap — Qg qap+aq_s -1‘;”1'_"9.‘{

T = €08 ——5— COS 5 : 5
—— W=y + ay P 5 _‘*_‘_(}_q ’
2 2
where
5 — «
- singl—Q——qﬁ < s < |sin s 5 4
Let 7 # k. Then
0= / Py (x cos 0;;, + ysinby) ds
I(t;,05)
-+oo
=S Pr((tj cos 0 — ssinb;) cos O + (tjsinb; + s cos 0;) sin0y) ds
—00
= / Pk((t cos(0; — O) — ssin(0; — 0,)) ds.
After the change of va.rlable v = tjcos(f; — O) — ssin(0; — Oy), dv = —sin(0; —

0;) ds, let us set

=tjcos(0; — 0r) + /1 — tz sin(0; — 0y,),
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z‘} = t; cos(by — &) — /1 — ¢ sin(0; — &;).

Since z = tcosf — ssind, then one of the end points of 7; is projected into :1:]':,
: . a2
the other- iuto .Lj After the change of variable we get (0 = /f,’ Py (v) dv. The

J
number of the points M; is (n + 2) but the two end points of 7;; have the same
projection so we get (n + 1) points which we order by size aud call wy, ... 2,,.
The condition 0; # 0;,i # j, 0; —6; # 7, ¢ # j, provides that the points

, &y, are different.

Zoy---
It follows frown the interpolation conditions on Py, that [5*' Py (v) dv =

0,72=0,...,n—1.
The condition f,(ok:tk) Py(z cos Oy, + ysindy) ds =1 gives

RV St 7 . .
1= / * Py (ty, cos? O, + ty, sin? 0r) ds = Py (t1)2\/1 — t,zv,.

V1-t2

Let us introduce the polynomial Qg (z) = /;) Py, (t) dt. Then the conditions oy

Py, pass into

Qr(zo) =0, ..., Qr(zn) =0, Qitr) = Pr(ty) = —1“—
24/1—12

After finding Qi (z) out, we get Py(z) = Q'(z).

The desired ridge polynomial is Py (z cos ), + ysin6;,).

As in the previous section, the solution of the polynomial problem can
be used to construct an algorithm for approximmation of functions, based on the

projections { / fds}.
M M;
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