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Considering two real parameters a, 3 which satisfy the inequalitics 0 (< ﬁ(‘)t < B and a
given integer p > 0, in ([4]) were introduced the Schurer-Stancu operators Smp° : C([0,1 +
p]) = C([0,1), defined for any f € C([0,1 + p]) and any m € N by

= S (223).

Some approximation properties of the above operator were there investigated. )
. . . . «,
In the present paper we study properties of simultancous approximation for Sy
I pay Y prog
As particular cases, we get similar properties for Schurer, Stancu and Bernstein operators.
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1. Preliminaries

Let o, 8 be two real parameters satisfying 0 < o < 8 and let p > 0 be
a given integer. In ([4]) were introduced the operators S,(#,;,ﬂ) : C([0,1 +p]) —

c(lo,1)
~ iy k+ o
(11 (85) @) = 3 Fmste)s 1(222),

where p, (2) = (™fP)2* (1—2)™7~F are the fundamental Schurer polynomials.
The operators (1.1) were called ” Schurer-Stancu type operators”, because
for « = # = 0 from (1.1) one obtains the Schurer operators (see ([9])) and
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respectively for p = 0, from (1.1) one obtains the Stancu operators (see ([11])
aud ([12]))

In ([4]) a convergence theorem for the sequence { (“

) f} and estima-

tions for the rate of convergence, under different assumptlons on the approxi-
mated function were established.

Now we study the simultaneous approximation of a function
f € C9([0,1 + p]) using the Schurer-Stancu type operators (1.1).

Section 2 provides properties in connection with the derivatives of S,(T(f,’ﬂ )f.

As consequences of these properties we get exprimations for Sﬁn,’pﬂ) f in terms of
finite and divided differences of approximated function. In Section 3 we estab-

dai
given non negative integer and f € C4([0,1 + p]).

&l
lish a convergence theorem for the sequence { (— ,‘,‘Z‘ﬁ) f} , where j is a
MEN

2. The derivatives of §7(T¢::ﬁ) f

In what follows we denote by Dy, x(z) the fundamental Schurer polyno-
mials

ey . 5m,k(z>=(m: p)zku_w)mﬂ—k.

Lemma 21 The polynomials (2.1) verify
22) Finale) = (m4) i 1cr®) - st} = E DT

where f)"m,k(a}) denotes.the first order derivative of pm r(z) and poo := 1, Di,—1 =
0, 5m—-1,m+p—l =0 (k € N*).
Proof. The assertion follows from (2.1), by direct computation. =

Lemma 2.2. The following equalities

d (zes) Mip=l k+ o
& a, ) — D 3
(23 - (Sm, f) (z) = (m +p) kz=0 Prm-168 _1_f (m+,8>

m+p—1

_m+p kE+a Ic+a+l.
T m+p Z Pm-1,4() [ m+f ’f]

hold.



Simnultaneous Approximation by Schurer-Stancu Type Operators 367

Proof. From definition (1.1) we have

o — k+ o
de ( 1(n,’pﬁ)f)( = <Z pmk( ).f <77L+ﬁ)>

m-+p o
j;:ll,l\,( )f (T’L'*“B) -

k=0

Next, applying Lemmna 2.1, we get
m—+p
k+«
(«,8) 3. .
. (S f)( ) = (m +p){kz_%z)m—1,k—1(l)f (m+[5)
et k+a«
ILEY (££2) } -

Because pm—1,0(z) = 0, the first sum of the right side of the above equality can
be written in the form

mip k4 mip-l k+a+1
me,k(a")f (’"I. +(;) Z Drm— lL )f( m+ 3 )

Because Dy mp— 1(.1,) =0, the Second sum can be written in the form

m+p~ k+ m+p-1 k+ «
me,k—l(fb')f (m-}—%) Z Pme—1(2)f (m+[3>

k=0

It follows

= (Bps) @
= (m+p) mglﬁm,k_l(x) =2l

m+p—1
—m+p) Y Fmaer@by f (2L

k=0

5)

i.e. the first equality (2.2) is proved.
For the second, taking into account of the relation

] =y a g (=25).

k+ao k+a+1
m+B m+p



368 Dan Barbosu

we get

4-p—1
d [/~ m+p e - k4+a k+a+1
- S(“?ﬂ) — P i—1 (@ '
dx: ( m,p ) ( ) IIL + A g Pk l(l) — ,H’ m+ i f
and the proof ends. -

Theorem 2.1.  For any non-negative integer 5 < m + p the operators
(1.1) werify

di | k
@) 5 (1) @ = e S s 67 r (1)

where (m +p)Ul = (m+p)(m+p—1)...(m+p—j+1).
Proof. For j = 1 the inequality holds from Lemma 2.2.
Let us to suppose the equality is valid for 5 — 1, i.e.

d7—! '’ m—j+p+1 ko
g ( T(ﬁl,,ﬂ)f)( ):(77L+]))[J ! Z prn—] Hl )AJ l f(_ C‘t) .

dai—! wiB m+

Next, applying Lemina 1.1, we get

i _ i m+p—j+1 k+a
7 BEP1) @ =+l 3 Fujia @A f(m ‘;)

dzi P m¥F +
m+p—j+1 E+a
2.5 = [J] . AJ e
25) e {5 iz (B2
m-+p—j+1
k+«
- m— AJ .
2 Pl <m+ﬂ>}

Because py,—j,—1(z) = 0, the first sum of the right side of (2.4) can be expressed
in the form

m+p—j+1 m+p—j
k+a - j E+a+1
Z pm—_/,l., 1 (l)A‘l +l ( ) = kgo pm—j,k(w)A%f <—_) B

— m+ 0 m+

Taking into account that py,—j mip—j+1(2) = 0, the second suin can be written
as follows

mAp—g+ 1 k+« arae 1 L+«
o (AT J— il = i
g Pm ],k(l) S (’fn"‘i-,@) Z Pm—j, -L)A (’H'L +[j) .

m+G m+1j
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In this way, fromn (2.5) we get

m-t+p—73

& . -
;]—L—J ( I(I(L!,’]{j)f) ( ) (7”‘ +1’)[J] Z Pin—j,k (:L‘)
_ k }—a+] _ k—+ «
j—1 A [ L
Ao (S5) s G5}

i mip=i () A ko
= (m +p) Z Pm—j 1\ m m 3 ’

k=0

i.e. the desired identity is proved by induction after j.

Corollary 2.1. For any integer j satisfying 1 < j < m+p, the operators
(1.1) wverify

d (771, +]))[J] ) m+p—j _ [ k + « k + _'j + y ]
(0,) _ (m+p)” ol e 7l
20 G (S'"' f) (®) m+B)i 7 g Prusik(®) | 0 5 B m+B 7

Proof. The assertion follows fromn Theoremn 2.1, taking into account of
the well known relation between finite and divided differences

E+a kE+a+1 /c+a+j'f __(m—l—ﬂ)jAj (/u'-i—a)

m+B" m+p 7 m+p8 | 4! s m-+pB)

©
Corollary 2.2. The following
s m+p «
27 @0 £) (z) = I G P
(2.7 (3e05) @ z:;( ), 1 (55)s

holds.
Proof. Applying the Taylor formula, we get

m-+p &

(2.8) @%)M‘dewmy)

From Theorein 2.1, we have

m+p—j .
@9 o PN O = Y Fusu@sl, r(EESY,

k=0 1n.+ﬂ m + [j
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But pr—jo(z) =1 and for any k& > 1, pp—j 1(0) = 0.
It follows that

d N fa%
Sla.B) - L1AI
(2.10) o (S57) ©) = (m+p)IAT, g (m+ [3).
In this way, using (2.7), (2.8) and (2.9), we arrive to the desired result (2.6). m

Corollary 2.3. The Schurer operators Em,p : C([0,1+p]) = C([0,1]),
n o — ~(010) y
B p := Sm)p’, verify

(2.11) d—j.(E,,.,,,f) (2) = (m+p)[J]m+Zp]Pm~—J.k(T)A f( )

dxJ
&/~ L (m +p)m s k+j
212) g5 (Buaf) @) = TSI 30 B ) g ot 23|
= ' (m+p
(2.13) (B,,.,,,f) (z) = Z( p )AJ F(0)a.
=0

Proof. The assertions follow applying Theoremn 2.1, Corollary 2.1 and
Corollary 2.2 for « = 8 =0. m

Corollary 2.4. The Stancu operator (b)), c([o,1]) — C([0,1]),
PP — S(af), verify the identities

m

e18) 2 (PeDf) (@) = mb S psal@) - &9, (£25).

ot B m+

& mb] kE+a k+a+j
4 —— (avﬂ) 4 P 1 E he
(210) dzi (Pm f) (J;) mi "I Pm—jk [m + ,3 UV m+ ,3 ] ’

k+
, pleh) ) ) ™\ A
(2.16) (Pe1) (w) ,go )l r(nss)
where pm p(z) = (7)2F(1 — 2)™* are the fundamental Bernstein polynomials.
Proof. The assertions follow applying Theoremn 2.1, Corollary 2.1 and
Corollary 2.2 for p = 0. ™
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The saine way, for « = =0 and p = 0, we get

Cmollary 2.5. The Bernstein operator B, : C([0,1]) — C([0,1]),
By = = 50 verify

mO ’

m—j

(2'17) d ( mf) )—7"J]me—] A f(’ln)
k=0 "
m—j k 5

1) e =T EDSCE £, 2],
(2.19) Bune) =3 (7)) & 100

im0 N/

3. Simultaneous approximation

The main result of this section is
: & ap)
Theorem 3.1. For any C?([0,1 + p]) the sequence ) mp | f

converges to f9), uniformly on [0,1] (1 < j < m + p).
Proof. Using the symbol of Landau (see for example ([1])), the relation

. . Ly _
ﬂ}x_x)n £ (;5) = 0 can be expressed in the form p (;5) = o(1).

Taking into account the above remark, we can write

kE+ «
(31) (m+p)¥lal, f(m+ﬁ)
— (m +py{L + o(1)} - 5! [’“:;“

k+a+j.
atd ]

Note that (3.1) follows fromm Corollary 2.1.
Next, using the mean theorem for divided differences, from (3.1) we get
E+o k+a+j

m+B8" m+p

that exists & € ] [ so that

(32 m+n)a7, 7 (K2 — (14 o0 6.
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On the other hand, we have

Diey = d ey — sy (EreN (e o o fkta
506 = {190 - 10 (EXON oy (B2 oy g (22

hre) 1 d feciqo+
m+p06l  m+ ane [0, Pl).
This way follows the ideutity

L+ o)/ (&) = {1+ o) + 70 { 22 }

because lfk -

m-—+p
. e (5) k-{—a () k-{-a
63 = o)+ oy (EES) 0 (EEO) o),

k+o k+a+]
m+p m+p

d_jg(u,/i) f = mi—jj (@) & fD kto + o(1
dad " ToP - = Prn—j m+ 3 9]

(3.4) = (S279) (@) + o1).

From Theorem 2.1 taking into account that &, € ] [’ we get

Because the sequence (S,,Y,L_jg) 5, converges to g, uniforinly on [0, 1] for any
m>j

g € C([0,1+p]) (see ([4])), from (3.4) we arrive to the desired result.
Corollary 3.1. Let gm’p = g,(,?,’,(,)) be the Schurer operator. The

&~ )
sequence {(———Bm,p> f} converges to fU), uniformly on [0,1], for any f €
meN

dzi
Cc9([0,1+ p]).-
Proof. We apply Theoremn 3.1 for « =38 =0. m
Corollary 3.2. Let P,(,f"’ﬂ ) 1= §,(,‘:bﬂ) be the Stancu operator. The
d ;
sequence {(wp,(,j'"’)> f} converges to f\9), uniformly on [0,1], for any f €
m2>0
cU)([0,1]).
Proof. We take p = 0 in Theoren 3.1. ™
Corollary 3.3. Let B, = §7(,(3:8) be the Bernstein operator. The
v .
sequemnce {(#Bm) f} converges to f®), uniformly on [0,1], for any f €
) m>0

ci)([0,1)).
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Proof. Assertion follows from Theoremn 3.1, for @ = =0 aud p = 0.
Finally, let us to dedicate the paper to our dear Professor, Acadermician

Dimitrie D. Stancu, with the coinpliinents of the author.
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