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1. Introduction.

Let MJa, b] denote the set of all probability measures u(t) on I[a,b] = {t :
a <t < b}, where —oo < a < b < 400, and let Vj[a,b] denote certain normal
and compact class of analytic functions of the form

b
(1) f(z) = / g(z,t)du(t), z€A={z:]z] <1},

where g(z,t) is a given analytic function in the product A x I[a, b].

In this paper we will derive variational methods which in comparison
with earlier variational methods ([1], [2, pp. 504-519] and [3]) yield more precise
information for the extremal functions of a given bounded real-valued continuous
functional in Vj[a, b].
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2. Variational formulas for the class V[a, b].

The following vatiational methods and results represented by Theorems
1 and 2 are new.

Theorem 1. Let e with —1 < e < 1, € # 0, be an arbitrary number
and let the function f(z) belong to the class Vy[a,b]. Then the varied function

A [b—a—e(a+Db)|t+ 2eab
@) f*(z)—/a g(z, b—a+e(a+b) — 2t )dﬂ(t)’ ZE€A4,

also belongs to the class Vy[a,b] and it has the following asymptotic representa-
tion

2¢e

() fule) = £2) -

b
[ t=ab=1g0dun + 06, zea,

where O(e?) denotes a magnitude, the ratio of which to €2 is uniformly bounded
for z lying in an arbitrary closed set of the disk A.

Proof. The linear fractional function

b—a—e(a+Db)]t+2ab
) Tz[b—a—{—a(a—i—b])—QEt L tellab), —1<e<l, e#0,

for fixed e, increases with ¢ from a to b. This property of (4) permits us to
substitute the right-hand side of (4) for ¢ in the integrand of (1) to obtain (2).
The function (2) belongs to the class Vj[a, b] with the probability measure

b—a+e(a+b)]r— 25ab>
= Mla,b Ila,b].
v(7) “( b—a—carb) rzer ) € Mlatl mellad]
For z € A and sufficiently small ||, it follows from (4) that the Taylor series

6 o(7) = gl t) + 30 L TIED gy
n=1""

B 01 2% (t—a)™(t—b)" Og(z,t)
=9zt + Z a[b— a—e(2t —a—b)" Ot"

= 2™ (t —a)(t — b)" O"g(2,t) = [mn+v —1\ , (2t —a—b\"
=ate0+ 3 e )Z< o ) (5)

v=0

Thus from (5), (4), (2) and (1) we obtain (3), which complete the proof of
Theorem 1. ]
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Theorem 2. For a given point z of the disk A and a given analytic func-
tion ®(ug,uy,...,up;2), n > 0, on the set Uvg[a,b]{f(z),f’(z),...,f(”)(z);z},
the minimum (the mazimum) of the functional

(6) RO(f(2), f(2), -, M (2); 2)

in the class Vyla,b] is attained only either in the subclass V,'[a,b] C Vgla,b] of
functions

(7) 1() = cglz,a) + (1 — )glzb) € Vi, 0<c<,
or in the subclass V2[a,b] C Vy[a,b] of functions

(8) F(2) = crglz,ty) € V]a, b]
k=1

for some integer p > 1 and
»
9) a<ty<tg<...<t,<b, 0<¢ <1 Z

where t1,t2,...,t, are between the numbers a and b and the roots are in the
interval a <t < b of the equation

as+1 (z,t)
(10) Z aus otozs =0

in t for which we assume that at the extremum of (6) it is not an identity in
t € I[a,b] where ®[f(2)] = ®(f(2), f'(2), ..., ™M (2);2).

Proof. The extremal functions f(z) € Vj[a, b] exist since the functional
(6) is continuous and bounded on Vj[a,b] and the class Vj[a,b] is normal and
compact in A. If we set

(11) ug = fO(z), ui=10() 0<s<n),
then the increments by the aymptotic formula (3) are
(12)
. 2¢ b 0*tlg(z,1) 9
dus = uy —ug = _b—a/a (t—a)(b—t)Wd,u(t)—}—O(s ) (0 <s<mn).

Further we introduce the abridget notations

(13) O = D(ug, Ui, ... up;2), @ =&(uj,ul,...,u;z2),
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where ug and u? ( 0 < s < n) are given by (11). Then for sufficiently small |¢],
we have the Taylor series

X1 (&9 :
14 =@ — — P
" i (B o)
for the functions (13). From (14) and (12) we obtain

26 & bt 0T lg(2,t)

(15) * =%-3 8u5 otozs

du(t) + O(e%).

It follows from (15) that the varied functional

. 2e (b 0P 95+ ¢g(

The extremality of the function f(z) in the class Vj[a,b] and the arbitrariness
of ¢ imply that the coefficient of € in (16) vanishes, i.e. that

b s+1
(17) / (t— a) [Z g:i aW(zs)] du(t) = 0.

If the conditions for the equation (10) hold, then the equation of the extremality
(17) is fulfilled if and only if the measure p(t) is a step function with points of
discontinuity at a and b and the roots of the equation (10) with respect to ¢ in
the closed interval I[a, b] and the corresponding jumps with a sum equal to unit.
In fact, this is evident if u(t) is a corresponding step function. Conversely, it
follows from Goluzin variational formula applied to the class V,[a, b] (see [1], [2,
p. 506, formula (7)] and [3, p. 93, formula (19)]) that u(t) is a constant between
any two adjacent roots of the equation (10) for the extremal function f(z) (see
the comments for our formulas (27)—(28) in [3, pp. 94-95]). Hence the extremal
functions f(z) belong to the subclasses V'[a,b] C Vy[a,b] and V2[a,b] C Vy[a,b]
of functions (7) and (8)—(9), respectively.

This completes the proof of Theorem 2. [

The following Theorems 3 and 4 develop the ideas in [3].

Theorem 3, If the conditions for the equation (10) hold, then the func-

tion

(18) o =n |3 3‘1’8[2 ( Iy 35?;15)
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in t has equal values at all points of the discontinuity of the measure u(t) for
the extremal functions (7) and (8)-(9) of the functional (6).

Proof. It follows from the conditions for the equation (10) that we have

9®[f(»)] _ 0

(19) “on, - a—%CD(f(z),f’(z),...,f(”)(z);z) #0

at least for one s € {0,1,...,n}. Further, let the real number £ be with suf-
ficiently small |e]. If the extremal function f(z) € V2[a,b] and in (8)-(9) we
substitute ¢ + € and cx1 — € for ¢, and cgy1, respectively, then the varied
function

(20) fer(2) = f(2) +elg(2,tk) — 9(2, trg1)]
also belongs to the subclass V;]Q [a, b]. If we analogously set
(21) us=fO), =) (0<s<n),
then the increments by formula (20) are

(22) dug = ’U,:* —uy=¢ 0 ga(i;tk) _ 0 g(;;ik-H) (O <s< ’/L)

For brevity, we again denote

(23) D = D(ug, Uty .. up;2), O =0(uiul’,. . urtsz),

" ¥

where ug and u}* (0 < s < n) are given by (21). Then the corresponding Taylor
series (14) for the functions (23) and (22) analogously yield

. 0P [Pg(z,tk)  0°g(2ths1) 2
(24) RoO* :§R<I>+6§R{ E [ — = . ] + O(e?%).
= Oug 0z 0z

The extremality of f(z) in (24), the arbitrariness of ¢ and the inequality (19)
imply the condition

(25) %{i 0P [asg(zatk) _ asg(zvtk—f—l)]} =0.

= Oug 0z 0z

The condition (25) shows that the function (18) has equal values at any two
adjacent points of discontinuity t; and t;,, of the considered measure pu(t). If
the extremal function f(z) € V,![a,b], the assertion is established in the same
way.
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This completes the proof of Theorem 3. |

Theorem 4.  If the conditions for the equation (10) hold, then the
equation (10) in t has at least one root inside the intervals between any two
adjacent points of discontinuity of the measure u(t) for the extremal functions
f(z) € V}2[a,b] of the functional (6).

Proof. According to the Rolle theorem applied to Theorem 3 the deriva-
tive '(t) vanishes between any two adjacent points of discontinuity of the con-
sidered measure u(t). In addition, we have

o0 @0 = gr | R <y S OTEE] < r

having in mind (10). Now Theorem 4 follows from (26). [

Theorems 3 and 4 determine upper bound of the number p in Theorem
2. In particular, if the equation (10) is reduced to an algebraic equation in ¢,
then Theorem 3 and 4 reduce by half the upper bound of the number of points
of discontinuity of p(t) determined by its roots and the points a and b (see, for
example, in [3, pp. 95-96]).

3. Applications of Theorems 2, 3 and 4 to the Nevanlinna
univalent functions of the class N,.

The class N is obtained from (1) for a = —1, b =1 and

(27) g(z,t) = , z€A, tell-1,1]

— 1z
(see [3]), i.e. Ny =V,[—1,1], where g is given by (27).

Theorem 5. For a given point z of the disk A and for each function
f(z) € N, we have the following sharp estimates

z 1 1

_ <z

(28) s sl
z z 1 1

< < —| < =

(29) lirens ) sl
|52 1 1‘ 1

< — + -1 > =

(30) o SIS g 252 5

where for z # 0, the equalities hold true only:
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(i) for the functions f(z) = g(z,—1) and f(z) = g(z,1), determined by
(27), on the left-hand side and the right-hand side of (28), respectively;

(ii) for the functions f(z) = g(z,1) and f(z) = g(z,—1), determined by
(27), on the left-hand side and the right-hand side of (29), respectively;

(iii) for the functions (7), formed by (27) at t = F1, with ¢ = (1/2)(1 +
R(1/2)), and (27) with t = R(1/z) on the lefi-hand side and the right-hand side
of (80), respectively.

Proof. We apply Theorem 2 for n = 0 and the function
Ug
(31) D(ug;z) =ln—, z €A,
z

on the set Uy,{f(2);z}. The functional (6) for (31) is

(32) RO(f(2); 2) =€Rln@=ln‘@ , f(z) € Ny, z € A.

The equation (10) for the functions (31) and (27) is

z z

R {mm] =0, f(z) € Ng, z € A.

For z = 0, the equation (33) is identically fulfilled for all values of ¢t € I[—1,1]
according to (1) and (27). For z = 0 all inequalities (28)—(30) are reduced to
equalities for all functions f(z) € Ny. For fixed z € A with z # 0, the extremal
functions f(z) € Ny for the extrema of functional (32) and the functional |f(z)]
in the class No are one and the same. For fixed z € A with z # 0, the equation
(33) is quadratic in ¢, and hence, according to Theorems 2, 3 and 4, these
extremal functions are of the forms

(33) P(t)

(34) f(z):clj_z—l—(l—c)lizeNg, 0<c<l,

(35) f(z)—cliz—F(l—C)l_ztzGNg, 0<e<1, —1<t<1,
36)  f(z) = 1_th+(1—c)1fzeN2, 0<e<1, -1<t<l,
(37) f2)= —2— €Ny, —1<t<1.
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The functions (35) can be written in the form

z2(1 —72)
(1+2)(1 —tz)’

For z # 0 from (38) we obtain

(38) f(z)= T=c(t+1)—-1, -1<7<t<1.

B A(z, 1)
(39) f(2)]> = A —DAGED)

where we have introduced the positive function
1 1

(40) A(z, ) ::1:2—2:1:§R—+W, z# 0, —oo <z < +00.
z |z

The function (40) decreases for —oo < x < R(1/z) and increases for R(1/z) <
z < +o00. Hence:
(a) For ®(1/z) > 1, we have

From (41) and (39) we obtain the inequalities (28) for the functions (35) (or
(38)) with equalities only for ¢ = 1 and ¢ = 0, t = 1 on the left-hand side and

the right-hand side respectively;
(b) For R(1/z) < —1, we have

From (42) and (39) we obtain the inequalities (29) for the functions (35) (or
(38)) with equalities only for ¢ = 0, ¢ = 1 and ¢ = 1 on the left-hand side and
the right-hand side, respectively;

(c) For =1 < R(1/z) < 1, we have the following three possibilities

(43) Az, =1) > A7) > A=) > Az, D),
(44) A(z,—1) > A(z, 1) > A(zﬂ)‘%), A(z,?)?%) < A(z,t) < Az, 1),

(45) A@—UzA@%b,A@%bgA@ﬂgA@ﬂgA@U.

From (43)-(45) and (39) we obtain the inequalities (30) for the functions (38)
(or (35)) with equalities only for 7 = R(1/z); t =1 and 7 = —1, t = R(1/2) on
the left-hand side and the right-hand side, respectively.
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If in the function (35) we replace z, t and ¢ by —z, —t and 1 — ¢, respec-
tively, then we will obtain the function (36), multiplied by —1, for which the
inequalities (28)—(30) hold as well. Hence the inequalities (28)—(30) hold in the
full class Ns.

This completes the proof of Theorem 5. |

Remark 1. All extremal functions for (28), (29) and the left-hand
side of (30) can be obtained from the functions (34) for appropriate values of ¢
(c=0,c=1andc= (1/2)(1+R(1/z)), respectively). The extremal function for
the right-hand side of (30) is obtained from (37) for ¢ = %(1/z), where it cannot
be obtained from (34) for —1 < ¢ < 1. This example shows that the existence
of the second extremal subclass Vg2[a, b] in the general Theorem 2 cannot be
neglected.

Theorem 6. For a given point z of the disk A and for each function
f(z) € Ny, we have the following sharp inequalities

1 f(z) 1
4 < <
(46) arqg T, S arg < arg =2

where for Sz # 0, the equalities hold true only:
(i) if Sz > 0, for the functions f(z) = g(z,—1) and f(z) = g(z,1), deter-
mined by (27), on the left-hand side and the right-hand side of (46), respectively;
(ii) if Sz < 0, for the functions f(z) = g(z,1) and f(z) = g(z,—1),
determined by (27), on the left-hand side and the right-hand side of (}6), re-
spectively.

Proof. We apply again Theorem 2 for n = 0 but for the function

(47) Bug;2) = —iln 2, 2 €A,

z

on the set Un,{f(2);z}. The functional (6) for (47) is
(48)  RO(f(2):2) = R {—iln @] - @ f(z) € No, 7 €A,

where "arg” everywhere is in the interval (—m,7]. The equation (10) for the
functions (47) and (27) is

(49) P(t) = R [—zﬁﬁ} —0, f(2) € No, 2 € A.

For fixed z € A with 2z = 0, the equation (49) is identically fulfilled for all
values of t € I[—1,1] according to (1) and (27). For Sz = 0 (2 € A) all
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inequalities (46) are reduced to equalities for all functions f(z) € Ns. For fixed
z € A with §z # 0, the equation (49) is quadratic in ¢, and hence, according to
Theorems 2, 3 and 4, the extremal functions of the functional (48) are also of
the form (34)—(37). We examine again the function (35) (or (38)).

(a) For Sz > 0, it is geometrically clear that

< < <

(50) arg (1 — z)t _ a8 (1- tz)T _, A (1- TZ)T _ a8 (1+2)
where 7 and ¢ are those in (38). From (38) and (50) we obtain
o fe) _

arg — =[arg (1 —72) — arg (1 + 2)] — arg (1 — tz)

z
< 1
7_:_10— arg (1—tz)t | A8 T
and
fz) _

(52) arg —— = [arg (1 — 7t) — arg (1 —¢z)] — arg (1 + 2)

T;tO_ arg (1 +2) = arg 52

(b) For Sz < 0, it is geometrically clear that

<

< <
W8 (1—72)7__ arg (1—152)1&:1 arg (1 — z),

(53) arg (1+ z)T _,

where 7 and ¢ are those in (38). From (38) and (53) we obtain
f(2)

(54) arg == = [arg (1 —72) — arg (1 —tz)] — arg (1 + %)
7'=t0_ arg(1+z)=arg1+z

and

(55) arg @ =[arg (1 —72)— arg (14 2)] — arg (1 — tz)
> 1
- — 1—1tz) > .
o 0 arg ( z)_argl_z

2) and (54)—(55) we obtain the inequalities (46) for the

Thus from (51)—(5
(38)) with the equalities indicated in section (i) and (ii) of

functions (35) (or
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Theorem 6. Further the argumentation is like the one in the end of the proof of
Theorem 5.
This completes the proof of Theorem 6. |

Remark 2. All extremal functions for (46) can be obtained from the
functions (34) for appropriate values of ¢ (¢ = 0 and ¢ = 1, respectively) as
well as from the functions (37) for ¢ = +1. This example shows that the first
extremal subclass V' [a,b] as well as the second extremal subclass V,*[a, b] in the
general Theorem 2 can contain all the extremal functions.

Theorems 5 and 6 have been obtained in [4]-[6] by several different meth-
ods.
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