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In this paper some estimates of the discrepancy of the Halton sequences are presented.
It is known that for given pairwise relatively prime integers pi,...,ps the discrepancy of the
Halton sequence o (p1,...,ps) satisfies NDN (6) < cs(p1,y...,ps)In* N + O(In°"' N). We

prove that this estimate holds with ¢, = S, H lnp , improving well known results of Halton,

=1
Meijer, Faure and Niederreiter. It is shown that if the integers p1, ..., ps are the first s primes
then lim c¢; = 0. It is also proven that if the prime numbers p1, . .., ps satisfy certain condition

s—00

the same inequality holds with
pi(l+1n pZ)
Cs = o Z (pi — 1) Inp;’

For every distinct primes pi,...,ps, a modified Halton sequence o (p1,...,ps) is constructed,
so that the same estimate for its discrepancy holds unconditionally.
AMS Sibject Classification: 11K38, 11K31, 11J71
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1. Introduction

Perhaps the most important measures of the irregularity of distribution
of a sequence are its discrepancy and star-discrepancy.

Definition 1.1. For every s -dimensional interval J = [[;_; [¢i,d;) C E®, where
E* is the unit cube [0,1)%, let Ax (J) be the number of terms of the sequence
o = {x;} among the first N, such that z; € J, and let p (J) be the volume of
J. The discrepancy Dy (o) of the sequence o is equal to

An(J)
]R, —u(J)‘-

sup
JCE?

The star-discrepancy of the sequence D} (o) is obtained when the supremum is
taken only over intervals J C E® of the kind J = []7_, [0,d}).
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Van der Corput in [9] introduced a one-dimensional infinite sequence with very
small discrepancy. A generalization of the Van der Corput sequence to s dimensions
was proposed by Halton in [6]. H. Faure in [4] proposed a further generalization
of the one-dimensional Van der Corput - Halton sequence in order to construct
infinite sequences with small discrepancy.

Definition 1.2. Let p > 2 be a fixed integer, and let 7 = {7; };’;0 be a sequence
of substitutions of the numbers {0,...,p — 1}. The terms of the corresponding
generalized Van der Corput sequence are obtained by representing n as n =
Z?:o a;p’ a; € {0,...,p—1}, and putting z,, = Z,I;:o 7j(aj)p~?~1. The
one-dimensional Van der Corput - Halton sequence in base p is obtained by
setting 7;(7) = 1.

Definition 1.3. Let p1,...,ps be pairwise relatively prime integers, p; > 2.
(e.e]

The Halton sequence o (p1,...,ps) = {(331(11), - ,azgf))} o is constructed by
(i) _

(e.e]
setting each sequence {azn } to be a Van der Corput - Halton sequence in
n—=

base p;.

The following estimate of Halton [6] (see also Sobol [15], p. 176) had the smallest
constant before the leading term (for infinite sequence) for many years.

Theorem 1.1. Letpq,...,ps be pairwise relatively prime numbers. The discrepancy
of the Halton sequence o(p1,...,ps) = {xn} satisfies

(1) NDy(0) < csIn®* N + O(In*"1 N),
with .
cs = 2° bi— 1.
i1 P

Meijer in [8] showed that the term O(In®*~! N) in the previous estimate might
be replaced with O(1). The estimate (1) was improved by H. Faure ([3], [5]) and
a different proof can be seen from Niederreiter ([11]). The best known bound of
the type (1) for the Halton sequence in more than 1 dimension has the constant

Spi—1
Inp;

Cg —

i=1

It is believed, that the order N~'In® N is the best possible for an infinite
sequence, and W.M. Schmidt ([14]) proved this in the case s = 1. For s > 1 the
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question remains open. K.F. Roth in [13] proved a lower bound of Q(N~1Inz N),
and this result was slightly improved by R.C. Baker in [1]. The question how
small the constant ¢ in an estimate

(2) NDpy(0) < ¢sIn®* N + O(In* "1 N)

can be, is interesting from theoretical and practical viewpoint. See for example
the book of Niederreiter ([11], p. 95). Nowadays there are many families of
sequences , for which estimates of the type (2) were proven. For some of them
the constant c; has been shown to tend to zero super-exponentially, when s
tends to infinity. For the Halton sequences however, the results presented above
do not show such behavior. On the contrary, the constant ¢; tends to infinity
super-exponentially, when s tends to infinity.

2. Results

In this paper the following estimate of the discrepancy of the Halton
sequences is established:

Theorem 2.1. Let pq,...,ps be pairwise relatively prime integers, p; > 2. The

discrepancy of the Halton sequence o (p1,...,ps) satisfies
‘P ((pi—1)IN S pen 1y ([pi] nN
a2 ET (B0 ) St (] ),
s! N 21In p; — ! Pl 21 Inp;

where u is 0 when all the numbers p; are odd, and

R (pi—1)InN
= I (P e

T 1<i<s,ir

if pr is the even number among them. Therefore the estimate (2) holds with
constant

1 rpi—1
(3) Cs = 3 P .
st In p;

The improvement in the constant c¢s is with a factor of s!. We also prove:
Corollary 2.1. When py,...,ps are the first s primes,

lim ¢ (p1,...,ps) =0.
8—00
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The next estimate is valid only when the numbers p, ..., ps are distinct primes
and satisfy certain condition, which is defined below.

Definition 2.1. Let pq,...,ps be distinct primes. The integers ki,..., ks are
called “admissible” for them, if p; 1 k; and for each set of integers by, ..., bs, p;

b;, there exists a set of integers «q, ..., ay, satisfying the congruences
(4) ki H p?jz i (modp;), i=1,...,s.
1<j<s,j#i
If a sequence of s ones is “admissible” for the prime numbers p1, ..., ps, we say

that they satisfy Condition R.

In Section 4 we prove the existence of such “admissible” integers for each set
of distinct primes. An algorithm for checking if given integers kq,..., ks are
“admissible” was developed and tested. It was discovered that if p1,...,ps are
the first s primes, Condition R is satisfied for all s < 10 and for 58 values of s
between 11 and 100.

Now we formulate an estimate of the discrepancy of the Halton sequences
with better constant before the leading term, which is true when the numbers
p; are prime and satisfy the condition R.

Theorem 2.2. If the prime numbers p1,...,ps fulfill Condition R, then the
discrepancy of the Halton sequence o(py,...,ps) satisfies (2) with constant

pz 1 +1np@)
'Zl P

cs(plv"'vps = p —].)ll'lp
1

Definition 2.2. Let pq,...,ps be distinct primes, and let k1, ..., ks be “admissible”
for them. The modified Halton sequence o (p1, ..., ps; k1, ..., ks) = { (3:,(11), ce azgf)) }

Y 00
is constructed by setting each sequence {a:ﬁf )} 0 to be a generalized Van der
n=

Corput-Halton sequence in base p; (see Definition 1.2.), with the sequence of
substitutions 7! defined by taking T]( )( t) to be the remainder of ¢tk modulo p;,

V() € {0,...,p; — 1}

In this paper the following estimate of the discrepancy of the modified Halton
sequences is proven:

x

n=0
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Theorem 2.3. Let py,...,ps be distinct primes and the integers ki,...,ks are
“admissible” for them. The modified Halton sequence o(pi,...,ps;k1,-..,ks)
satisfies (2) with the same constant as in Theorem 2.2., i.e. with

pz 1 +lnpl)
Cs(pla--'aps - |Zl m

When the Condition R is fulfilled, the Halton sequence o(pi,...,ps) can be
considered as a modified Halton sequence o(p1,...,ps;1,...,1), and therefore
Theorem 2.2. follows from Theorem 2.3..

3. Proof of Theorem 2.1.

For brevity we are going to use notations as j for ji,...,js, bforby,...,bs
etc. The next Lemma is used extensively in the proofs:

Lemma 3.1. Let o (p1,...,ps) = {xn}hey be a Halton or modified Halton
sequence and let J be an interval of the form J = []:_;[bip; ™, cip; ). Then

An() = N ()] < I (ei -
i=1

for every N and An(J H i) for N < TT7, pi.

Proof. Let n = Z On”p], be the expansions of n in the number systems
with base p;. Select some 1 = (I1,...,ls) such that b; < [; < ¢;, and let [; =
Zjio lijpf- , be the respective expansion. From Definition 1.2. it follows that the

(1) —a (i)(

condition xy, [llpz i+ 1) p; o‘i) is equivalent to 7;

0,...,a;—1,i=1,...,s. Since 7'7@ are bijections and p; are pairwise relatively
prime, from the Chinese remainder theorem we obtain that in every p{" ...pSs

consecutive integers exactly 1 has these properties. Therefore Atp?y“p?s (J) =

nij) = lij for allj =

t(cp —b1)...(cs — bs), which completes the proof. (]

Definition 3.1. Let pq,...,pr be a possibly empty set of integers, p; > 2 and
let N be any positive number. By d(pi,...,pr; N) we denote the number of
positive integers (j1, ..., jx), such that pi'...pl* < N. If k = 0, then d(N) =

In the next Lemma a simple estimate of the function d is established. Functions
of this kind are extensively studied, and if one is interested, he or she might
look at [2] for more information on the subject.
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Lemma 3.2. The number d(p1,...,ps; N) satisfies the inequality

1 In N
(5) dp,- o N) < 5 [ [

k
-~ Inp;

(2

Proof. 1If the positive integers ji, ..., ji satisfy Hle prZ’ < N, then the cube

Hff:l[ji —1,7;) is entirely contained in the simplex
{r1Inp1+--+zplnpy <InN, z; > 0}.

Such cubes do not intersect and therefore their number is not more than the
volume of the simplex, which is exactly the right-hand-side of (5). [

Lemma 3.3. Let N and P11 Dk be integers, p; > 2. Let some numbers
c.g.l) > 0 be given, such that c((f) <1 and cy) < fi(pi) for 7 > 1. Then

b (i) 1 b In N
(6) > I1e < Hg <fi(pi)Fpi +k‘> :

(tyendin) | P pll <N =1

Proof. Fix some possibly empty subset L = {iy,...,im} of {1,... k}.
Consider the contributions of all fche m-~tupples j, such that j. > 0 for r €
L, j, =0 for r ¢ L, and prz < N. The number of such m-tupples is
ieL
d( N)<1H1nNadeachoecot'bte at otHf()
ity e Di — n ne contri m i(pi).
Piy» y Pim s = 1 In p; utes S i i\Di
Now the estimate (6) is obtained by expanding its right-hand-side and using
k—m
e
kKl 7 ml!

Definition 3.2. Consider an interval J C E°. We call “signed splitting” of the
interval J any collection of intervals Ji,...,J, and respective signs e1,...,&,
equal to £1, such that for any additive function v on the intervals in E®

v(1) =Y v ().
=1

Example 3.1. For the interval [0,0.5) x [0,0.5) a “signed splitting” can be
given by the intervals: J; = [0,1) x [0,1), Jo = [0,1) x [0.5,1), J3 = [0.5,1) X
[0,1), Jy =[0.5,1) x [0.5,1), and the signs: €1 = 1,69 = —1,e3 = —1,e4 = 1.
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Our ability to construct such “signed splittings” is based upon the following
trivial Lemma.

Lemma 3.4. Let the interval J = H[al, C E® be given. Fiz a dimension k

i=1
and a number ¢ € [0,1). The intervals Iy = [min(ay, ¢), max(ag,c)) and

I, = [min(c, by), max(c, b)) and the signs e1 = sgn(c — ax),e2 = sgn(by — ¢),
define a “signed splitting” of the interval [a,b). Multiplying correspondingly,
we obtain the collection of intervals

H[az, x I % H [ai, b;), Jo = H[az, x Iy % H [a;, b

i=k+1 i=k+1

which together with the same signs €1,e9, provide a “signed splitting” of the
interval J.

Lemma 3.5. Let J = H[O 2\ C E® be an s-dimensional interval, and let for

(1)

each j some numbers (z ; ))"l C [0,1] be given. Denote z;’ = 0 and z,(L )+1 =20,

A “signed splitting” of J, induced by the numbers ( (@ )) 1s given by the collections
of intervals

H[min(zji, Zj+1), Max(zj,, 2j;41)); 0 < Ji <ny,
i=1

and signs €(j1,...,Js) = Hsgn(zjiH — 2j,).
i=1

Proof. The splitting is constructed by applying Lemma 3.4. iteratively. ]
Proof of Theorem 2.1. Let N > 1 be a sufficiently large integer
and z = (z(1),. 2(3)) be a point of ES = [0,1)*. When p; is odd, 2() can be

expanded as z(t Za( )pl with ‘
(i)

induction, choosmg the digit a;’ to be the smallest in absolute value integer,

< B—=. The expansion is obtained by

. koo _
such that the distance [2() — 37 ay)pi_ 7| is less than %. At most one of the
j=0

integers p, can be even. For such an index 7 an expansion of z(") of the same type

(r) ()|<pr

is possible, with the integers a; satisfying instead the inequalities ‘a
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and |a

o]+ [af
J Jj+1

+ |a(r) ‘ < p, — 1. Such an expansion is obtained again by induction,
choosing the digit a,(:) to be the smallest in absolute value integer, so that the

k . .
distance [2(") — 3° ay)pi_ 7| is less than

7=0
1 (P p=2 p P2 _ (P +p—2)
Poo\eTy Tyt s T p(p—1)

In N

k=1 .
= pi} , and consider the numbers z,(:) =3 ay)pi_ 7 for

For all i denote n; = [
7=0

k=1,...,n:. Let 2 = 0 and 27, = (). Following Lemma 3.5. we expand
0 n;+1

the interval [[5_,[0,2(®), using the numbers (z](l))?;l We obtain the collection
of intervals

I(j) = H[min( ](l), 3()+1) max( ]() ]()+ ),

i=1

and signs £(j) = [[;_, sgn(z 5 )4_1 ;:)) Since p and Ay are additive, Ax (J) —
N 1 (J) may be expanded as

(7) S Z () = NuI@) =3+,

j1=0 Jjs=

We rearrange the terms, so that in %; we put the terms with p{lp{f < N and
in Y9 - the rest. We need to prove

(8) ‘Z ‘ <5 H( 2—1I11p11nN -l—s) +u,

where u was defined in the statement of the Theorem. According to Lemma 3.1.,

ANIG) = N (I G)] < [T |a)
i=1

If all the p; are odd, we apply Lemma 3.3. with f;(p;) = B L and obtain exactly

(8), since u = 0 in this case. Suppose now that some p, is even Let the numbers

(4) (@) ‘

P, ..., D, be defined by p} = p; for i # r, p). = p?. Define c(()i) =1, ¢ = |a;

for i # r, C§~T) = |aé§)_1| + |aé§)| for j > 1. By Lemma 3.3., applied to p’, with
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filp) = 251 for i # r, and f,(p) = \/p — 1, we have

> Hﬁ -S,H( oISy,

3T 1PIJZ<N

Thus we obtain an estimate for the terms of X1, which come from j such that
Jr=00o0r [[;_, pi¥ < p.N. The only terms which are not accounted for come
from j satisfying Np, < [[i_, pii < N. Obviously H1§i§37i¢7-piji < N and
jr is uniquely determined if the other j; are fixed. Thus for estimating the
contribution of these additional terms we apply again Lemma 3.3. and obtain
that it is not more than

_pr 1 (pi—1)InN
S I (M)

1<i<s,i#r

and the estimate (8) is proven. _ _
The s-tupples j = (ji, ... js), for which pi'...pl > N are divided into s
disjoint sets By, ..., Bs_1 where

By ={j:p)...pfF <N, pl' .. pltpltt > N
By By we denote the set {j : p{l > N}. Fix k < s — 1. Fix one of the k-

tupples (J1,- -, Jk) with p{ : p}c’“ < N and let r be the biggest integer such that

pk+1 i= 1p] < N. If jk+17"'7j8 are such that jlv---vjbjk—f—lv---vjs € Bk?
then jx4+1 > r and jgyo,...,Js may be arbitrary. Therefore

> e@ANIQJ)) = N p(1())) = £ (An (k) = N p (%)),

{(]k‘+177]3)|jeBk}
k
K= H[min(zjw ij'-l—l)v max(zjw ij'-l—l)) X
i=1
S
min (=Y, 2EFD) max (0 2EFD)) o TT [0,29).
i=k-+2
From j € By, it follows that the interval [min(z£k+1), Z(k+1)y, max(z£k+1), Z(kt1)Y)
is inside some interval [m1p; 1, map; 1), o that ma—my < pgy1. Therefore & is

.. k . _ _
inside 1’ = Hi:l[mm(zji? Zjﬁ-l): maX(Zji, Zjﬁ-l)) X [mlpkip m2pk-:1) XHf:k—l—Q [0,1).
Applying Lemma 3.1. to the interval s/, we obtain

k
Ay (k) < An (K') < prpr H ‘aﬁ)‘ :
=1
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On the other hand, N pu(x) < pri1 Hle |a§?‘ . We have |a§i)| < [%] for i < k.
In this way the intervals in B; are combined into larger intervals, and applying
Lemma 3.3. to estimate the contribution of these larger intervals, we obtain

) ‘Z ‘ < Zpk—f—l [1 ([_] 11?12[ +k:>

This estimate together with (8) yields
—1)In N pk+1 In N
NDx(o 'H( 2Inp; ) Z k! H([ } In p; +k)

The inequality Dy (o) < 2°D3%, (o) (see e.g. [7], Chapter 2) accomplishes the
proof. [

Proof of Corollary 2.1. For sufficiently large 2 the number of primes
less than or equal to x satisfies 7 (z) > 2 In~! 2. This inequality can be derived
from the following estimate for 7(z) (see [16], [12] p. 56,[10] p. 382):

i e —0.009(In 2)3
)

expanding li(z) as z((In2)~ + (Inz)~2 + O((Inx)~3)). Substituting pn — 1 for

x, for sufficiently large n we get n —1 > P2 and consequently <
In(p, — 1) nlnpn

. Therefore cs = O(s™1). [

n_

4. Proof of Theorems 2.2. and 2.3.

As we noted before, Theorem 2.2. is obtained as a corollary of Theorem 2.3..
In the following proposition we formulate an estimate of the star-discrepancy,
which is the basis for our proof of Theorem 2.3.. It can also be used for
computational estimation of D} (¢), if performing O(In® N') operations is not
a problem.

Proposition 4.1. The star-discrepancy of the modified Halton sequence o =
o(p1y...,Ds, k1,...,ks) satisfies:

NDx(o) < > <1+ > 1 ()“j)||_1)+

JET(N) le M (p)

k
Ph+1 pi] InN
k—;— 1:[1 ({é} In p; +k) ’
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where T(N) = {3 | p{' ol SN}, M (D) = {10 ji Spi—1, ju+-++]s >
0}, R(j) =11;_; 7 (i), with r;(m) = max (1, min(2m,2 (p; — m)).

The existance of modified Halton sequences is established in

Lemma 4.1. Letp,...,ps be distinct primes. There exist “admissible” integers
kiy... ks.
Proof. Let g; be some fixed primitive root modulo p;, ¢ = 1,...,s. For any

positive integers a and b, a prime p and a primitive root ¢ modulo p, if a =
g™ (modp) and b = ¢" (modp) (therefore p 1 a, p 1 b), the congruence a =
b(mod p) is equivalent to m = n (modp — 1). Therefore the congruences (4)
lead to the system

(10) G1;T1 + 0+ QisTs =My (mOdpi_]-)’ i:]-a"'as’
where a;; are such that g/ = p; (modp;) for j # i, g% = k; (mod p;), g =
b; (mod p;). We introduce s integer variables y1,...,ys, in order to change the

congruences into a system of Diophantine equations:
(11) a1ix1+ -t asrs+yi(pi— 1) =my, 1=1,...,s.

The determinant of the matrix C' = (¢;;), where ¢;; = a;; for i # j, ¢y = ry,
can be made 1 by a suitable choice of the numbers r; , for any fixed integers
aij,t # j. This claim follows by induction, expanding the determinant of the
matrix C along the last column, C;s being the cofactors:

|C| = 15015 + agsC2s + -+ + a55Css,
By the induction hypothesis Css = (—1)5751 = 1 and setting
rs =1 — (a15C1s + - + as-11Cs-11)

yields |C| = 1. Setting k; to be the remainders of g;* modulo p; makes kq, ..., ks

“admissible” for the prime numbers pq, ..., ps. [ ]
Lemma 4.2. Let p = p1,...,ps be distinct prime numbers and w = (wn)ff:_ol

be a sequence in Z°. Let b and c be fixed integer s-tupples, such that 0 < b; <

¢i < pi. Denote by ax(b,c) the number of (te)rms of w among the first K, such

that for all i = 1,...,s the remainder of wy’ modulo p; is among the numbers

biy...,c; — 1. Then

ci — b ISk (j,w)|
su aK b C KH Z W,
=1

be jEM(p)
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K-1 i jkw(k)
Sk(j,w) = e ( r ) ,
—1 Pk

with the usual notation e(x) = exp (27ix) .

where

Proof. Since the sum l, flole

TN

SE

j Z) is equal to 1 if p divides the integer

m, and zero otherwise, we obtaln

K—1c—1 ~1 ; (—ll w1
asl o e (=l 4o g

=22 > ) I

n= oz1 b ls=bs jeM(p)UO
1
wd w®

_ . TL . . n
= 2 Zmps ( 1 T +]Sps)x

jeM (p)uo n=0

c1—1 cs—1 I
S e (hl g,
Ds

l1=b1 ls=bs

Observe that the term corresponding to j =0 is K [[7_, Z'pz i therefore

Cz_i ¢ "LU%S) 1
Kll_[1 Z Z (1—+ “+ s ps>p1.-.psx

JEM(p

c1—1 cs—1 l
)

li=by  ls=bs 8

In order to finish the proof, we need the inequality

1| I 1
12) Pk 2 <]kp—k> = G0

l=by,

For ji = 0 it is trivial, and for ji # 0 it follows from the estimate |e (—z) — 1] =
2]sin (m [lz])] = 4|l] - m

Lemma 4.3. Let 0 = o(p1,...,Ps, k1,--.,ks) = (x)5 be a modified Halton
sequence. Fix some interval (such intervals are usually called elementary) I =
[T, [aip; @, (a;i + 1) p~@7), a; € {0,...,p" — 1} and a subinterval J =

| [aim—“" + o, T apy ™ + cmio‘"_l) ., 0<b<c€{0,...,p}. Let
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no be the smallest integer with x,, € I (we are going to prove that such integer
exists). Suppose that x,, drops into

s

H {aip;ai +dip; Y aip; ® + (di + 1)]9[%_1) ,
=1

and consider the sequence w = (y;) C Z°, such that yf@ =di+tP; (ki;aq, ..., a4),
with P; (ki a1,...,as) the remainder of kio‘il_[lgjg&#ip?j modulo p;.

1. ng < [[i_; p" and the indices of the terms of o that drop into I are of the
kind n =no+ ¢ [[7_; p".

2. For these n the relation x,, € J is possible if and only if for some integers
(li,...,1s), li € {bs,...,c;i — 1}, the following system of congruences is
satisfied:

d; +tF; (k)l, at, ... ,Oés> = ll(modpl)

3. If K is the largest integer with ng + (K — 1) [[7_; pi" < N:
K (Lw)|

Ay () - Na)l <1+ Y Bl
leM(p)

Proof. We expand n and a; in p;-adic number system, for each i:
[ee] . oc .

(13) n = Znijpg,mj S {0,... yPi — 1}, a; = Zaijpg,aij S {0,...,pi — 1},
j=0 j=0

From Definitions 1.2. and 2.2. it follows that z,, € I if and only if the congruences
(14) kfn” = aij(modpi),j < Oéi,i = 1,...,5

are satisfied. Since p; 1 k;, and p; are distinct primes, (14) are satisfied for exactly
one ng such that 0 < ng < pi*...p¢*. The first o; digits of ng + ¢ [[;_; pi* in
pi;-adic number system are the same as that of n, and x,, € I is equivalent to

S
(15) n=mno+t][p.

i=1
Now we prove the second property by looking at the next digits of n, defined
by (15). The digit before p;ai_l in z, is determined by the remainder of
t H p?j modulo p; by the formula l; = d;+t H p?j (mod p;). Obviously
1<j<s,j#i 1<j<s,j#i
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xn € J is equivalent to l; € {b;,...,¢; — 1}, which proves the second property.
For the last property we observe that only the subsequence of o, defined by (15)
is important. Therefore Ax(J) = ax(b,c). Now the inequality

S

—b;
KHC@ e Nu() < K+ [ <1+KHCZ
PR i P
together with Lemma 4.2. accomplishes the proof. [ ]

Proof of Proposition 4.1. We expand z = (2(1),...,2())) € E*
in the same way as in Theorem 2.1., and obtain the equality (7) for Ay (J) —
N 1 (J) . The estimate (9) for X9 depends only on Lemma 3.1., so we can use it
here too. We investigate

Y= D> AvUIG) = N uI()-
JET(N)
Fix some j € T(N). The interval I(j) is contained inside some elementary
S
interval G = H[cipi_ itl (ci-l—l)pi_j"ﬂ). Consider the sequence w = {wy }7, C
i=1
5, defined as in Lemma 4.3., i.e. w,(z) = d; + nP;(k;;j), where the integers d;

are determined by the condition that the first term of the sequence o that drops
into the interval G fits into the smaller interval

s
H[Cipi—h-i-l + dipi_%a Cipi_JH_l + (dz + 1)pl—Jz)
i=1

From the last property in Lemma 4.3. it follows that
. SK
A - Nua@l <1+ 3 [5xcL )]

K being the number of terms of ¢ among the first NV that drop into the interval
G. In order to accomplish the proof, we use the inequality

-1
|SK l w | < 1,7.] s
K-
K 1
which follows from Z (ka+5) |sm7r ol < , used for
pt |sin o] 2l

S
l.
o= Z ﬁP,-(ki; j) # 0, since p; are pairwise relatively prime and p; 1 P;(k;;j).

i=1 't
| |
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Lemma 4.4. Let py,...,ps be distinct prime numbers. Then

-1

p1—1 ps—1 ]1m1 + +]sm5

SO I LR
jeM(p) mi1=1
Zlnpini<—1+H(1+lnpi)>.

Proof. Denote P = p;...ps. Fix some j € M (p). Let I be the subset of
{1,...,s} of all 7, for which j; =0, and let J = {1,...,s}\ I. Fix some integer
[ between 1 and P — 1 and consider the congruence

Jim P Tt JsmsP

16
( ) p1 Ps

=!(modP).

It follows that p; divides [ for ¢ € I, and that the m; are uniquely determined
by I when ¢ € J. For simplicity suppose that I = {1,...,k}. Thenl =p;...pt
and ¢t uniquely determines mg,1, ..., ms. Therefore the contribution to G of all
the terms which satisfy the congruence (16) is estimated by

—P__
p & 1
G (j) 2R (j) ; min (t, plfpk - t)
We are going to use the inequality
m—1
(17) 2 ey pp— <2lnm,

for every m > 2. It easily follows from the estimate > ;_; k —Inn+vy < 21“1, (see
e.g. [17]) since 2y —2In2 < 0 (v is the Euler constant). Therefore

PP
R(j)

G(j) <

Since 0 is not in M(p), we have

VAN

PlnP e 1
G < <PlP|-1+ 1+ — ,
; e%p) R(j) 11_11 Z 2min (ji, pi — Ji)
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PlnP(—l—kﬁ(l—i—lnpi)).

i=1
=
Proof of Theorem 2.3. Our proof is based upon Proposition 4.1..
Denote K = [[;_; (pi — 1). For each non-negative integers a = ay,...,as we

consider the box of integers U(a) = {(j1,...,7s) | @K < j; < (a; + 1)K}. We
first prove that for each integer s-tupple b such that 1 < b; < p; — 1, there are
exactly [[;_;(p; — 1)*~! s-tupples j € U(a) such that

(18) Pi(ki,j) = b;.

Observe that there are K® elements in U(a) and only K distinct right-hand-sides,
therefore for some right-hand-side we have at least K*~! distinct solutions. For
each prime p; we fix some primitive root g;. Since p; t b;, for some integers m;
the congruences b; = ¢;"(mod p;) are fulfilled. The equalities (18) are possible
if and only if j together with some integers y form a solution to the system (11).
We conclude, that if j',j” € U(a) are two (possibly equal) solutions of (18) for
the same right-hand-side b, then the s-tupple j’” defined by

];_]t ])(p1—1)~~~(ps_1)'

(p1—1)...(ps—1)

it == +<

is a (possibly trivial) solution of the “homogenious” equation (i.e. with righ-
hand-side m = 0, b = (1,...,1)) and it is in U(0). It follows that there are
at least K*~! solutions of the “homogenious” equation in U(0). Now select
an arbitrary right-hand-side b. Since the numbers k1,..., ks are ‘admissible”
(see Definition 2.1.), a solution j of (18) exists. If j’ is any solution of the
“homogenious” equation, which is in U(0), the next formula yeilds a solution of
(18) in U(a):

gl =ji+ii— ([(pl — f)lﬂ(’ps — 1)]> (p1—1) ... (ps—D+ai(p1—=1) ... (ps—1).

Therefore in U(a) there are at least K*~! solutions for any right-hand-side, and
now it easily follows that this number is exactly K51
Each j € T(N) is inside some box U(a), such that the integer s-tupples
S

a satisfy Hpg”K < N. We apply Lemma 3.3. for the integers p} = piK and the
i=1
functions f;(p) = 1 and obtain that the number of these s-tupples a is not more
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than

(19) 5 H (;;r]l\;l ) .

Since the contribution ¢(j) of each j € U(a) is non-negative, we can write

St Y 3G <

JET(N) a| TI5_, pii" < J€U(a)
In N 1< = =
K° {14+ =) Inp | —1 1+1Inp; ,
S'H(Klnpi—'_s) ( +Kizzl nngpz ( +};[1( + npz)))
using Proposition 4.1., Lemma 4.4. and (19). Since Z In p; H Pi > 1 the
i=1
proof is finished. [ ]
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