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Let P(z) be a polynomial of degree not exceeding n and W (z) = ;.l:l(z —aj), where

laj| > 1,5 =1,2,...,n. If the rational function r(z) = P(z)/W (z) does not vanish in |z| > K,
then for K =1, it is known that

() > {318 G- 50— m) } 1r(2)

where m is the number of zeros of r(z). In this paper we consider the case when K > 1 and

obtain a sharp result. We also prove a generalization of a result due to Xin Li, Mohapatra and

Rodriguez, which also extends some polynomial inequalities to a class of rational functions.
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1. Introduction and statement of results.

Let P,, denote the class of all complex polynomials of degree at most n.
Let Dj_ denote the region inside the circle Ty, = {z : |z] = k > 0} and Dy, the

region outside Tj,. For a; € C with j = 1,2,...,n, we write
- “(1l—a;z
W(z) = [[(z—a;),  B(z) = —
j=1 j=1\ %%
and P
RTL = Rn(ahaQ,-" 7an) = {ﬁ,P € Pn} .
w(z)

Then R, is the set of all rational functions with at most n poles a1, as, . . .,
a, and with a finite limit at infinity. We shall always assume that these poles
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lie in D1, . Also we observe that B(z) € R,,. For f defined on T} in the complex
plane, we set

M(f,k) = sup [f(2)].

2€Ty,
Let P € P, then concerning the estimate of M(P’,1) on T}, we have the
following famous result due to Bernstein [9].

Theorem A. Let P € P, then

(1) M(P',1) < nM(P,1).

In the literature [4, 8], there exist several improvements and generaliza-
tions of Theorem A.

Recently Li, Mohapatra and Rodriguez [6] obtained Berstein-type in-
equalities for rational functions r(z) € R, with prescribed poles a1, as,...,a,
replacing 2" by Blaschke product B(z). Among other things they proved the
following results for rational functions with restricted zeros.

Theorem B. Suppose that r € R, and all the zeros of r lie in Ty U D1..
Then for z € Ty,

) ()] < 5B EIM(r,1).

Theorem C. Suppose that r € R,,, where r has exactly n poles at ay,
g, ..., ap and all the zeros of v lie in Ty U D1_, then for z € T,

®) @) = {5IB/E) - 5o -m) | o)l

where m is the number of zeros of r.
As an improvement in (2) authors [2] proved the following:
Theorem D. Letr € R, and all the zeros of r lie in Ty U Dy4. If t,

to, ...ty are the zeros of B(z) + A, and s1,89,...,8, are the zeros of B(z) — A,
where \ € Ty, then for z € T

1<i<n 1<i<n

@ eI LB ) {(m )+ rr<si>r)2}1/2.
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Aziz and Zargar [3] considered a class of rational functions R, not van-
ishing in Ty U Dy_, where k£ > 1 and proved the following generalization of
Theorem B.

Theorem E. Suppose r € R, and all the zeros of r lie in T U Dy,
where k > 1, then for z € T,

/ 1 , n(k —1 r(z)|?
5) P < 3 il - e O e,

It is natural to ask what results in (3) and (4), if we consider the class of
rational functions R,, analogous to Theorem E? In reply to this, we first consider
the class of rational functions R,,, not vanishing in Ty U Dy, where k£ < 1 and
prove the following generalization of Theorem C.

Theorem 1. Suppose r € R,,, where r has exactly n poles at a1, as,.. .,
an and all the zeros of v lie in Ty U Dy_, k < 1 then for z € Ty,

) @) 2 g {13+ 2 ),

where m s the number of zeros of r. The result is the best possible and equality
holds for

(z+ k)™
(z —a)"

1—az

r(z) = and B(z)z( )n at z=1,a> 1.

zZ—aQa

As an immediate consequence of Theorem 1, we have the following in-
teresting generalization of inequality (12) in [6, p. 526], where r has exactly n
zeros in T U Dy_.

Corollary 1. Suppose r € R, and all the zeros of r lie in T U Dy_,

where k < 1, then for z € T},
n(l -k
(e + 2=,

N | =

(7) [r'(2)] >

The result is sharp and equality holds for

r(z) = (z—l—k)" and B(z) = (1—az>" at z=1,a>1.

zZ—a Z—a
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Inequality (7) is a generalization of a polynomial inequality due to Malik [7] and
for k = 1, it generalizes the polynomial inequality due to Turan [10].

While seeking the desired extension of Theorem D analogous to Theorem
E, we have been able to prove the following.

Theorem 2. Let r € R, and all zeros of r lie in Ty, U Dy . If 11,
to, ..., tn are the zeros of B(z) + A, and sy, So, ..., 8y, are the zeros of B(z) — A,
where \ € Ty, then for z € T,

2n(k —1) |r(2)P’|B'(2)]
k+1 M? + M3

1/2
®) Ir'(z)| < {|B (2))* - } (M? + M3)2,

where
My = max |r(t:)] and My = max |r(si)].
For k£ = 1, this reduces to Theorem D and generalizes a polynomial

inequality due to Aziz [1, Theorem 4].

2. Lemmas.

For the proof of these theorems, we need the following lemmas. The first
lemma is due to Li, Mohapatra and Rodrigues [6].

Lemma 1. Suppose that A € Ty, then the following holds. The equation
B(z) — X has ezactly n simple roots (say) ti,to,...,t, and all lie on the unit
circle Ty, and if r € Ry, and z € T, then

n _ 2
O B - @ BE - = 22 S e | 222
k=1 Z =tk
where Cy, = Ci(\) is defined by
(10) Z H“J’Q fork=1,2,...,n.

tk—a]P

Moreover for z € Ty, we have

B'(z) & B(z) — A2
" B T E
and also
'y " ael? —
(12) B =g = Y
k=1
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The next lemma which we need is due to autors [2].

Lemma 2.  Suppose t1, to,..., t, are the zeros of B(z) — A and s,
$9,..., Sy are the zeros of B(z) + A\, where A € Ty. If r € R,, and z € T}, then

1 2 2
102 N 12« SIR()2 , .
03 W +16° < g1 (g o)+ (g ) -
We also need the following lemma which is due to Aziz and Zargar [3].
Lemma 3. If z € Ty, then

(14) R (Z;U(’S)) _n- If(Z)!'

3. Proofs of the theorems.

P
Proof. of Theorem 1. Let r(z) = wéz) € R,. If by, bo,..., by, are the

)
zeros of P(z), then m <mn, |b;| <k <1,j=1,2,...,m and we have

zr'(z) _ 2P'(z)  2w'(2) _ —_ z zu'(2)
(15) r(z)  P(z) w(z) ]2::1 z—bj  w(z)

Equation (15) with the help of Lemma 3 gives for z € T},

2T rn Ty ()

1

(16) =fjm<z_zbj> —(”_“:/(z)').

Jj=1

It can be easily verified that for z € Ty, |b] < k < 1,

Z 1
> .
(17) §R(z—b;)‘l%—k

Using inequality (17) in (16), we get for z € T,

2r'(2) m n—|B'(2)] |B'(2)| , 2m —n(l+k)
%<r(z)>21+k_ 2 D) 2(1 4 k)
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From which we obtain

r'(2) (zr’(z)) S |B'(z)] = 2m —n(l+k)
r(z) r(z) )= 2 2001+ k)
which is equivalent to inequality (6) and Theorem 1 is completely proved. m
P
Proof. of Theorem 2. Let r(z) = % € Ry,. If by, by, ..., by, are the

zeros of P(z), then m <mn, |b;| >k >1,j=1,2,...,m and we have

zr'(z) _ 2P'(z)  2w'(2) _ —_ z 2u'(2)

(18) r(z)  P(z) w(z) ]2::1 z—bj  w(z)
Equation (18) with the help of Lemma 3 gives for z € T},

2'(2)\ a2 n2w'(2)

§R(r(z)>_§RZ:z—bj §Rw(z)

j=1

(19) zgﬂ%(Z_zbj) - (n_fl(z)').

It can be easily verified that for z € Ty, |[b| > k > 1,

Z 1
< .
(20) §R(z—b;)‘l%—k

Using inequality (20) in (19), we get for z € T,

o (280) g ol

n__n B _ B k-1

< — = — .
(21) —1+k 2 2 2 2(k+1)
Also, if
r(z) = B(z)r(1/%),
then

() = B'(2)r(1/7) - B(:) (r(1/7)) - .

Since z € Ty, we have z = 1/z and therefore,

| (2))’

= ‘zB'(z)@ - B(z)zr’(z)‘
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I(Z)—— zr!(z
e -2

(22) = |z

Making use of (12) in equation (22), we obtain for z € Tj,

| (2))

From which it follows that for z € T7,

= ||B'(2)Ir(2) — 21’ (2)].

G C) 1) R O
| ==
o o 1O s ()
(23) =1BEF + 22 2B ().
Using inequality (21) in (23), we get
“(2)) 2r'(2) |2 n(k —
2O s e [T e {ise- N
_2r'(2) 2 nk—-1) _,
r(z) kE+1 1B )l
Which implies for z € T}
(24) @R+ D) < [0 ).
k+1 -
Inequality (24) in conjunction with Lemma 2, gives
2/ ()P + D)1 ) < [0 @) [+ P
< S IB' P {7+ M3}
Equivalently
4GP < 1B PO +3) - 20 e

n(k — 1) |r(2)|?|B'(z
e B 1

which immediately leads to inequality (8) and this proves Theorem 2 completely.
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