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A class of fourth-order elliptic equations with a spectral parameter in the domain as
well as on the boundary are considered. This is a general kind of the eigenvalue problem
for elliptic operator. We study such problems related to a saddle-point formulation. The
corresponded variational eigenvalue problems in weak mixed formulation are discussed. The
conditions when the variational bilinear forms are symmetric are presented. Finally, the theo-
retical results are illustrated by some examples.
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1. Introduction

Let © be a bounded domain in R?%, d = 1,2, 3 with a Lipschitz boundary
' = 9. Consider second-order strongly elliptic operators [4]

d
Aiu(z) = pi(z) Au(z) + Y gij(z)0ju(z) + ri(z)u(z), i=1,2,
j=1

where A is the Laplace operator and dju = g—;fi, i=1,...,d, x = (z1,...,24)-

Here and throughout the following, all the coefficients are the real-valued and
continuously prolongable functions on Q. We assume that p;(z) € C%(Q2), ¢;;(x) €
CI(Q)vlri(x) € C(Q)vpl(x) > 07q2j($) 2 Ovlri(x) 2 072 = 1727.7 = ]-7 v 7d'
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We consider the following fourth-order eigenvalue problem in mixed for-
mulation:

(1) Aju(z) — Aey(z)u(z) = o(z),
Aso(z) — Aea(z)o(z) = blx)u(z) + Aes(z)u(z), = € Q,

with the boundary conditions

a1(s)52 4+ Bi(s) P4 +7i(s)a +01(s)u = Aepi(s)o + 91 (s)u),
(2)
ag(s)% + ﬁg(s)% +72(s)o + 62(s)u = A(pa2(s)o + a(s)u), s €T,

where the coefficients of (2) belong to C(I") and % is the conormal derivative
[3]. Without loss of generality if ai(s) # 0 then as(s) = 0 because of the
linear independence of boundary conditions (2) and (¢;,1;) # (0,0), only if
(c, Bi) # (0,0), i = 1;2.

In the problem (1), (2) we look for number A such that the solution (o, u)
of (1) is nontrivial and satisfies the boundary conditions (2). To this end, we
can state this problem in mixed variational terms so that this statement will
be completely equivalent to that in differential terms. More precisely, we assign
two functionals (equations) such tha all stationary points of these functionals
(and only these points) are eigenfunctions (o,u) of the original problem (1),
(2). In the mixed formulations (see [5, 10]), one has two unknown fields to be
approximated by Galerkin procedure. An advantage of the mixed presentation
is that one avoids the requirement of C'—condition when the finite element
method is used.

The fourth-order elliptic problem (1), (2) is of general kind when the
eigenvalue parameter A appears linearly in the boundary conditions. This type
of problems arises in many physical situations. For example the eigenvalue pa-
rameter is mainly on the boundary when parabolic and hyperbolic equations
with dynamical boundary conditions are considered [7, 9]. Typically, most ho-
mogeneous problems arising in the generalized method of eigenoscillations con-
tain the spectral parameter in the boundary conditions [1].

In order to apply the various Galerkin type numerical methods, we have
to present (1), (2) in the weak variational form. In this paper, we discuss some
variational aspects of the fourth-order mixed formulation. The corresponding
consideration for second-order equations and conventional formulations has al-
ready been extensively studied in the literature (see [1, 2, 9]).
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2. Main Results

Our principal aim is to obtain some sufficient conditions concerning the
mixed variational weak formulation of the problem (1), (2). In particular, for
d = 1 and the conventional case, the necessary and sufficient conditions for
selfadjointness of the fourth-order problems containing eigenvalue parameter in
the boundary conditions are presented by the authors in [12].

Let H™(2) be the usual Sobolev space for positive integer m (see for
example [5]). Let W x V be a closed subspace of H!(Q) x H'(Q2), i.e. H}(Q) x
H} Q) c W xV C HY(Q) x H(Q) and H{(Q) being the first order Sobolev
space on € composed of functions vanishing on I' = 9Q. Denoting by (-,-) the
Ly—inner product, we multiply the first equation of (1) by % (z) € W and the
second one by v(z) € V.

For notational convenience we shall drop the arguments x and s in the
most cases. After integrating on {2 we get for any v € W, v € V

(-Alua 1/}) - A(Clua 1/}) = (07 1/})7
(Ag0,v) — Mcego,v) = (bu,v) + Mczu,v).

Consequently
(Aru, ) + (Ag0,v) — (0,9) — (bu,v)
= A {(cru, ) + (c20,v) + (csu,v)} .
Using the boundary conditions (2) we rewrite the system in the form [5]:
(3) a((o,u), (¥,v)) = Ab((o,u), (,v)), V(,v) € W x V.

The specification of a and b—forms will be made further. Our aim is to
obtain the condition for the symmetry of the problem (3).

Having in mind that n = (nq,...,ny) and using Green’s formula [11] it
follows (here and throughout the following >, = Z;-l:l):

(Aru, ¥) + (Az0,v) = (0,9) — (bu, v)

= /Q [p1 Autp + Z q1;0juy) + riuth] dx
J

—|—/ [pgAav—i-Zquajav—i-rgav] dw—/awd:v—/ uv dz
Q : Q Q
J
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ou Oo
= /F [p1%1/1 +p2%v + ;QanjU’v] ds
—|—/Q [—p1Vu - Vi) + Z q1;05up + riup) do
J

+/ [-p2Vo - Vv — qujaajv + roov| dx — / oy dr — / uv dzx,
Q : Q Q
J

where V = (i 0

Bz a—md .
We look for the conditions when the expressions in the above equality

are symmetric with respect to the couples (o, u) and (4, v). Obviously, first of
all this symmetry is available if

(4) PL=p2=Dp; q;=—qQ;=¢q;, j=1,...,d; ri=ry=r.

In order to transform the integral on the boundary

ou do
/F [p1 a—nT/J + P2 8—n’v + ; QanjU’U] ds

— [ M (o), (9,)) + AN ((070). (s 0))] ds,

we use the conditions (2), where M and N will be determined afterwards.
To assure the symmetry of the b—form in (3) it requires

(5) Cl] = Cy = C.
Let us use the following denotation

ai(s) Bi(s)
az(s) fa(s)

and we adopt the notations A, 4, Ag ., Aq,, and so on for other determinants,
respectively.

Theorem 1. Let the coefficients of (1), (2) satisfy the conditions of
smoothness determined in the previous section. If (4), (5) and the equations

(6) P(Aas+8p,) =D qinilas;
7

Aqp(s) = , sel,

(7) Aa’w + Aﬁ,tp =0



Variational Aspects of the Mixed Formulation ... 45

are fulfilled, the eigenvalue problem (3) in mized formulation is symmetric.

Proof.

Case 1 First, let the eigenvalue parameter A\ appear linearly in the
boundary conditions. Then a1(s) # 0 and as(s) = 0.

Case 1.1 A, 3 # 0, i.e. Fa(s) # 0.

By calculating the conormal derivatives (we drop the argument s € T")

90 = A {8p,0 + Dggu— A0 = AAgyul,
gu = a0 — Dt + Mg o0 + A, pu},
we obtain
pgzw +p Zqﬂwv
AI; an0 = Do suth + Ag jov + Agsuv} =Y ginjov

J

A
Af {An ot + Ag putp — Ag, 00U — Ag, 1buv}

One can untroduce the expressions for M and N:

{_pAa,70¢ — pAasuth + (pPAgy — Ao Y qing)ov + PAﬂ,wU} ;
j

a’
N = A {An, o010 + Agyputp — Ag o0 — Ag puv} .
O‘»

It is easy to see that the conditions (6) and (7) ensure symmetry of the
bilinear forms a(-,-) and b(-,-) in (3) respectively.
Case 1.2 A, 3 =0and A, # 0, i.e. B2(s) =0, 72(s) #0. Then

9o _ 1 _ ou Aa,é _

on = DBan { Apygn + Dy ou+ AR U AAWU} ,
_ _ Aa,&

o= —xu

Thus, we obtain

u
po-y +p qungav
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ou ou
= Ap { A, 58 Agﬁa v+ Afy 5uv} + qunjAa’(;uv
a,y a,y ]
Ap | Ay oAns
. = — A uv.
AO‘»W { AO"W ’y,d}

In this case, it follows

1

M =

ou
A {—p(Aa,5 + Aﬂ,y)%“ + (PAy s+ ) anjAa,ﬁ)u'U} ,

J

_ P Byphas
V= Aoy { Aoy B o

a"’}/

The condition (6), with regard to the assumption A, 3 = 0 (and, conse-
quently, Ay, = Ay = 0), gives

pAa’(’)' +pAB»’Y = 0'

Case 1.3 Ay g =Any =0, Ay s #0.
Such being the case, the boundary conditions have got the following
representation:

132 + B3t +vo0 = Ao,
u = 0.
Consequently
ou ou
poY +p Zq]ngav Py

Then the condition (6) is not satisfied and the problem is not symmetric.

Case 2 Let us consider the cases when ai(s) = as(s) = 0, [i(s) #
0, B2(s) = 0 and pa(s) = 1ha(s) =

Case 2.1 Ag, # 0, i.e. 2(s) # 0.

We have

ou  __ 1 ASREYAVR
g = g {Asu— AR5y A yul
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We obtain
1/1 + p Z qjn;ov

| BB A OO Aps
—uv .+
Ap,y { ADpy v on” Apy ; e
A AL LA
_ p { VP 676 A'y,d)} uv
Agy | Dpy
Let us denote
AVE) 5
M — ) . _ s
Aﬂ,fy {zj:q]n] pA uv —I—pa v,
AL LA
N [ p { VP 676 _ A'y,d)} uv.
Aﬂn Aﬂn

We see that in this case the condition (6) is not fulfilled.
Case 2.2 Ag,, =0, Ags # 0, i.e. d2(s) # 0. Then the boundary condi-
tions are:
Bl +yio = Apio,
u = 0,
it follows

ou
po W+ pa—v Z gjnjov

= % {_71 + A‘pl}O”w?

and the conditions (6), (7) are satisfied.

Case 3 Let (a1(s),a2(s)) = (Bi(s), B2(s)) = (0,0), v1(s) # 0. Then
72(5) =0 and (901(3)7¢Z($) = (070)7 1=1,2.

Actually the boundary conditions, corresponding to the coefficients are
u=0, c =0 and

panQﬁ—i-pa—v qunj ov =0.
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Remark T heresult of the theorem is valid if ' = U, Ty, with meas (T'y) #
0, subject to the conditions (6), (7) are fulfilled on each part 'y, of the boundary.

This theorem gives sufficient conditions in order to present the fourth-
order eigenvalue problem in a symmetric mixed formulation. Then the equation
(1) has the following general presentation:

pAu+37,qi0ju+ru—Aeu = o,

pAo — Zj q;j0jo0 +ro —Xco = bu+ Acsu.
Consequently, in this case the original differential equation is:
d
PPA%u+2prAu— Y qigidfu+ (r* — b)u
1,j=1
= A [2pcAu + 2rcu + csu] — A2,

This shows that our considerations include cases when eigenvalue param-
eter )\ is in a nonlinear term (subject to ¢(z) # 0), i.e. the equation has a term
containing A\?. We would like to emphasize that the mixed method transforms
this term to the linear case. The eigenvalue problems in which the eigenvalue
appears nonlinearly are mostly the Sturm-Liouville equations [8].

It is clear that

a((o,u), (,v)) = Ab((o,u), (p,v)), V(h,v) e W XV,

where

(o), (4,0)) = | [=p(Va- Y+ Vo Yo+ 34,0 ¥ +00; v)
j
+r(u) + ov)] d:l:—/Q(mﬁ+buv) dx-l—/rM((a,u),(dJ,v)) ds,

b((0, ), (4, ) = /Q le(up + ov) + cyuv] de — /PN((O—, w), (1, v)) ds.

3. Examples

In this section we shall present two examples illustrating the applicability
of the proved theorem.
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Example 1

The first example deals with a bending thin plate on elastic foundation
[6].
(8) A%y 4 Cu = \u,
with a clamped boundary

ou
(9) u=--=0 onT.

The natural frequencies of the plate are determined by the eigenvalues A
of the differential system (8), (9).

In order to use the theorem we determine the parameters: p = —1; r =
0; gj =0; b=C; c3 =1 and ¢ = 0. It is easy to see that the conditions (6),
(7) are fulfilled. The mixed formulation is:

-Au = o
—Aoc = Cu+ du.

For the symmetric variational form we obtain:

/[Vu-V?/J—!—VU-VU—aw—Cuv]dx
Q

:)\/uvd:p V(yp,v) e W x V.
0

Remark T he problem (8), (9) corresponds to the case 2.2 of the the-
orem. If the thin plate is simply supported, i.e. © = Au = 0 on the boundary,
that is the case 3 of the theorem and the similar conclusions are available.

Example 2

Let us consider bending oscillations of a beam with fixed ends [6]:
()" = NoFy, € (0,0),

y=y =0, z=0;,

where a > 0 is the flexural rigidity, p is the density and F' is the area of
transversal section of the beam. Consequently, pF' is the mass per unit length.
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We determine the coefficients corresponding to the theorem:

¢ _ ¢ 2 4"
p=vor 2w 2/a e BTPHC
This is again the case 2.2 of the theorem. It should be noted that one
can introduce a real parameter ¢ € R which has a special part in the mixed

presentation
2

—vau" + qu’ — QQW’U, = o
—yao" —qo' — %0 = %u + ApFu

In other words, for any ¢ € R we obtain a symmetric variational for-
mulation. For this, the parameter ¢ may be used to construct computational
schemes of mixed variational type.
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