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In this paper we introduce modified Szasz-Mirakyan operators and we give three ap-
proximation theorems for them.
This paper was motivated by results given in [1] and [3].
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1. Introduction

1.1. Let Cp be the set of all real-valued functions f uniformly continuous
and bounded on Ry := [0, +00] and let the norm be defined by

(1) IFF= 117 C) 1= sup [f(z)].

z€Ro

For a fixed r € Ny := {0,1,2,...} we denote by C the set of all f € Cp with
derivatives f/,..., f(") belonging also to Cp (C% = Cp). The norm in C is
given by (1).

In [1] were examined approximation properties of Szasz-Mirakyan oper-
ators

@ Safi)= Y mnn)f (L), we R meNi={L2),
k=0
where

(3) pi(t) i=e "' — te Ry, ke Ny
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The direct theorem given in [1] yield the following inequality for f € Cp:

(4) ISn(f;x)—f(x)ISM1w2<f; x/n), r€Ro, neN,

where ws (f;-) is the second modulus of smoothness of f and M; = const. > 0.
The inequality (4) implies that

(5) Jim S, (f;7) = f(z),

for every 2 € Ry and f € Cg. Moreover it is known ([1], [2]) that if f € C%,
then

(6) lim n(S,(f;z) — f(z)) = gf”(x), for x € Ry.

n—oo

1.2. In this paper we shall prove that the approximation order given in
(4) can be improved for f € C} by certain modification of Sy, (f).

Definition. Let r € Ny be a fized number. For f € Cy and n € N we
define operators:

oo

Sng(f;2) =Y pr(nz) Y
0 =0

k=

F0) (%)
1

LN\
(:E——), x € Ry,

where pi(-) is defined by (3).
Clearly Sy o(f;x) = Sp(f;x) for x € Ry, n € N and f € Cp.

In Section 2 we shall give some elementary properties of Sy, (f). The
main theorems we shall give in Section 3.

In this paper we shall denote by My (a), k = 1,2, ..., the suitable positive
constants depending only on a.

2. Lemmas
It is known ([1]) that
_ p)etl. — T / _ \4. _\g—1.
Su ((t = 2)*hi2) =~ {81 ((t = ©)%2) + 48 ((t - 2) s2) |,
forz € Ry, n € N and g € N.
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Using mathematical induction for ¢ € N and by (8) and (9), we can prove
the following

Lemma 1. For every 2 < q € N we have

w2
Sn((t—{]j)q’x) = ij,qm, .’EERO, nEN,
J=1

where b;, are positive numerical coefficients depending only on j and q ([y]
denotes the integral part of y € Ry).

Applying Lemma 1, we immediately obtain

Lemma 2. For every q € N there exists a positive constant M1(q) such

that
sup (1+2z9)7'8, <(t — )% x) < My(q)n™4, n € N.
TERy
In general
-1
sup (1-+29%) 18, (¢ = 2)52) | < Ma(g)n @O, ne N,
xERg

Applying Lemma 2, we shall prove the main lemma.

Lemma 3. Let r € Ny be fixed number. Then there exists a positive
constant Ms(r) such that

LF9l
T

(10) sup (140772) s (75 < vt 3 U
=0

xERy

forall f € Cf andn € N.
The formula (7) and (10) show that Sy, (f) is well-defined on the space

-1
Cg and the function (1 + xT/Q) Snr (f;z) belongs to Cp.

Proof. If r = 0, then by (7) and (1) we have

1Sno(f;2)| < NI prna = || fll,  forz € Ro,n € N.
k=0
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If r > 1, then by (2), (3), (7) and Lemma 2 we can write
T 1 . .
S (f38) =Y =80 (FOB) (@ - t)52).
=07
Next, by Holder inequality and (1) and (8) we get
1Sn (FO0) (@ — ty;2) | < Sn (IFO @) (@ — 1] 2) <

< ||f(j)HSn (yt — x|j;x) < ||f(j)” (Sn ((t — x)?j;x))1/2.

From the above and by Lemma 2 we obtain

(1+22) " 10y (fi2) | < Jzzjo”f]ﬂ [ a8, ((1-2)%52) ) <

for all z € Ry and n € N. Thus the proof of (10) is completed.

We remark that if f(z) = 29, © € Ry, ¢ € Ny, then by the Taylor formula
it follows that .
fla)=3
§=0

for every fixed y € Ry. This fact and (7) yield

(4) ,
f J'(y) (x - y)]a VIS ROa

Lemma 4. Let f(z) = 29, © € Ry, q € Ny. Then for every fized
q <€ Ny we have

Spr (4 x) =29, x € Ry, n € N.

3. Theorems

3.1. First we shall prove an analogy of estimation (4). Let wi(f;-) be
the modulus of continuity of f € Cp, i.e.

(11) wi(f;t) == sup [[AnfQ), t>0,
0<h<t
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where Ay, f(z) := f(z + h) — f(z) for z,h € Ry.

Theorem 1. Let r € Ny be a fized number. Then there exists a positive
constant Ms(r) such that

-1

(12)  sup (1+2002) 1S, (fi2) = f(2)] < Ms(r)n ™ 2wy (F7;n712)

xERg
for every f € Cz andn € N.

Proof. The inequality (12) for r = 0 follows from (4).

Let f € Cp with r > 1 and let y € Ry be a fixed point. We apply the
following modified Taylor formula

() ‘
f@) = o -+
= 7

T

(z—y)
(r—=1)!

Setting y = % for fixed k € Ny and n € N, we derive the following
equality from (7) and (8):

+

[a- = O ere ) - O wa  aen
0

(13 fo) = ké(pk(m)f(x)) = S (F(1):2)
e om0 0 (S (e ) s (G

for £ € Ry and n € N. Applying (11) and the inequality wi(g;At) < (1 +
ANwi(g;t) for g € Cp and A, ¢t > 0, we get
g
T——) <
n

(B (= E)Y o (B) < (50
<w <f(r); T — %D < wy (f(r);n—l/Q) (1+n1/2 . %D

for 0 <t <1andxz € Ry, kK € Ny, n € N. This inequality and (13) and (2)
imply that
)
xr — — =
n

(14)

T

E

=

|f(2)=Sny (f()iz) ]| < wr (f(r); n_l/Q) > pi(nz) (1 + nt/?
k=0

!



58 L. Rempulska, Z. Walczak

= w <f(T);n_1/2) % {Sn (|t —z|";2) + n'’?g, <]t - x|r+1 ,x)}

for all x € Ry and n € N. Further by Holder inequality and Lemma, 2 and (8)
we have

(15)
Sn (|t — 2|7 < (Sn ((t — x)211>>1/2 < (Ml(q)i—z>l/2, z € Ry, n,q € N.
Using (15) to (14), we obtain
(1+2C2) S, (fi2) — f@)] < Ma(r)nwy (F0in 2,
for z € Ry and n € N. This completes the proof of (12).
From Theorem 1 we derive the following two corollaries.

Corollary 1. If f € Cy, r € Ny, then

Tim n"/2{8,, (f;2) — f(2)} =0 for z € Ry

Corollary 2. If f € Cp, r € Ny, and ) € Lipa with 0 < o < 1, i.e.
w1 (f(’");t) = O(t*) fort >0, then

sup (1+20+02) 78, (fi0) = (@) = O™+, meN.
z€Ro

3.2. Now we shall give the Voronovskaya type theorem.

Theorem 2. Suppose that f € Cg+2 with a fixed r € Ny. Then for every
r € Ry we have
(=17 (2) S, ((t = 2)" ;)
(r+1)!

(16) Sn,r (fa x) - f(x) = +

(=17 (r + 1)U+ (2)S, (¢ — 2)" 5 2) 1
* (r+2)! t0s <n1+r/2> ’
as n — 0o.

Proof. From (7) we get Sp,(f;0) = f(0), n € N, r € Np.
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Fix z > 0. If f € C;"2, then fU0) ¢ C",;H_j, 0 < j < r. Hence for every
) we can write the Taylor formula:
r+2—j f(]‘i"‘) (x)

17 O =3

=0

T (t—a) +ita) (t-a), 0< <,

for t € Ry, where ¢;(t) = ¢;(t;2) is function such that ¢, (t)t"+2=J belongs to
C;;z_] and lim;_,; ¢;(¢) = 0. Setting ¢ = £ in (17) and using to (7), we get

\ (I_&)J r+2—jm(l¢ >i+

19 Sulin) =Y neny —t > Bt
k=0 7=0 ’ =0 :
S o (B) (5 )
k:oplC " i I Pi\n®)\n ™" T

= A, () + Bp,(xz), meN.

We observe that

& r (x _ %)J =2 1) (1) [k 1—j -
) = 2 ) 2 2 (-e) -

S ) S D [R50 (!
= Opk(m)z ;i {gj(l—j)! (n w) "

- S S5 (F-a) 3 (5 v
S i (E-2) S (71
LS e (4 _x>r+2§ ("%

for n € N. It is easily verified that for every r € N we have
T

(19) S (=0 T (") =y,

j=o \J §=0
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( ) 1) = (r+1)(~1)".

7=0
From the above and by (2) and (3) we deduce that

(=) fUHY (@) S ((t = 2)" 3 2)
(r+1)!

(20) Anyr(z) = f(2) + +

D D50 () S, (¢ 2 )
(r +2)! ’

Arguing as in the proof of Lemma 3, we get

Zpk nx (— - m>T+2 D, (%,:p) =5n ((t —2)" 20, (1) ;:13) ,

for n € N, where

n € N.

D ()= tm:zz

t:L' t € Ry,

and @, is function belonging to Cp and lim;_,, ¢, (t) = @, (z) = 0. Applying
Holder inequality and by Lemma 2, we can write

|Bn,r($)| < (Sn (@z(t);x))l/Q (Sn ((t B :1:)2T+4;x))1/2 <

<(w (2))

Since ®2 € Cp, we have by (5)

(Sn (q)?(t);x))l/z, n € N.

lim S, (@2(1);z) = @2(x) = 0.
From the above we deduce that
1
(21) Bn’r(x) = Og (m) s as n — OQ.

Collecting (18), (20) and (21) we obtain (16).

Theorem 2 and Lemma, 1 imply the following
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Corollary 3. Let f € C?’Q, r € N. Then there exists a positive constant
M7 (r) such that

M _1)rg(rt1)/2 £(r+1)

for every € Ry.
If r =0, then (16) implies (6).

3.3. Finally we shall prove the analogy of (5) for the first derivative of
Snr(f)-

Theorem 3. Suppose that f € Cz, r € N. Then
(22) lim (Sy, (fF@®) (=) = f'(=) for z > 0.

n—oo

Proof. The assertion (22) for Szasz-Mirakyan operators S,(f) and f €
C} is given in [4]. Fix r € N and x > 0. Then by elementary calculations we
get from (7) and (3):

LG+ ’be j
dd n,r fﬂ Zpknwjz_% ]'( )(.’E—%>
0o ) (k '
——Z_:Opk(m: Z:: / ]j‘("> (ac — %)JH, neN

Now fU) € Cg_j, 0 <j <7, and as in the proof of Theorem 2 we can write

"9 ¢(q+i) ,
00 = T g gy -y, 0<qsr
=0 '
for t € Ry, where 1,(¢)t""9 = 1),(t;2)t""9 is function belonging to Cp and
limy 5 14(t) = 14(x) = 0. Consequently we get

d - ]7“ L r(i4+1) I k l
(23) d nr f7 Zpk nx Z ;f(l—j()') <__$> +

()

+Zpk n) (——:p)r_ z;:
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1) Io D (g k I+1
+wz<.>zzz_;z<——x> +

n

Arguing as in the proof of Theorem 2 and by (19), we get

@)z = Lt S G (B2 (1) cp = o,

1=0 ) J

o gt = F o SO0 () (1) -
= ~f(@)Sult — z32) =0,
na(w) = Su ((t—2) "0, (8);2)
Zna(e) = 750 (6 = 2) U (1)i)

for n € N, where

r—=1/ 1\j
00) = 0, (0) = 3 (),
Jj=0 )
TH(H) = Ut ) = (‘;)J (1 )
= 7

Analogously as for B, ,(z) in the proof of Theorem 2, we can prove that

(26) lim Z, ,(z) =0 for ¢ = 2,4.

n—o0

Collecting (23)-(26), we immediately obtain (22).
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