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On the [10, 5, 6] Reed-Solomon and Glynn Codes!

Tsonka Baicheva?, Iliya Bouyukliev?, Stefan Dodunekov?,
Wolfgang Willems*

MDS codes with the same parameters [n, k, d]; look very similiar. In particular they
have the same weight distribution. So we may ask for invariants they might differ. In this
note we compare in detail the [10, 5, 6]o Reed-Solomon and the [10, 5, 6]9 Glynn code which are
the only two inequivalent [10, 5, 6] codes. It turns out that both codes differ in the geometry
but have the same weight distribution on coset leaders as computer computations show. In
particular they perform equally good with respect to error detection and error correction.
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1. Introduction

Let IFy; denote the vector space of n-tuples over the field IF, with q
elements. A g-ary linear code C of length n and dimension k, or an [n, k], code,
is a k-dimensional subspace of IF'y. The Euclidean inner product of two vectors
u = (ur,us,...u,) and v = (vy,v,...,v,) in IFy is defined by

uv = u1v] + uov9 + ... + upvy,.

Two vectors are said to be orthogonal if their inner product is 0. The set of all
vectors of IF'y orthogonal to all codewords in C is called the dual code ctofc,
ie.,

Ct={xe IFy|xy = 0 for any y € C}.

By a well-known fact from linear algebra, the code C* is a linear [n,n — k], code.

'Partially supported by the Bulgarian National Science Fund under Contracts MM901/1999
and MM1304/2003.
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A k-by-n matrix G¢ having as rows the vectors of a basis of C is called
a generator matrix of C. A generator matrix He of the dual code C+ of C is a
parity check matrix of minimal rank for C.

The number of nonzero positions in a vector x € IFy is called the Ham-
ming weight wt(x) of x. The Hamming distance d(x,y) between two vectors
x,y € IFy is defined by

d(x,y) = wt(x —y)

and the minimum distance of a linear code C by
d(C) = min {d(x,y)|x,y € C,x # y} = min {wt(c)|c € C,c # 0}.

A g-ary linear code of length n, dimension k£ and minimum distance d is referred
to an [n, k,d], code.

A coset of the code C, determined by the vector z € IFy, is the set
x+C={x+c|ceC}. A cosetleaderis a vector of smallest weight in its coset.
We will denote by «; for ¢ =0,1,...,n the number of coset leaders of weight 1.

The covering radius R of a code may be defined as the largest weight in
a set of weights of coset leaders, or equivalently, as the smallest integer, such
that the spheres of radius R around the codewords cover IF'.

Cosets in which a minimum weight vector is unique are of special interest.
The Newton radius v of a code is the largest weight in the set of weights of
unique coset leaders. This parameter determines the largest weight of a uniquely
correctable error (see [1]).

In this note we investigate the Reed-Solomon code RS(10;9) and the
Glynn code G1(10;9) (see [2]) which are defined over the field IFy. Note that
these codes are inequivalent [10, 5, 6] MDS codes. The Reed-Solomon is defined
by a rational curve (i.e. a classical arc), the Glynn code by the so-called Glynn
arc, the only example of a non-classical arc the authors are aware (see [2]). More
precisely (see [3]), the Glynn arc is the only known (¢ + 1)-arc in PG(N,q), q
odd, 2 < N < ¢ — 2, which is not a normal rational curve. In section 2 we
collect some preliminary results and define the RS(10;9) and GI(10;9) codes.
In section 3 the geometry of both codes is studied. The last three sections
are based on computer computations. In section 4 we compute the projections
of the two codes over GF(3) which depend on the generation of IFg over IF's.
Both codes have extensions to [12,6,6]9 codes and we compute the inequivalent
classes in section 5. Conclusions about the error detecting and error correcting
performance of both codes are given in section 6.
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2. Preliminaries

Definition 1 Let C; and Cy be two linear [n, k], codes. They are said
to be equivalent if the codewords of C5 can be obtained from the codewords of
C;y via a sequence of transformations of the following types:

(2.1) permutation on the set of coordinate positions;

(2.2) multiplication of all elements in a given position by a fixed non-zero ele-
ment of IFy;

(2.3) application of a field automorphism to all elements in all coordinate posi-
tions.

An automorphism of a linear code C is a sequence of transformations of type
(2.1)-(2.3), which map each codeword of C onto another. The set of all auto-
morphisms of a code C form a group, which is called the automorphism group
Aut(C) of the code.

Definition 2 A linear [n,k,d], code with d = n — k + 1 (i.e. meeting
the Singleton bound) is called a maximum distance separable code, or an MDS
code.

For detailed information on properties of MDS codes the reader is referred
to [4,Chapter 11].
Taking the columns of a generator matrix of an [n, k], code C we may

associate to C' a set of points of the projective geometry of dimension &k — 1
which we denote by PG(k — 1,q).

Definition 3 A k-arc in PG(N,q) is a set K of Kk > N + 1 > 3 points
in PG(N,q) such that no N + 1 points of K lie in a hyperplane. Or in other
words, any N + 1 points of K form a basis of PG(N, q).

Note that k-arcs as columns of a generator matrix define MDS codes and
vice versa. A normal rational curve is a set of points in the projective space
PG(N,q) (1 < N < q—2) which is projectively equivalent to

(@t oty | teF,} U{0:0:...:1)}.

It is readily checked that every normal rational curve is a (¢+1)-arc in PG(N, q).

We consider MDS codes with parameters [10, 5, 6] over IFg. They corres-
pond to 10-arcs in PG(4,9). Glynn proved in [2] that there are exactly two
non-equivalent 10-arcs in PG(4,9). One of them is a rational curve and the
other one is defined as the set of points

{(Lrz:2® +b2%: 2% ah) |z € P} J{(0:0:0:0:1)}
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where b is a non-square in IFg.
The corresponding codes have the following generator matrices:

1 1 ... 1 0
a; ay ... ag O
G _ 2 2 2
RS(10;9) = | @1 @3 ... Qg
o oy ... a3 0
af ol ag 1
1 1 1 0
(03] a9 .o (87) 0
Gaiao) = o? +3boz(f o +3bozg cooa2+ba§ 0|,
% o fo%d 0
af o . o 1

where aq, ag, ..., a9 are the elements of IFg. Note that RS(10;9) and G1(10;9)
are not equivalent as codes (see [5], section 5.1). According to Proposition 1 from
[6], it follows from the result of Glynn that these are the only non-equivalent
[10,5,6]9 codes. Since both codes are MDS codes with the same parameters
they have the same weight distribution which is

1+ 168025 + 288027 + 140402% + 221602° + 18288210

(see [4, Chapter 11]). The automorphism groups of RS(10;9) and GI1(10;9),
computed by Q-EXTENSION [7], have order 11520 resp. 5760 which also shows
that the codes are non-equivalent. Note that by [8] the automorphism group
of RS(10:9) is isomorphic to the group (IFgx PGL(2,9))Gal(IF¢/IF'3) which has
order 11520. We would like to mention that the Frobenius map

(c1y...,c10) = (c%,...,c%o)

is not an automorphism of RS(10:9) (see Proposition 3). By [2] the automor-
phism group of the Gynn arc is PGL(2,9). Since |GL(10:9)| = 5760 the Gynn
code has IF§x PGL(2,9) as automorphism group.

3. Geometries

For codes over IF; where ¢ is an even power of an arbitrary prime p one
can consider two different types of inner products, namely the Euclidean and the
Hermitean. The Euclidean (natural) was already defined in the first section. The
Hermitean product of two vectors u = (uy, us, ... u,) and v = (vy,va,...,v,) in
IF'y; is defined by

(u,v) = u 01 + ug¥s + ... + Up 0y,
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where v; = ’uiﬁ for v; € IFy. For ¢ =9 we have

(W, v) = u v} + ugvd + ... + uyvd.

Proposition 1 Let C be a [¢ + 1, q;—l, %]q code defined by a normal
rational curve over IF, with q odd.

a) C is Euclidean self-dual.

b) If q is a square then C is not Hermitean self-dual.

Proof. Let d = q;—l. A generator matrix of C' is given by

1 1 o1 0
a1 a9 S Qg 0
Go — o? a% .. ag 0
04(11_1 ag_l - ag_l 0
o o4 S0y 1

a) If z denotes the last row of the generator matrix then

(z,2) = (Z a3y +1=0.

j=1

Next we forget the last column in G¢. The new matrix then defines a generalized
Reed-Solomon code GRSy42(a,v) witha = (aj1,...,ay) and v =(1,...,1) (see
[5], 1.2.10). By 3.1.3 of [5], we have

GRSyi2(a,v)" = GRSy (a, V)

! __ ! !/ :
where v/ = (v{,...,v,) with

1

o =T] .
i#k

A — O

For oy # 0 this forces
1=, [[ (e — ) = v} Ha- ajog ).
£k i#£k
As a% =1 and

H(l — o) = H b=-1

itk bEIF;
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we get v, = —1 for oy, # 0. This holds obviously also true for a = 0. Thus
GRS40(a,v)" = GRSy (a,v') = GRSy (a, —v) = GRS441(a, v)

which proves part a) of the proposition.

b) Let u = (ai,...,a},0) and v = (of,...,0d,0). We choose i = ‘72_2—‘7_2 and

j = %1 The Hermitean inner product of these two vectors is

2

> >

o » 2

(u,v) =Y o’ => a,71=) of ' =-1
k=1 k=1 k=1

Corollary 1 The RS(10;9) code is self-dual with respect to the Euclidean
but not with respect to the Hermitean inner product.

Proposition 2 The code GI(10;9) is self-dual with respect to the Her-
mitean but not with respect to the Fuclidean inner product.

Proof. As a generator matrix for G1(10;9) we may choose

1 1 . 1 0
(03] (65) oo Qg 0
a?+bab a3 +bal ... a+ba§ 0
o o e o 0
of o e o 1

a) The Euclidean inner product of the third row of the generator matrix with
itself yields

9 9 9
S (@2 +6a8)? = (1+6) S at + 263 af =0+ b£0.

=1 =1 =1

Thus the Glynn code is not Euclidean self-dual.
b) Let (-,-) denote the Hermitean inner product on Féo. In order to prove that
the Glynn code is Hermitean self-dual we have to show that

(u,v) =0

for the rows of a generator matrix. Since

3

(u,v)” = (v, u)
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exactly 15 equations must be checked. The only critical equation is the inner
product of the third row with itself which also turns out to be 0 since

im1(f +00f)(af +b%aF) = T of + (08 +0) i of + 01 0 of
= —1+0+(-1)(-1)=0.
[
Since the (Euclidean) dual of a Reed-Solomon code is again a Reed-
Solomon code, it follows from Proposition 2 that the dual of the Glynn code

G1(10;9) is equivalent to itself. The code G1(10;9) is an interesting representative
of the family ¢/ of Hermitean self-dual codes over F2 (see [9]).

Proposition 3 Let C be an [n,k,d =n—k+ 1] MDS code defined over
the field IF e and k > 2. If C1 = C, i.e. C is invariant under the Frobenius
map, then d < q.

Proof. Let 0 # ¢ € C be a codeword of minimal weight. Changing ¢ by
a scalar in IF';x we may assume that at least one entry of ¢ is equal to 1. Since
¢ —ce C and wt(c? — ¢) < wt(c) we get that ¢ is a vector with entries in IF,.
Furthermore C has a generator matrix of the form

1
G = *
1

Thus each row vector is a codeword of minimal weight. Therefore, by the above
we may assume that G is a matrix over IF\;. Moreover G defines an MDS code
over IF,. Thus, by Lemma 4.4.3 of [5], we obtain d < q. [

Now suppose that C is an [¢?+1, ‘122—“, qZT”L?’] MDS code defined over IF ;.
If C is self-dual with respect to both the Euclidean and the Hermitean inner
product than C? C C+ = C where C* is the dual with respect to the Euclidean
form. Hence C'? = C and an application of Proposition 3 yields a contradiction.
This explains parts of Corollary 1 and Proposition 2.

By computer search we discovered

Proposition 4 Let f(z) be a polynomial of x over IF,. The code with
the following generator matriz

1 1 1 0
aq (65) (87) 0
a2+ fla) b+ flag) ... ad+ flag) O
% o % 0
of o ag 1
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is Hermitean self-dual iff f(z) = ba®, where b is a non-square in IFy.

4. Projections to IF'3

Since IFy is a 2-dimensional vector space over IF's we may consider both
the RS(10;9) and the G1(10;9) code as ternary [20, 10] codes which we call the
projection to IF'3. These projections obviously have minimum distance d > 6.
Furthermore they depend on the normed irreducible polynomial of degree two
over IF'3 which defines the extension IF'g. There are three such polynomials and
according to this there arise three projections, say Ci,C5 and C5. In the fol-
lowing table we present the correspondence between the generator polynomials
and the projections.

Generator polynomials | 22 +1 [ 22 + 2 +2 | 22 + 2z + 2
RS(10;9) Ch Cs Cs
G1(10;9) Cs Cs Cs

The orders of the automorphism groups and the weight enumerators are
as follows:

o

| Aut(Cy)| = 2073600

14 1202% 490028 + 4027 + 5184210 + 72002 4 360022 + 1296023 + 1512024 +
240025 + 810026 4 288027 + 4002'® + 144220

Cy:

|Aut(Cs)| = 2073600

1+ 1202% + 43602° + 26280212 + 25728215 + 2560218

Cs:

| Aut(C3)| = 518400

141202% 4+ 45028 + 220027 4+ 2592210 4 36002 + 149402'2 4 648023 + 756024 +
140642 + 405026 + 1440217 + 148028 + 72220

Since all weights of the codewords in C5 are divisible by 3 the ternary
code (5 is Euclidean self-dual. The classification of ternary self-dual [20, 10, 6]
codes can be found in [10]. According to the list in that paper C5 is equivalent
to the code labelled by 24. This was checked by the computer package Q-
EXTENSION.

5. Extensions

Usually codes which are optimal in some sense have a rigid structure and
more often can not be extended. In our case using the computer package Q-
EXTENSION we extended both codes to [12, 6, 6]9 codes. From RS(10;9) code
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we have obtained 8 inequivalent codes and from GI1(10;9) code 7 inequivalent
codes. The orders of the automorphism groups and the weight enumerators are
as follows:

Codes obtained from RS(10;9)
|Aut| = 32
1+ 182425 4+ 403227 + 2124028 + 5672027 + 120168210 4 1820162 + 14544022
|Aut| = 64
1+ 185625 4+ 384027 + 2172028 + 5608027 + 120648210 4 18182421 4 145472212
|Aut| = 16
1+ 183225 4+ 398427 + 2136028 + 5656027 + 120288210 4 18196821 + 14544822
|Aut| = 16
1+ 184825 4 388827 + 216002% + 5624027 + 120528210 + 181872211 4 14546422
|Aut| = 32
1+ 183225 4 398427 + 2136028 + 565602 + 120288210 + 1819682!! 4 14544822
|Aut| = 32
1+ 183225 4 398427 + 2136028 + 565602 + 120288210 + 1819682!! 4 14544822
|Aut| = 144
1+ 184825 + 388827 + 2160028 + 5624029 + 120528210 4 18187221 + 1454642'2
| Aut| = 11520
14192025 4 345627 + 2268028 + 5480027 + 121608210 + 1814402 + 14553622

Codes obtained from G1(10;9)
|Aut| = 16
1+ 183225 4 398427 + 2136028 + 565602 + 120288210 + 1819682!! 4 14544822
|Aut| = 64
1+ 185625 4 384027 + 2172028 + 560802” + 120648210 + 181824211 4 14547222
|Aut| = 64
1+ 181625 4+ 408027 + 2112028 + 5688027 + 12004820 4 1820642'! + 14543222
|Aut| = 128
14179225 4 422427 + 2076028 + 573602 + 119688210 + 1822082'! 4 14540822
|Aut| = 64
1+ 184025 4+ 393627 + 2148028 + 564002” + 120408210 + 1819202'" + 14545622
| Aut| = 288
1+ 184825 + 388827 + 2160028 + 5624029 + 120528210 4 18187221 + 1454642'2
| Aut| = 46080
1+ 192025 4+ 345627 + 2268028 + 5480027 + 121608210 4 1814402 + 14553622

A code with d = n — k is called an Almost MDS code (see [11]). An
almost MDS code for which the dual code is also almost MDS is called a Near
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MDS code [12]. In our case all the codes are almost MDS, but not near MDS
because the minimum distances of the corresponding dual codes are equal to 2.

Let Gol(12) denote the ternary extended [12,6,6] Golay code. If we
extend scalars to IF'g we get a [12,6,6]9 code, say C, as the following lemma
shows.

Lemma Let F/K denote a finite extension of fields where K is an
arbitrary finite field. We denote by C ® F the F-code obtained by extending
scalars of the code C which is defined over K. Then the minimum distance of
C ® F is equal to the minimum distance of C.

Proof. Let I' = Gal(F/K) be the Galois group of F' over K and let
0 # w € C ® F be of minimum weight. As w is an F-linear combination of
words in C' we have w? € C' ® F for any ¢ € I'. By multiplying w with a scalar
if necessary we may assume that 0 # v = > cp w?. Thus we have v € C' and
wt(v) < d(C ® F). Therefore d(C) < d(C ® F). The opposite inequality is
obvious.

A natural question which arises is the following: ”Is the [12, 6, 6]9 code C
among the codes in the two lists above?”. By a computer check we found that
the dual of C' has minimum distance 6, hence is a Near MDS code which gives
a negative answer to the question.

6. Error detecting and error correcting performance

The coset weight distributions of both RS(10;9) and G1(10;9) codes were
determined by computer calculations and it turned out that they coincide. The
two codes have the following weight distribution of coset leaders

a1 = 80, az = 2880, as = 44960, oy = 11128.

This implies that they have equal covering and Newton radii. The same holds
true for the average error probability, since this probability is uniquely deter-
mined by the weight distribution of coset leaders. More precisely the covering
radius is 4 and the Newton radius is 3. Both codes have 28800 unique coset
leaders which are of weight 3. In particular the probabilities of an undetected
error after ¢-error-correction are also the same (see [13]).
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