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Measurability of Sets of Pairs of Skew Nonisotropic
Straight Lines in the Simply Isotropic Space I

Adrijan V. Borisov! , Margarita G. Spirova?

The measurable sets of pairs of skew nonisotropic straight lines of type a and the
corresponding densities with respect to the group of the general similitudes and some its
subgroups are described. Also some Crofton’s type formulas are presented.
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1. Introduction

The simply isotropic space I3 is defined as a projective space P3(R) in
which the absolute consists of a plane w and two complex conjugate straight lines
f1, fo into w with a real intersection point F' [8], [10], [11] . All regular projec-
tivities transforming the absolute figure into itself form the 8-parametric group
Gs of the general simply isotropic similitudes. Passing on to affine coordinates
(x,y, z) a similitude of Gg can be written in the form [8; p.3]

' = c¢1 + c7(zcosp — ysinp),
(1) Yy = co + c7(zsinp + ycos p),
2 =3+ ey + csy + coz,

where ¢, ¢, c3, 4, 5, C6,c7 > 0 and @ are real parameters.

A straight line is said to be (completely) isotropic if its infinite point
coincides with the absolute point F'; otherwise the straight line is said to be
nonisotropic [8, p.5].

Further, let G; and Go be two nonisotropic straight lines and denote by
U; and U; their infinite points, respectively. The straight lines G; and G2 are
said to be of type « if the points U, Uy and F' are noncollinear; otherwise the
straight lines are said to be of type (.
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We shall consider with Gg and the following its subgroups:

I.B; C Gg <= c¢; = 1. It is the group of the simply isotropic
similitudes of the d-distance [8; p.5].

II.S5;, C Gg <= ¢ = 1. It is the group of the simply isotropic
similitudes of the s-distance [8; p.6].

III . W7 € Gg <= ¢ = c7. It is the group of the simply isotropic
angular similitudes [8; p.18].

IV.G; C Gg <= ¢ = 0. It is the group of the boundary simply
isotropic similitudes [8; p.8].

V. Vs C Gy <= cgcr? = 1. It is the group of the volume preserving
simply isotropic similitudes [8; p.8].

VI. G¢ = Gy N V5. It is the group of the volume preserving boundary
simply isotropic similitudes [8; p.8].

VII . Bg = By NG7. It is the group of the modular boundary motions [8;
p.9].

VIII. B; = By N S7; N G7. It is the group of the unimodular boundary
motions [8; p.9].

Using some basic concepts of the integral geometry in the sense of M. I.
Stoka [9], G. I. Drinfel’d and A. V. Lucenko [4], [5], [6] we study the measura-
bility of sets of pairs of skew nonisotropic straight lines in ;) with respect to
(Gg and indicated above subgroups. Analogous problems about sets of pairs of
points and pairs of planes in I5") have been treated in [1] and [2], respectively.

2. Measurability of sets of pairs of skew nonisotropic straight
lines of type alpha

2.1 Measurability with respect to Gg

Let (G1,G2) be a pair of skew nonisotropic straight lines of type a de-
termined by the equations

(2) Gi:  z=aiz+pi, y="biz+q, 1=1,2,
where
(3) (a2 —a1)(g2 — q1) — (b2 = b1)(p2 —p1) #0, aiby —azby # 0.

Under the action of (1) the pair (Gy,G3)(a1,b1,p1,q1,0a2,b2,p2,q2) is trans-
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formed into the pair (G1',G2')(a1',b1',p1s 1", a2', b2, pa', q2") as
al = Kicr(ajcosp — bising),

7

b, = Kicr(a;sing + bicosy),

(4) p; = Kicr{[—c3a; + c5(bipi — aiqi) + cepilcosp+
+[esbi + ca(bipi — aiqi) — ceqilsing} + c1,

q; = Kicr{[—c3a; + c5(bipi — aiqi) + ceps]sing—
—lesby + ca(bipi — aiqi) — cegilcosp} + ca,

where K; = (cqa; + csb; +¢6)™ ,i=1,2.

The transformations (4) form the associated group Gg of Gg [9; p.34].
The group Gg is isomorphic to Gg and the density with respect to Gg of the
pairs (G, G2), if it exists, coincides with the density with respect to Gy of the
points (a1, b1, p1, q1, a2, ba, P2, q2) in the set of parameters. The associated group
Gy has the infinitesimal operators

_ 0 ) _ 0 i) .0 i) ) )
Yi=om Tom Y2700 T o Y87 aig, +higg T a25,; +bag,
Y, = a1(a1% + 615%1) +p1(a1% +b18%) +a2(a23‘972 + bQ(%)—i-
9 9 9 9 9 9
+p2(azg,; +b25.:), Ys = bi(aigg; +bigg) + qi(arg, +bige )+
—p 0 i) i) ) ) 0 ) )
Ys =bige; — G155 T Q1,7 —Pragg +b25,; — 0255, T @25, — P25,
The group G acts intransitively on the set of points (a1, b1, p1,q1, az, b2, p2, g2)

and therefore the set of pairs (G1,G2) has not invariant density under Gg. The
system

(5) Yi(f)=0, 1=12,..8

has the solution

a1ao + bi1bs
albg — agbl

(6) f=
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and it is an absolute invariant of Gg. Consider the subset of pairs (G, Gs) of
skew nonisotropic straight lines of type « satisfying the condition

a1a9 + b1by

=h
albg — agbl ’

(7)

where h = const. The group Gg induces on the subset (7) the group G§ with
the infinitesimal operators

-0 4 9 -0 4 0 — .0 0 8 ax(aathbi) 9
2 = op1 + Op2? Zy = 0q1 + RITH Z3 = op1 + b oq +a23p2 + hai—b1  0Oq2”’

Zy = aﬂm% + bla;ﬁl) +p1(a1 o1 + b1 e ) + a23a2 + a2p2(8p2 + 22_1’_1121 %),

— 0 0 0 0 2a1+hb; 9
Zs = by(aq da; T b13b1) + q1(ay apr T b13q1) + QS e

ai+hby 0 )

— g0 0 0
+ a2q2((9p2 + hai—b1 % ’ ZG =ap day + bl by + a2 das?

Zn = alaal +bl<9b1 +p1(9p1 +(I13q1 +a23a2 +p23p2 +QQ3q23

_ 9 i) i) d az(a1+hb1) o i)
Zs = bige; — gy + e~ Puag + i de 955 ~ P2og-

From |a; — as| + |b1 — ba| # 0 it follows that at least one of the diferences
a1 — ag and by — by is not zero. We can assume without loss of generality that
a1 — ag # 0. In this case the infinitesimal operators 7y, Zs, Zs, Z4, Zg, Z7 and
Zg are arcwise unconnected and

75 = MZ1+ XoZo + N33+ My Zy + N Zr,

where
N = asbipr — arbops + araz(ge — q1) Ny — —a1baqi + asbiga — biba(p2 — p1)
1 ag — aq s A2 ag — a b
_ bipr —bope —a1q1 + azqe o be—b _ —agby +a1be
A3 = , A= y A= ——.
as — a1 a2 — a1 a2 — a1

Since
Z1(A1) + Za(A2) + Z3(X3) + Za(Ma) + Z7 (A7) # 0,

it follows that a set of pairs (G1, G2) satisfying the condition (7) is not measur-
able under Gg and has not measurable subsets. Thus we establish the following
result:
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Theorem 2.1.1 Sets of pairs of skew nonisotropic straight lines of type
« is not measurable with respect to Gg and has not measurable subsets.

2.2 Some Crofton’s type formulas under Gg

The integral (6) of the system (5) is an absolute invariant of the set of the
pairs (G1, G2) with respect to the group Gs. Then we can introduce a density
for the set of the pairs (G1,G2)(a1,b1,p1,q1,a2,b2,p2,q2) of skew nonisotropic
straight lines of type « under Gg by the equality

aias + bi1bsy

®) d(G1,G2) = a1by — agb;

da1 A db1 A dp1 A dql A da2 A db2 A dp2 A dQQ.

Remark 2.2.1 We note that the quantity ¢ determined by

arby — agb; costp = aias + biby
Vol +b3y/a3 + b3 Vol +b3y/a3 + b3

is an absolute invariant of the pairs (G1,G2) with respect to the group Bél) of

9) siny =

the simply isotropic motions in I;_gl) and it is called the angle from Gy to Go [9;
p-45].
Replacing (9) into (8) we find another expression for the density:

(10) d(Gl, GQ) = |cotg¢| dai A dby Adpy A dgy A dag N dby A dps A dgo.

Let ¢; be the angle of the straight line G; with the horizontal plane Ozy.
Then [9; p.48]

1

i = ———.
a2+ b?

Let ¢1 and 5 be the isotropic planes [8; p.16] through G and G, re-
spectively, and denote J! = 1; N Oxz, J? = 1; N Oyz, i = 1,2. If x}, x7 are the
angles between G; and Ozz, Oyz, respectively, we have [8; p.48]

b;

N

(11)

a;

\/ag—l-b?

B b;da; — a;db;
a? + b?

(12) sinx; = siny? =

and therefore

(13) dx} = —dy? =
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On the other hand, the straight lines J} and J? are determined by the
equations
J' o= y=0,

)

J7,2 y:ﬂhx:()?

where
. ;g B bipi
a=pi——— Pi=a--_—
i a;
Then
dOzl A dOéQ
14 d(Jb, J}H) = ————=
( ) ( 1 2) (012 _ a1)2
and
dpy A dBz
15 d(J2, g3y = L=
( ) ( 1 2) (ﬂ? _ 51)2

are the densities for the pairs (Ji,J3) and (J?, J2) with respect to the groups
of the general similitudes in the isotropic planes Ozz and Oyz, respectively.
Putting (11), (12), (13), (14) and (15) in (10), we find

cotgp A? B? 1 1 2 72 1 1
16) d(G1,G9) = d(J;, Jo)NA(J7, J5)ANdxy Adxs Adoi Ad
(16) d(G1,G2) <p1<p28inx%sinx% (J1, Jo)NA(JT, J5) Ndx i Adxa Ndpi Adps
and
cotgp A? B? 1 71 2 2 2, 1.2
17) d(Gy,Gs) = - - d(Ji, Jo)Nd(J7, J3)Adx i Adx5Adp1 Adps,
(17) d(G1,Go) (Pl(PQS'LnX%SZ”X% (J1, Jo)NA(JT, J3) Adx i Adxa Adp1 Adps
where
A= ai(azq2 — bap2) — az(arqr — bipr),
B = —bi(azq2 — bapa) + ba(arqr — bip1).
Further, if we denote Q! = G; N Ozz, Q? = G; N Oyz, i = 1,2, then we
have ‘ ‘
Q%(_%—{_pla()?_%—i)a Q%(_%—{_p?a()?_%—;)a
Q%(()?_%_i_QD_%)? Q%(Ov_%+q27_%)'
Hence
(18) 51 = 6(@%7@%) = 62 = 5(@%7 %) =

biby’ a1az
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are the corresponding isotropic distances [7; p.12]. Replacing (18) to (16) and
(17) we obtain

tgip 6162
(19) (61, Go) = LT a3 MU TF) A dd A dxh din i
172
and
152
(20) d(G1,Ga) = |2 5| AL ) AU D) Wl Ao A d A
172

We can summarize the foregoing results in the following

Theorem 2.2.1 The density (8) for the pairs (G1,G2) of skew non-
isotropic straight lines of type a, determined by (2) and (3) can be written in
the forms (10), (16), (17), (19) and (20).

If we project the straight lines G; and G5 orthogonally on Ozy, we obtain
Crofton’s type formulas like to the ones in [3].

2.3 Measurability with respect to the groups B7,S7, W7, G7, V7,
G6,B6 and B5

By arguments similar to the ones used in the section 2.1 we establish the
measurability with respect to all the rest groups. We have the following results:

Theorem 2.3.1 With respect to the groups B7, W7 and V7 the set of
pairs (G1,G2) of skew nonisotropic straight lines of type « is not measurable
with respect to By but it has the measurable subset

a1az + 6152 b1, =h h = const
a2b1 — a1b2 ’
with the density
d(G1,Go) =

|a2|(a12 + b?)(hal + b1)2da1 Adby Adpy Adgr A das A dps A dgo
[(a2bih — aras — b2 — a1bih)(p2 — p1) — (a2 — a1)(arh + b1) (g2 — @1)]*

Theorem 2.3.2 With respect to the group S7 the set of pairs (G1,G2)
of skew nonisotropic straight lines of type a is not measurable but it has the
measurable subset

arag + biby I (a2 —a1)(g2 — q1) — (b2 — b1)(p2 — p1)

a2b1 — albg a2b1 — albg

= h’27
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where hq = const, hy = const, with the density

arhy + b;
(ag — a1)a3(af + b7)

d(G1,Gy) = day A dby Adpy A dgy A das A dps.

Theorem 2.3.3 With respect to the groups G7, Gg and Bg the set of
pairs (G1,G2) of skew nonisotropic straight lines of type « is not measurable but
it has the measurable subset

b b
~=h, —Z=h,
aq a9

where hq = const, hy = const, with the density
d(G1,Go) =

|a1a2|da1 A dp1 A dql A dag A dp2 A dQQ
[(a2 — a1)(g2 — q1) — (azh2 — a1h1)(p2 — p1)*

Theorem 2.3.4 With respect to the group By the set of pairs (G1,G2)
of skew nonisotropic straight lines of type « is not measurable but it has the
measurable subset

b b
L= hy, 2 =hy, (by—b1)(p2—p1) — (a2 — a1)(g2 — q1) = hs,
a1 an

where hy = const, hy = const, hg = const, with the density
1
aja3(az — a1)

d(G1,Gs) =

dai A dpr N dqr A dag N dps.
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