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Measurability of Sets of Pairs of Skew Nonisotropic
Straight Lines in the Simply Isotropic Space II

Adrijan V. Borisov! , Margarita G. Spirova?

The measurable sets of pairs of skew nonisotropic straight lines of type 3 and the
corresponding densities with respect to the group of the general similitudes and some its
subgroups are described. Also some Crofton type formulas are presented. Analogous problems
about sets of pairs of nonisotropic straight lines of type o have been treated in [13].
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3. Measurability of sets of pairs of skew nonisotropic straight
lines of type beta

3.1 Measurability with respect to Gg

Now let us consider a pair of skew nonisotropic straight lines of type
(G1,G9) determined by the equations

Gi:z=a1z+p1, y=bz+q, a; # 0,

21
(21) Ga:z = azz + po, y=Zbizt+q, a#0.

Under the action of transformations (1) from [13] the pair

(Gla GQ) (a'la blapla q1,02,pP2, Q2)



106 A. V. Borisov, M. G. Spirova
is transformed into the pair (G1’,G3’) (a1',b1',p1", q1', a2’ pa’, qo') as

ay = Kycr(ajcosp — bysing),

by = Kicr(aysing + bycosp),

Py = Kicr{[—c3a1 + c5(bip1 — a1q1) + cepi]cosp+
+[esbr + ca(bipr — a1q1) — ceqi]sing} + ¢,

¢) = Kicr{[—c3a1 + c5(bip1 — a1q1) + cep1]sinp—

(22) —[e3by + ca(bip1 — a1q1) — ceqi]cosp} + ¢,
at, = Kocr(agcosp — “zbl singp),
Py = Kocr{[—c3az + c5( 2;1 ) + cep2]cosp+
a201

ez 25 4 ey (22 py — azqa) — coga)sing} + c1,

) + cepa]sing—
2pe — azq2) — ceqe]cosp} + ca,

¢y = Kocr{[—c3az + c5(%
—les "2 +ea(2

’b

where K1 = (cqa1 + c5by + ) ™! and Ko = (cqas + 05% +¢6) 7L
The transformations (22) form the associated group Gy of Gy [9; p.34]
which has the infinitesimal operators

-0 4 90 — 0 4 0 — .0 0 0
Y= op1 + Op2? Y, = oq + g2 Y3 = A1 gp; +b13q1 +a23p2 +

_ 20 o) o) o) 2_0 o) b 0
Yi=aige +aibigy +aipig, +0ipig, + a25.; + ap2g,s + Crp2g,,

_ 9 20 8 9 a3h 9 azby
Ys = arbi 5 + bl g0 + a1qi 50 + hiqi g + 25+ asgo g + gy 0

= a1 0 0
YG =ax Oa1 + bl ob1 + a2 das?
Y7 =a15,- Ba +bl b, +Pig,; apl + Qg7 801 +a23a2 +p23p2 +Q2aq27

—p 9 _ 4 0 _ azby 0 _
Y =biggr — @15 + Qigpr — PLag + A ge; +d25,; — P2ag;

and it acts transitively on the set of parameters (a1, b1, p1,q1,a2,p2,q2). The
integral invariant function f = f(ay,b1,p1,q1,a2,p2,q2) satisfies the system of
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R. Deltheil [14, p.28], [9, p.11]

i(f)=0, Ya(f)=0, Y3(f) =0, Yi(f) + (4a1 + 3a2) f =0,

Y5(f) + (4by +3928) f = 0, Yo(f) +3f =0, Yo(f) +7f =0, Ys(f) + 2 f =0.
and has the form

h a?as(a? + b?)
(a1 — a2)*bi(p2 — p1) — ai1(g2 — q1)]*’

where h = const.
So we state the following

Theorem 3.1.1 The set of pairs (G1,G2) of skew nonisotropic straight
lines of type B determined by (21) is measurable with respect to the group Gg
and has the density

(23) d(G1,Go) =

atas(af + b7)
(a1 —a2)*[bi(p2 — p1) — ai(g2 — q1)]*

dai ANdby Ndpy ANdgy Adag Adps A dgs.

3.2 Some Crofton’s type formulas under Gg

Note that [8; p.45]

bi(p2 —p1) —a1(q2 — q1)

(24) a=

\/a% + b%
and
(25) = 1%

a9 wa%%—b%

are the distance and the angle from G; to G, respectively, from (23) we obtain

at

(26) d(G1, Ga) = statad(a? + b3)3

dai A dby Adpy A dgy N dag N dps A dgo.

Let G; be the orthogonal projections of G; into Ozy (i=1, 2). Then
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and

d(G1,Gs) =

BT @ (01 dp1 Adpy Aday — aybi dpy A dgy A day

(27)  —aibt dgi Adpa A day + a?b? dgi A dga A day — bt dpy A dps A dby
+a%b:1)’ dp1 ANdgs N dby + a%b:{’ dqi N dps A dby — a:{’b% dq A dgs N\ dby)

is the density for the pairs (G1,G2) in Ozy. We note that the plane Ozy is
Euclidean and d(G1,G3) is the density for pairs of parallel straight lines under
the group of the similitudes . By differentiation of (24) and (25) and by serial
exterior multiplication of (27) and dpy A pa, dp1 A qa, dpa A q1, dg1 N\ g2 we get

al+b?

d(G1,Go) = |00 da Ads Adpy Adps Ad(Gy,Ga) =

afblazstad

= [N o A ds Adpy A dgs A d(Gr, Ga) =

arbjasstal

(28)

2.2 N
— _4@ da AN ds Ndgi Ndpz Nd(G1,G2) =

arbjasstal

22 N
_ | ofediit da Nds Ndgqi A dgs A d(G1, Ga).

blazstad

Thus we establish the following

Theorem 3.2.1 The density for the set of pairs (G1,G3) of skew non-
isotropic straight lines of type B with respect to the group Gg satisfies the rela-
tions (26) and (28).

3.3 Measurability with respect to B~
Similarly to section 3.1 we establish the following

Theorem 3.3.1 The set of pairs (G1,G2) of skew nonisotropic straight
lines of type B is not measurable with respect to the group By but it has the

measurable subset
bi(p2 — p1) — a1(q2 — q1)

=h




Measurability of Sets of Pairs of Skew Nonisotropic Straight Lines II 109
with the density

a1a9

(a1 — az)*\/a? + a3

d(G1,G2) =

dai N\ dby A dpy N dgy N das A dps.

3.4 Some Crofton’s type formulas under By

It is easy to verify that

bi(p2 — p1) —a1(q2 — q1)
\/a%—l—bf

is an absolute invariant of the pairs (G, G2) under B;. For that reason we can
define the density for the set of pairs (21) by the equality
(29)

bi(p2 —p1) —a1(q2 — q1)
d(G1,Gs) =
\/a% +b%

By (24) we can write (29) in the form

f=

dai A dby Adpy A dgr A das A dps A dgo.

(30) d(Gl, GQ) = |a| da1 A dbl VAN dp1 VAN dql VAN dag VAN dp2 A dQQ.

Let G} and G? be the projections of G; into Oxz and Oyz obtained in a
parallel way to Oy and Oz, respectively. Then

Gl: z—az—p;=0, y =0, 1=1,2,
G?: y—bz—q =0, =0
G% Yy— bz —q=0, =0
and
1
araz(yt)*

is the density for the pairs (G}, G}) in the isotropic plane Ozz under the group
of similitudes of the second type [7, p.14], [12, p.189], where

(31) d(Gi,G3) =

day A dpy A dag N dps
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is the angle from G1 to G3.
If we denote Q! = G; N Oxz, Q? = G; N Oyz, i = 1,2, then we have

Q%(_U«_II);]L +p1707 _%)7 Q%(_a_};l@ +p2707 _a_ll]z)’

bia2

b b
Q%(O’_z_lfl +Q17—%)7 Q%(Oa_ 211)2 +CI27—Z_3)

and

5l =61(QL, QL) = bl(pZ—pl)—lll(‘D—‘h),

b1

(32)

52 = 62(Q2%,Q32) = a1(g2—q1)—b1(p2—p1)

are the corresponding isotropic distances [7, p.12]. By differentiation of (32)
and by exterior multiplication we get

(33) Aot A do? = 2—11 dgi A dgo.
Analogously,
2_ @ 1
- CLQb1 b]

is the angle from G? to G2 and consequently

1 al — a
4 2
(34) dyp® = b1 da; — p

ay
db; — —— das.
1 a%bl a2

Replacing (31), (33) and (34) into (30) we obtain

a bjas(yh)3
a

(35) d(G1,Gs) = d(GY,GY) A dy? A dst A do?.

Thus we establish the following

Theorem 3.4.1 The density for the set of pairs (G1,G3) of skew non-
isotropic straight lines of type B with respect to the group By satisfies the rela-
tions (30) and (35).

3.5 Measurability with respect to the groups S7, Wy, G7, V7, Gg,
Bﬁ and B5

By arguments similar to the used in the section 2.1 we find:
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Theorem 3.5.1 The set of pairs (G1,G2) of skew nonisotropic straight
lines of type B is not measurable with respect to the group By but it has the
measurable subset

bi(p2 —p1) — a1(q2 — q1)

\/a%-i-a%

=h, h =const

with the density

a1a2

(a1 — az)*\/a? + a3

Theorem 3.5.2 The set of pairs (G1,G2) of skew nonisotropic straight
lines of type B is not measurable with respect to the group S; but it has the
measurable subset

d(G1,Gs) = day N\ dby A dpy A dgy A das A dpo.

(a1 — a2)[bi(p2 — p1) — a1(q2 — q1)]
as(a? + b?)

=h, h=const

with the density

d(Gy,Ga) = | “

ag(al — (12)((112 T b12)2 day A dby A dp1 A dQ1 A dag A dpg.

Theorem 3.5.3 The set of pairs (G1,G2) of skew nonisotropic straight
lines of type B is not measurable with respect to the group Wy but it has the
measurable subset

(a1 — a9)
—————=="h, h=-const
agy/ a% + b%
with the density
d(G1,G2) =

1+ hy/a? + b?

= dai A dby Adpy A dgp A dps A dgs.

a3\/ai +bi[bi(p2 — p1) — a1(g2 — q)]*

Theorem 3.5.4 The set of pairs (G1,G2) of skew nonisotropic straight
lines of type B is not measurable with respect to the group G7 but it has the
measurable subset

b1
ai

=h, h=const
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with the density

d(G1,G2) =
5
a1
= day A dpy A dag A dgy N dpa N dgs.
as(ar — az) br(pa — p1) — ar(gz —q)t | PR A A A AR R AR

Theorem 3.5.5 The set of pairs (G1,G2) of skew nonisotropic straight
lines of type B is not measurable with respect to the group V; but it has the
measurable subset

(01 - a2)[bl(102 —;01) - a1(Q2 - C]1)]3
az(af + b7)?

=h, h=const

with the density
d(G1,G2) =

aS(1 — hy/a? + b2 pr—p —ai1(ga — g 3
_ | = hyfar 4 b7 )l 2 _ ) ~ale ~ 0] day Adby Adpy Mgy AdpaAdas.
(a2 +0})2

Theorem 3.5.6 The set of pairs (G1,G2) of skew nonisotropic straight
lines of type B is not measurable with respect to the group Gg but it has the
measurable subset

by _ a? a3 [bi(p2 — p1) — a1(q2 — q1)]
ay (a1 — ag)?

= ho,  hi,ho = const
with the density

d(Gl, GQ) = dai N dp1 ANdgy A dag A dps.

(a1 — a2)3

Theorem 3.5.7 The set of pairs (G1,G2) of skew nonisotropic straight
lines of type B is not measurable with respect to the group Bg but it has the
measurable subset

by bi(p2 —p1) —ai1(q2 — q1)
aq aq

= hg,  hi,ho = const

with the density
1

N

da1 A dpy A dgy A dag A dps.
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Theorem 3.5.8 The set of pairs (G1,G2) of skew nonisotropic straight
lines of type B is not measurable with respect to the group Gg but it has the
measurable subset

by _ bi(p2 — p1) —a1(q2 — q1)
- = hl, - h?a
al al1a9 al

ap — az

= hs,  hi,ho, hy = const
with the density

1
d(G1,Ga) = ‘m day A dpy A dgy A dp.

1&2
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