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On the Strong Davenport Constant
of Nonabelian Finite p-Groups

Vesselin Dimaitrov

For a finite group G, the strong Davenport constant D(G) is defined as the minimal
integer s such that, for any sequence of (not necessarily pairwise different) elements g1, ...,gs €
G, there exist indices 41 < -+ < iy with g;; --- g;, = 1. In the present paper, we use the theory
of modular group algebras and, for an arbitrary finite p-group G, we show that D(G) < L(G),
where L(G) is the Loewy length of F,G, i.e. the class of nilpotency of the Jacobson radical of
F,G, with the obvious equality when G is abelian. We prove the equality D(G) = L(G) also
when |G| = p® and p =3 (mod 4). Applying our methods, we prove our main result which is
the strong version of the Erdés-Ginzburg-Ziv theorem for arbitrary finite p-groups, answering
in the affirmative a conjecture of Olson in the special case of p-groups.
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1. Introduction

Davenport [3] posed the following problem which concerns the properties
of the zero-sum sequences in finite groups:

For a finite group G, what is the maximal possible length
D(G) that a minimal zero-sum sequence in G can have?

The initial motivation of Davenport was his discovery [3] that if K is an
algebraic number field and G is the ideal class group of K, then D(G) is the
maximal number of prime ideals (counting multiplicities) in the decomposition
of an irreducible integer in K.

The precise definition of the Davenport constant of an arbitrary finite
group G is given as follows. A zero-sum sequence in G is a sequence gi,...,¢gs €
G such that g1 ---gs = 1, where, as usual, 1 denotes the identity of G. Such
a sequence is called minimal if it does not contain proper nonempty zero-sum
subsequences. Then, the strong Davenport constant D(G) is defined to be the
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maximal length of a minimal zero-sum sequence in G. Equivalently, D(G) is the
minimal integer s such that, for any (not necessarily pairwise distinct) elements
gi,---,9s € G, there exist ordered indices ¢; < - <4y with g;; ---¢;, = 1.

The Davenport constant has been primarily investigated for abelian gro-
ups. We refer to [2] for a survey on the classical group-theoretic results in this
direction, as well as for applications in factorization theory in Krull domains. For
a discussion of the combinatorial aspects of the problem, see the survey article
by Caro [1]. There are two natural ways of generalizing the Davenport constant
to arbitrary finite groups, according to whether we are allowed to rearrange
the elements of the sequence, or we have strictly to follow their order. The
integer D(G) which we defined is a generalization of the second type, and will
be referred to as the strong Davenport constant. Similarly, the weak Davenport
constant of a finite group G is the least s such that, for any gi,...,9s € G, there
exist distinct indices 41, ..., with g;, --- g;, = 1; we shall denote it by Dy(G).

In what follows, we fix an arbitrary prime p. Olson [6] proved that if
G = Ziper @+ - - @ ZLpe, is a finite abelian p-group, then D(G) = 1+ 37, (p® — 1).
Following an idea of Troi and Zannier [8], we propose the following general-
ization of Olson’s result to the case of arbitrary p-groups. Let G be any (not
necessarily abelian) finite p-group. The Jacobson radical J of the group algebra
F,G coincides with the augmentation ideal and is nilpotent. Its nilpotency class
is called the Loewy length of F,G. We shall denote it by L(G).

Theorem 1. Let Sy,...,S; be sets of nonnegative integers such that,
for each i = 1,...,k, the elements of S; include 0 and are pairwise different
modulo p. Suppose that
(1.1) > (81 =1) > L(a).

1<j<k

Then, for arbitrary elements g1,...,qg; € G, the equation gi*---gi* =1 has a
solution (x1,...,xzx) € Sy X -+ x Sk different from the trivial solution (0,...,0).

By setting k = L(G) and S; = {0, 1} for 1 <14 < k, we obtain immediately
the following important corollary.

Corollary 1.  The strong Davenport constant D(G) of any finite p-
group does not exceed the Loewy length of F,G.

Corollary 1 generalizes Olson’s theorem for G = Zpe, @ - - - @ Zper because
the lower bound D(G) > >7%_;(p% — 1) is obvious, and a classical result of
Jennings [5] (see Lemma 2.1 below) easily implies that L(G) = 1+375_ (p% —1).
The estimate D(G) < L(G) is the best possible upper bound of the Davenport
constant of a finite p-group that can be extracted from the theory of modular
group algebras. It seems plausible to conjecture that equality does hold for all
finite p-groups:
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Conjecture 1. For all finite p-groups G, the strong Davenport constant
is exactly equal to L(QG).

We were not able to construct a sequence of length L(G) — 1 and with no
zero-sum subsequences in the general case, although we verified the conjecture
in certain non-abelian cases, most notably when G is the non-abelian group of
order p® and exponent p > 3, and p =3 (mod 4). In Section 4, we discuss this
problem, and describe some phenomena suggesting that there is no universal
parametric construction even in the simplest non-abelian case when |G| = p?.

Our main result is an application of Corollary 1 in a contribution to
a well-known conjecture of Olson concerning the strong version of the Erdds-
Ginzburg-Ziv theorem for arbitrary finite groups. Olson [7] proved in 1976 that
if G is a finite group of order n, then from any 2n—1 elements of G one can choose
and rearrange some n elements whose product is 1. He further conjectured that
the chosen elements can strictly follow any initial arrangement, but this is not
known even for soluble groups. In this paper, we prove Olson’s conjecture in
the case of all finite p-groups. In fact, we establish a more precise result:

Theorem 2. Let G be any finite non-cyclic p-group of order n, and let
s > (1 + 2%1)77, — 1 be an integer. Then, for any s elements g1,...,g9s € G,
there exist n ordered indices i1 < --- < iy, such that g;, -+ - g;, = 1. Furthermore,
for any € € R, the constant (1 + 2%§—l>n — 1 may be replaced by (1 +&)n — 1,
provided that the rank r of the Frattini factor G/®(G) satisfies 1+ (p—1)r < ep”.

By using a well-known multiplicative method, we deduce the following
result that deals with the weak version of the Erddés-Ginzburg-Ziv theorem for
soluble groups.

Corollary 2. Let G be a soluble group of order n. For each prime p|n,
let v be the rank of the Frattini factor H/®(H) for a Sylow p-subgroup H of G.
Let s > (143, rp/p"?~1)n be an integer, and consider s elements g1, ..., gs €
G. Then, there exist n distinct indices i1,. .. ,i, such that g;, g, - - gi, = 1.

Finally, as another application of our methods, we establish in Section 5
a result concerning orthogonality problems in finite-dimensional vector spaces
over [f),.

2. Preliminaries

Let G be a finite p-group, and denote by J = J(F,G) the Jacobson radical
of F,G. Since F), is a field of characteristic p and G is a p-group, J is equal to
the augmentation ideal span {g —1|g € G} of F,G. The Jacobson radical of
any finite-dimensional algebra is nilpotent. The nilpotency class of J is known
as the Loewy length of F,G, and will be denoted by L = L(G) throughout the

paper.
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We fix some standard notation. Throughout the paper, [g,h] = g~ *h~1gh
is the commutator of g,h € G; [Hi, Hs] is the subgroup of G generated by
[hi,hs], where hy € Hy,hy € Hy and Hy, Hy are subgroups of G; (---) is the
subgroup of G generated by ---; S = {a"|a € S} for an arbitrary set S.
Also, it will be convenient to denote J° = F,G. We shall make use of the
Brauer-Jennings-Zassenhaus M-series [5], defined by My = M;(G) = G and, for
kE>1, My = M(G) = ([Mk_l,GLMF@M); note that Mj is a normal subgroup
of My_1, and that My(G) = ®(G) is the Frattini subgroup of G. Recall the
following classical result.

Lemma 2.1. (Jennings [5])

1. My, ={g € Glg—1 € J*} and M}, /My is an elementary abelian p-group.

2. Let My/Miy1 = (friMp11) @ -+ @ (fra, Mr+1). Then J" has a basis

modulo J"t1 consisting of all products []>q Hflil(fki — 1)*:i such that
0 < a <pand . koag; =n. In particular,

(2.1) St dim S T = T[ (1 +# 4 4 P04
i>0 j

and the Loewy length of FyG equals L(G) = 1+ (p — 1) 3, jd;.

We will need the following easy lemma, a variant of which appears in [8].

Lemma 2.2. Let p be a prime number, and consider 0 = ko < k1 <
.-+ < kg such that no two of the numbers k; (0 < j < s) are congruent modulo
p. Then, there exist coefficients ag = 1,a1,...,as € Fy such that the polynomial
S pajati € Fyla] is divisible by (1 — x)°.

Proof. By formal differentiation, the condition that (1 — x)® divides
1+ 2;21 aja:kf is equivalent to the following system of s linear equations in s
variables aq, ..., as:

alklg—f-agkg—f----—}-askg = -1
atkt + agks + -+ agkk = 0
mE + agki— 4 - aki— = 0,

where, as usual, 2 = z(x — 1)--- (z — m + 1) is the lowercase factorial. By
Cramer’s formula, it suffices to show that the matrix

k... ks
(2.2) M := : :

s—1 s—1
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has a nonzero determinant over F,, which follows from the formula

det M = J[ (kj— ki)
1<i<j<s

and from the assumption that kq,..., ks are pairwise distinct. The proof is
complete. -

Lemma 2.3 Let G be a finite group such that G/®(G) is cyclic. Then,
G is also cyclic.

Proof. It is well-known that ®(G) is the set of non-generators of G, i.e.
the set of all h € G such that, for a subset X C G, (X, h) = G implies (X) = G.

By assumption, G/®(G) = (¢®(G)) for some g € G. Let X C G be such
that (X,g) = G, and consider an arbitrary element and z € X. Then, x may
be written as z = ¢g'h with h € ®(G), so (g,h, X \ {z}) = (9,2, X \ {z}) = G.
Since h is a non-generator, it follows that (g, X \ {z}) = G. Now, starting with
X = G and successively deleting elements of X, we obtain that G = (g) is cyclic,
proving the lemma. u

Lemma 2.4. Let G be a finite p-group of order n, and let r be the rank
of the (abelian) group G/®(G). Then,

I+(p—-1r
L(G) < Tn

Proof. Clearly, r = dy = rank My/M>. Suppose that L(G) > en, where
n = |G| and € > 0 is fixed. Let S be the set of indices i for which d; # 0. Then,
S is finite, and let S = {i; <9 < --- <4y }. Since d; =0 for 7 ¢ S, we have

n = pzi21 di _ pdz‘1+---+dim .
For 1 < j < 'm, consider the set A; = {ti; |0 <t < (p—1)d;, }.

Since L(G) > en, we have dim J?/J"+1 > 1 for 0 < i < en. On the other
hand, by Jennings’ Dimension formula (2.1), dim.J?/J**! > 1 implies that i is
expressible under the form 7 = s; +--- + s, with s; € A;. We conclude that
each integer x satisfying 0 < x < en belongs to the set A; +-- -+ A, of all such
sums $1 + -+ + 8,. In particular, |[A; + -+ + Ap| > en, so

(2.3) eplin o dim <Ay 4ok Ay < A1) | Al

It is clear that 1 € S, i.e. i1 = 1. Using (2.3), the equality |A;| =1+ (p — 1)d;
and the inequalities |A;| < pd;, for j > 2, we get that

(2.4) ep™pl e H b < (14 (p - D) )di, -+ di

m
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By the obvious inequalities pdii_l > d;; for j > 1, we get that ¢ < ﬂg:ﬁ,
implying the desired inequality L(G) < H(z—r—l)rn. [

3. Proofs of the main results

In this section we present proofs of Theorem 1, Theorem 2 and Corol-
lary 2.

Proof of Theorem 1. Let S; = {kio = 0,ki1,...,kis;}, 1
i < k. By Lemma 2.2, for each i € {1,...,k}, there exist elements a;y
1,a1,...,a;s € F,such that

> aiahi = (1= ) filz)

0<5<s;

I IA

for some polynomials f; € Fp,[x]. This implies that

(3.1) > aijg? =1 —g)¥L
0<j<s;

where I; = f;(g;) € FpG. Now, consider the element

(3.2) I:= H ( Z aijgf“>

1<i<k  0<j<s;

of the group algebra F,G. By (3.1), we have I € J51 75k where J = J(F,Q).
But, by assumption, we have s + -+ + s, > L(G), so J511 5% = (), implying
I = 0. On the other hand, by expanding (3.2) to its normal form and using that
alg = -+ = agg = 1, we have

(3.3) I=1+ b(z)gi'gs% - gp*

for some coefficients b(z), where the sum is over all x = (z1,...,2) € Sy X -+ X
Sk,xz # (0,...,0). Since I = 0, it follows that the sum in (3.3) has a nonzero
contribution to the identity of GG, for otherwise the coefficient of 1 in I would be

1 # 0. Therefore, some equation of the form gi'g3? - -+ g;* = 1 has a non-trivial
solution (z1,...,xzx) € S1 X -+ X Si, completing the proof. n

We now proceed to the

Proof of Theorem 2. Remark that L(G®H) = L(G)+L(H)—1 for
all finite p-groups G, H. This is straightforward to prove, but we just note that
it follows immediately from the formula for L in Lemma 2.1, since My(G® H) =
M(G) & My (H). By Theorem 1, we have

D(G@®H) < L(G® H) = L(G) + L(H) — 1.
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In view of the obvious inequality L(H) < |H|, we have
(3.4) D(Geo H) < L(G) + |H| - 1.

Now, choose H to be the cyclic group of order n = |G|. Embed G into
E = G @ H, and consider arbitrary elements gi,...,gx1n_1 € G, where k =
L(G). Fix a generator x of H, and consider the sequence zgy,...,zgpin_1 € E.
By (3.4), D(F) < k+n—1, so the latter sequence has a zero-sum subsequence. In
other words, there are ordered indices i1 < --- < 4; such that (zg;,) - - - (zg;,) = 1.
Since z commutes with each g;, this is equivalent to z(g;, - - -gi,) =1, s0 =1
and g;, ---g;, = 1. But = has order n, so n|l which, in view of I <k+n —1 <
2n — 1, gives | = n. Therefore, we obtain the existence of exactly n ordered
indices 41 < .-+ < 1, with g4, ---¢;, = 1.

Since G is non-cyclic, Lemma 2.3 implies that rank G/®(G) > 2. By
Lemma 2.4, we have k < 2%171, giving k+n —1 < (1 + 2%)71, — 1, and the
first part of the theorem follows immediately from the above argument. For

the strengthening, note that k£ < en implies that the constant (1 + 21;51)71 -1
may be improved to (1 + €)n — 1, and the assertion follows immediately from
Lemma 2.4. ]

Proof of Corollary 2. For a finite group H, let f(H) be the least
s so that, from any s elements of H, one can choose and arrange exactly |H|
elements multiplying to 1. If H <@, it is straightforward to observe the following
inequality:

(3.5) (@) < f(H) + [H|(f(G/H) = 1).

Let n = pﬂ“ - p¥ be the prime factorization of n. By Hall’s theorem, p1, ..., p;
can be numbered in such a manner that there exists a subnormal series

G=G>G >-->G=(1)

satisfying |G;_1 /G| = p¥ for i € {1,...,s}. By Theorem 2 and the assumption
on the Sylow p;-subgroups of G, we have f(G;_1/G;) < rpz.pfi/p;"_l, and the

desired inequality f(G) < (14+ 3 7p,/ p:p i_l)n follows by successive applications
of (3.5). n

4. Lower bounds on D(G)

Unlike in the case of arbitrary abelian groups where we have trivial lower
bounds, the difficulty in proving the conjecture D(G) = L(G) is the construc-
tion of an appropriate sequence of length L(G) — 1 with no zero-sum ordered
subsequences. In this section, we provide such a construction in some particular
cases, present some heuristic arguments in favor of the conjecture, and discuss
the difficulties in the general situation.
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There are only two non-isomorphic non-abelian groups of order p*. For
p = 2 these groups are the dihedral group Dg of order 8 and the quaternion
group Q. For p > 2, one of the non-abelian groups of order p? is of exponent p?
and the other is of exponent p.

Start with the following very simple observation.

Proposition 5.1.  If Dg is the dihedral group of order 8 and Q is the
quaternion group of order 8, then Conjecture 1 holds, i.e. D(Dg) = D(Q) = 5.

Proof. By Corollary 1, we have D(Dg), D(Q) < 5, and it suffices to give
examples of sequences in Dg and @) of length 4 with no zero-sum subsequences.
It is well-known that Dg has the following presentation:

Dg = {(a,b|a* = b =1,[a,b] = a?).

Then, the sequence a, a, a, b obviously has the required properties. Similarly, Q
has the presentation

Q:<a7b|a4:17[a7b] :a’2:b2>7

and the sequence a, a, a, b satisfies the requirements. [

A similar observation easily yields Conjecture 1 in the case when G is
the non-abelian group of order p* and exponent p?, p > 3. Far more interesting
is the case when G is the non-abelian group of order p? and exponent p. We
provide the following construction in the case p =3 (mod 4):

Theorem 3. Letp=3 (mod 4) be a prime and G be the non-abelian
group of order p> and exponent p. Then, D(G) = 4p — 3.
Proof. It is well-known that G has the following presentation:

G = {(a,b,cla? =P =P =Ja,c] =[b,c] =1,[a,b] =c).

By Corollary 1, we have D(G) < L(G) = 4p — 3, so it suffices to prove the lower
bound. We claim that the sequence

(p—1) xabc?, (p—1) x ab®?, (p—1) xb~', (p—1) x a ‘bc™/?

has no (ordered) zero-sum subsequences; here, the fractional exponents are re-
duced modulo p, i.e. £1/2 and 3/2 are, respectively, 2P~2 and 3-2P~2 modulo
p. Suppose that it has some zero-sum subsequence S. Then, S is of the form
S =z xabcl/2y x abPP?,z x b=t x a~tbe /2, where 0 < z,y,2,t < p are
not all zero. Therefore, (abc'/2)%(ab?c?2)Y(b=1)%(a  be1/2)t = 1. A direct
computation shows that this is equivalent to

2 2_42 O _ —
& +3y°—t°+2xy—2xt 6yt+2ztaz+y tba:—l—?)y z+t _ 1.
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Therefore, in F, we have the following system in z,v, 2, t:

z+3y—z+t = 0
z+y—t
22 4+ 3y? — 1?2 4+ 22y — 22t — 6yt + 22t = 0.

I
o

By expressing z and ¢ from the first two equations and replacing in the third,
we obtain that
2% 4+ 2% + 2zy = 0,

which implies z = y = 0, since the quadratic form 22+ 2y?+2zy has discriminant
—4 which is not a quadratic residue in F, as p =3 (mod 4). Therefore, x =
y =z =t =0, a contradiction, proving the claim. |

In fact, by the proof of Theorem 3 and by the fact that there does not
exist an universal ¢ € Q which is a quadratic non-residue modulo all sufficiently
large primes, a sequence of the form

(p—1) x a®™ b, . (p—1) x a®bP1e

with ay, G;,7i € Q cannot give a construction for all primes p to complete the
proof of the Conjecture for all groups of order p3. Moreover, it is easy to see
that no partitioning of the primes into residue classes (as we did for p = 3
(mod 4)) can be done to give a construction in finitely many steps. Therefore, a
construction of the form (p—1) X g1,..., (p—1) X g4 is specific for each prime p,
and would require one to introduce a symbolic non-residue v modulo p so that the
problem can be solved. For more complicated groups G, the situation becomes
much more difficult to parametrize. In view of a similar observation to the above,
the approach of applying induction on |G| and deducing a construction for G
from a construction for the commutator subgroup G' = [G, G| seems hopeless.

5. An application: Orthogonality problems in
finite-dimensional vector spaces over F,

As the final part of the proof of Theorem 2 shows, we can study properties
of zero-sum sequences in finite abelian p-groups by considering an appropriate
embedding into a larger group. This section is intended to provide an example of
a result, obtained by embedding an abelian p-group into a non-abelian p-group
with easily computed Loewy length of its F,-algebra; this result is inaccessible
through abelian embeddings.

Let p be a prime. Consider a vector space V over F, with dimV =d <
oo, and let wq,...,wy be a fixed basis of V. Let us write 1 = Z?Zl w;. As
usual, if z = xywy + -+ + Tgwg,y = Yywy + -+ + yqwg € V, we denote by
Ty =1x1y1 + - + zqyg the dot product of x and y. Two vectors z,y € V are
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orthogonal if their dot product is zero, i.e. = -y = 0. Also, for the subspace
U = Uy of V spanned by {w; |i € I} for a given set of indices I C {1,...,d},
the projection of x = xywy + -+ + zqwg in U is the vector ) ,; z;w; € U, and
will be denoted by 7(z) = 7y ().

A set S C V of pairwise orthogonal elements of V' will be referred to as
an orthogonal set (with respect to V'); note that an orthogonal set with respect
to V' is not necessarily an orthogonal set with respect to a given subspace U of
V. An interesting combinatorial problem is to determine the minimal possible
dimension of V' so that each sufficiently small set of vectors in V' is projected to
an orthogonal set in some nontrivial subspace of V. In this direction, we observe
the following result that follows immediately by Olson’s p-groups theorem [6],
together with an appropriate embedding of Zj, in some larger abelian p-group.

Theorem 4. Let p be a prime and r be a positive integer. Consider
a vector space V' over Fy of finite dimension at least 1 + (p — 1)(’";1), and let
vg = 1,v1,...,0, be v+ 1 vectors in V. Then, there exists a nontrivial subspace

U =Ur of V such that {my(vo),...,my(v,)} forms an orthogonal subset of U.
Proof. Consider the group G = Z;, and let G = (a1)®- - -®(a,). Embed

G into the group
E=Go( @ (ay)),
1<e<y<r
(1)
where a; ; has order p, 1 <i < j <r. Clearly, E = Z * ’.
Now, suppose that the dimension of V is d > 1+ (p — 1)("$"), and let

vi= > zijw,1<j<r
1<i<d

Consider the elements
x Tsg iTg 5
pomd e [ ay1<a<d
1<e<y<r

These elements form a sequence in G of length d > 1 + (p — 1)(T_QH) = D(E),

so there exist some indices 7; < --- < 4} with ¢;, ---¢;, = 1. It is then easy
to see that the non-trivial subspace U of V' spanned by {w;,,---,w;, } satisfies
7y (vi) - my(vj) =0 for 0 <4 < j <r, proving the claim. n

The dot product is a symmetric bilinear form defined by the identity d x d
matrix. We can define a bilinear form using any fixed matrix with entries from
F,. For example, using the upper triangular matrix with zero diagonal and all
entries from the upper corner equal to 1, we define the product

TxY = Z TilYjs
1<i<j<d
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where = Y4, zjw;,y = 2L, y;w;. Clearly, we have the identity
(z-D)(y-1)=xz*xy+z-y+y*x.

The following result is similar in concept to Theorem 4, but cannot be
handled directly by Olson’s p-group theorem.

Theorem 5. Let p be a prime and r € N, and consider a vector
space V over T, of finite dimension at least 1+ (p — 1)r%. Then, for any r
vectors vi,...,v, € V, there exists a non-trivial subspace U of V such that
their projections my(v1), ..., 7y (vy) in U are orthogonal to 1, and satisfy m(v;)*
m(vj) =0 for 1 <i<j<d.

Proof. Consider the group

G =(a1,...,ar;bij | al = V¥, = [ag, biz] = [bre, bis) = 1, [as, a5] = bj;"),
where 1 < i < j < r,1 <k <1 < r. This is the factor group of the free
nilpotent of class 2 group freely generated by aq,...,a,, modulo the relations
a? = [ai,a;]P = 1. This is a group of exponent p and order pH'(Q) = p(T;rl)

A direct computation easily gives the M-series of G: we have M;(G) =
G, My(G) = @, ;(bij), and My(G) = (1) for k > 3. Therefore, d; =r,dy = (3),
and dy, = 0 for k > 3. Hence, L(G) = 1+ (p—1)r?, giving D(G) < 1+ (p—1)r2.

Suppose that V has dimension d > 1+ (p — 1)r2, and let

vi= Y w1 <j<r
1<i<d

Consider the elements

gs:=a;” --afr € G,1<s<d.
They form a sequence in G of length at least D(G), so there exist ordered indices
ih < -+ < i with g;; ---g;, = 1. Let U be the (non-trivial) subspace of V'

spanned by {wj,,...,w;, }. For z € V, let n(z) = ny(z). A direct computation
then shows that

1. . 4 j
]_ fond 911912 PPN gzk — a’]_ ﬂ-(?}l) P a% 7T('Ur) H bZ(U )*71'(1)]).
1<i<j<r

Therefore, 1 - m(v;) = w(v;) xw(v;) =0 for 1 <4,5,1 <d;i < j, which is exactly
what we needed to show. ]
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