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A Necessary Condition for the Existence
of Arcs and Codes

Assia P. Rousseva

In this paper, we prove a simple necessary condition for the existence of arcs with
given parameters in the finite projective geometries PG(k,q). This result is applied to rule
out the existence of certain arcs and linear codes.
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1. Introduction

A multiset in PG(k — 1,q) is a mapping K: P — Ny, where P denotes
the pointset of PG(k — 1,q). The integer K(P) = > pcp K(P) is called the
multiplicity of the point P. For any Q C P, we set K(Q) = Y pco K(P). A
point of multiplicity ¢ is called an i-point; i-lines, i-planes etc. are defined in a
similar way. A multiset I in PG(k — 1,q) is called an (n,w,k — 1, ¢)-are, or an
(n,w)-arc for short, if (a) K(P) = n; (b) for every hyperplane H in PG(k—1,q),
K(H) < w, and (c) there exists a hyperplane Hy with K(Hy) = w.

It is known that the existence of (n,n—d) arcs in PG(k—1, q) is equivalent
to that of linear [n, k, d], codes of full length (i.e. no coordinate is identically 0)
[2, 8]. Thus the problem of the construction of arcs has a clear coding-theoretic
relevance. In this note we prove a combinatorial necessary condition for the
existence of arcs with given parameters. Furthermore, we apply it to rule out
the existence of certain arcs and codes that are listed as undecided cases in [3,
10]. We refer to [4, 5, 9, 11] for further results on linear codes and sets of points
in finite geometries.

Let K be a (n,w)-arc in PG(k — 1,q). We denote by v;(K) the maximal
multiplicity of an i-dimensional flat in PG(k —1, q), i.e. v;(K) = maxs K(J), i =
0,...,k — 1, where 0 runs over all i-dimensional flats in PG(k — 1,¢q). If K is
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clear from the context we write ;. The following lemma, which is proved by a
straightforward counting (cf. [10]). Set ¢; = (¢* —1)/(q — 1).

Lemma 1.1 Let K be an (n,n—d;k—1,q)-arc, and let II be an (s —1)-
dimensional flat in PG(k — 1,q), 2 < s < k, with K(II) = w. Then, for any
(s — 2)-dimensional flat A contained in 11, we have

n—w

K(A) < v5-1(K) — 1

Denote by a; the number of hyperplanes H in PG(k—1, q) with KX(H) = i,
i=0,1,..., and by A; — the number of points P from P with I(P) = j. The
sequence (ag,a1,...) is called the spectrum of K.

2. The necessary condition

Theorem 2.1. Let K be a (n,w)-arc in PG(k — 1,q). Assume there
exists a hyperplane H such that the restriction of K to Hy has spectrum (a;)i>o-

Let @
9 (w— K(H;”)
- J

where § runs the (k — 3)-dimensional subspaces in Hy and H,,gé), 1=0,1,...,q,
are the other hyperplanes in PG(k — 1,q) through §. Then

(1) Zdﬂ?j + (w - S(HO)> > (gj) ¢k —n(w — 1)g—1 + (Z) P2+

& Yo 7;
q 2. Z <2> A

=2

Proof. Denote the spectrum of K by (a;). Simple counting arguments
yield the following identities:

w k
q" —1
(2) a; = )
2=y
w k—1
. g -1
(3) ia; = n- ———0,
SR
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Y (i n\ ¢ 2-1 X (i
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i=2 i=2
In (2) we count all hyperplanes; in (3) we count all flags (P, H), where P is a
point and H is a hyperplane incident with P; in (4) we count all flags (P, Q, H),
where P and @) are points and H a hyperplane incident with P. Taking a
suitable linear combination of (2-4), we obtain:

2w — i w n -/,
(5)Z< 9 >ai = <2>¢k —n(w —1)¢g_1 + <2>¢k_2+qk_2~z <2>)\i.

=0 1=2
The sum on the left-hand side can be written as > 5 (w_g(H))
over all hyperplanes of PG(k — 1,q). Now we have

5 <w - ;qH)) _ vy <w - K;Hﬁ“)) . <w - /;(H@)

, where H runs

H 0:0CHg i1=1
. w — K(Ho)
< Do dmi+ ( 5 :
J
which implies the desired inequality. ]

Remark 2.2. If K is projective, the numbers A;, ¢ > 2, are all zero.
Hence the right hand-side of the sum in (1) depends only on the parameters of
the arc and can be viewed as a constant. For non-projective arcs, we can bound
the numbers \; using additional arguments and still get a constant in (1).

3. The nonexistence of some arcs in PG(4,4)

First we prove the nonexistence of (66, 18) and (65, 18)-arcs in PG(4,4).
For a hypothetical (65, 18)- or (66, 18)-arc we have by Lemma 1.1 vy = 2, v; = 3,
v2 = 6 and 3 = 18. In addition, Ao = 0 or 1.

Lemma 3.1 Let K be a (66,18)-arc in PG(4,4). Then a; = 0 for
i=0,1,...,13.

Proof. Solids with 0, 1, 2 or 10 points are violated by Theorem 2.1.
Here, we prove only ajgp = 0. Assume Hj is a 10-solid. Then Ky, is a (10,4)-
arc. Hence its spectrum is one of the following [1]:

(6) Go = 5,d1 = 20,dy = 15, d3 = 20, d4 = 25;

(7) Go = 6,d; = 16,ds = 21,a3 = 16,44 = 28.
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The right-hand side of (1) is 1848 if Ay = 0 and 1912 if Ay = 1. Further we have
na =0,m3 = 6,1m2 = 28,1 = 34,m0 = 56.

Now we get a contradiction to (1) for both spectra (6) and (7). The rest follows
by Lemma 1.1. ]

Theorem 3.2 There exist no (66,18)-arcs in PG(4,4). Equivalently,
there exist no [66,5,48]4 codes.

Proof. By Lemma 3.1, a hyperplane has 14, 15, 16, 17 or 18 points.
Assume Hj is a hyperplane with 14, 15 or 16 points. Then Ky, is an extendable
cap by [13] and, therefore, it has an empty plane, = say. If H;, 1 = 1,...,4,
are the other solids through m, we have 66 = Y.\ K(H;) — 4 - K(x) > 70, a
contradiction. Hyperplanes with 17 points are ruled out in the same way. Now
we have that every hyperplane has 18 points which is impossible by (3). [

Corollary 3.3 There exist no (65,18)-arcs in PG(4,4). Equivalently,
there exist no [65,5,47]4 codes.

Proof. As above, we can rule out the existence of hyperplanes with 0,
3,4,6,7,8, 11, 12, 15, and 16 points. Now the result follows by Hill’s extension
theorem [6, 7, 12] and by Theorem 3.2. n

Using the same technique, one can prove the following new results.

Theorem 3.4 There exist no (44,13)-arcs in PG(4,4). Equivalently,
there exist no [44,5,31]4 codes.

Theorem 3.5 There exist no (84,23)-arcs in PG(4,4). Equivalently,
there exist no [84,5,61]4 codes.

Theorem 3.6 There exist no (81,22)-arcs in PG(4,4). Equivalently,
there exist no [81,5,59]4 codes.
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