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In this paper we investigate Sobolev type spaces denoted by EZF (s € IR, p € [1,+o0])
associated to the Bessel-operators L, = ddT—QQ + 20‘;1%, on IR;. We develop some basic
properties of Sobolev spaces HS obtained for p = 2 and stress out on the very important
Sobolev imbedding and the corresponding compact imbedding which allows Reillich’s theorem

and Poincaré’s inequality.
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1. Introduction

The theory of classical Sobolev spaces on IR™ [1] has been generalized on
different measurable spaces using their corresponding Lebesgue spaces ([2], [7]).
In this work, using the Fourier-Bessel transform, we define and study Bessel-
Sobolev type spaces Eq” (s € IR,p € [1,4+00]) on IR;. We recall that for a
suitable function f : [0,c0[— C, the Fourier-Bessel transform of f is defined

by ([8], p.15):

$2a+1d$

1) F(HN) = /O " jalM)f (2)dma(z), where dma<x)=m=

and j, is the normalized Bessel function of first kind and order a [9]. The
Fourier-Bessel transform is an isomorphism from the Schwartz subspace S (IR)
consisting of even functions into itself ([8], p.127). We denote by L (o > )
the operators

> 2a+1d
2 L, = — —_
) G da? r  dzr’
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and we recall that they satisfy the following properties [8].

1) Lo(Ga(z))) = =A2jo(z)), for all 2, A > 0.

2) For a suitable function f we have

F(Laf)N) = =N2F(£)(N)  and  La(FF)(N) = F(—a2f)(N).

The Bessel-Sobolev type spaces Eq” (s € IR and p € [1,4+00]) are given by :
B ={T € S{(IR); (1 + €2)°F(T) € L¥(dma) }

where S’ (IR) is the space of even tempered distributions on IR. It has been
proved in [7] that the Bessel-Sobolev type spaces Eq” endowed with the norm
Il gse = 1|1 + €)*F(.)||am, are complete and that S,(IR) is dense in E”
(p € [1,+o0]). It is also shown that the inclusion map E5” C EPis >t
is continuous.

In this work, we introduce the spaces HS (s € IR) obtained for p = 2 and
establish a compactness type imbedding result, as well as a Reillich’s theorem
which allows to a Poincaré’s inequality on these spaces.

Finally, we mention that C' will be used to denote a constant which may
vary from line to line.

2. Preliminaries

Let a > —1 be a fixed real number. We equip the space [0, co| with the
measure dmg(z) and by LP(dma) we denote the corresponding Lebesgue spaces
endowed with the norms

lirams = (/0 If(ﬂf)lpdma(w));; 1 <p< +oo,

[fllzoo(@ma) = esssuplf(@)].
x>0

The generalized translation operators T (x > 0) associated with Bessel-operators
are defined for a suitable function f by ([8], p.93)

o Fla+1 " . o
> fy) = \/E(FCET—F)%)/O f(\/x2+y2+2xycos0) (sin 0)%*d6

and they satisfy the following properties:
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1) [T2a0)] () = jaO2)jaO),  for all 2,, A 20

2) For all f in LP(dmy,), TS f belongs to LP(dmg) and satisfies the following
inequality : ([8], p.94)

173 f (W zedma) < 1F 1l 2r(dme)-

3) For all f in L'(dm,), we have

F(T7f)(A) = ja(Az)F(f)(A),  for all A,z > 0.

4) For all f € S,(IR), T2 f is given by ([8], p.93)
(3) TXf(y) = / FEOWo(z,y, )2 dt, for all z,y > 0,
0

where Wy (x,v,.) is a kernel supported by [|z — y|, z 4+ y] and satisfying

o
(4) / Wa(z,y, t)t? Hat = 1.
0

The convolution product of a pair of functions f and g is given by ([8], p.97)

(5) froto) = [ T f (g dmaly).

It has been proved in [8] that for all p > 1, LP(dm,,) is dense in S, (IR). Hence,
for all ¢ € LP(dmy) and f € Si(IR), < ¢, f > means the value of ¢ € S,(IR)
on f and it is given by :

< f 5= /0 " p(@) f@)dma(z).

It might be observed that a long list of properties of the classical distributions
in JR" remains valid also in our context.
Let us now give some notations that will be used. For all m € IN and

f € C*(IR) we denote by
o (f) = sup [(1 +x2)p(i)qf(a:) where 4 _1d

m q,pggn daz? dz?  xdx’

x>0

e C°(IR) the subspace of C*(IR) consisting of even functions.
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Now, using the properties of the operator pre) given in [8] we obtain the
x

following characterizations :
o CX(R)= {f {R—C [ (3)" <f) € CH(IR), Yk € JN}.
o S.(R)= {f € CO(IR) /ym(f) < co,¥m € JN}.
In what follows we give some general properties which may be easily ver-

ified by using the different properties of the Bessel-Fourier transform and the
convolution product associated with Bessel operators [8].

P1) For all m € IN and p € [1,00]. The Sobolev-Bessel type space Eq**
is consisting of the tempered distributions T’ € S} (IR) such that F [(—Lq)?(T)]
belongs to LP(dmy,), for all j € {0,1,...,m}.

P2) Let s € R, p € [1,00[, p € S.(IR) and T € E;”. Then ¢T belongs

to Ea*. Moreover, the mapping: (¢, T) — ¢.T from S,(IR) x E3¥ into E5? is
bilinear continuous.

P3) For all p € [1,00[, s € IR and k € IN, we have (—Lg)* (Ei’p) C ESMP with
continuous imbedding.

P4) For all m € IN, E™? is consisting of functions f € L2(dmy) such that
(=La)7 f € L%(dmy,), for all j € {0,1,...,m} . In particular ES* = L(dmy,).

3. The space H}

We now turn to the particular spaces E5* denoted by HS. One of their
basic properties is that, endowed with the inner product

(S.T) s = / (1 + @) F(8) (O FT) € dma ()

they become Hilbert spaces.

Proposition 3.1. Let m € IN. Then for all s > L +m,

HE € C(RR).

In what follows we give a new characterization of H,* for s € IN.
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Theorem 3.1. Let m € IN, then all elements T of H,™ can be written
in the following form:

m
T = ZC’ g, where g € L*(dmy,).
k=0
Proof. The result holds from the Plancherel’s theorem. =
Theorem 3.2. For all s €]0,1], the space HS is characterized as

follows:

iy ={re iy [~ [THOTIEE b )i < oo}

Proof. Remark that, for all s > 0, H? is consisting of functions f € L?(dmy)
satisfying

/ EBIF(F)(©)Pdma(€) < oo.
Hence, using the fact that ([9])

. —2 .
L—jat) ~, Mat1) and lJa(t)] <1, Vt>0,

we obtain by Plancherel’s theorem

[ ern@ranae =c [ [TIZTEDEE i i

which gives the desired result. ]

Proposition 3.2.  Let ¢ € S.(IR). Then for all s,t € IR such that
t < s, the operator T — @.T from HE into HY is compact.

Proof. Let (T),)nemw be a sequence in Hj such that ||T,||gs < 1, then
by Alaoglu’s theorem ([3], p.42) there exists a subsequence (7, )rev weakly
converging to T in H} . Put vy, =T, — T, then for all R > 0, we have

||<ka||%{§

R
2 2\2t 2
lewnlly < [ (14 €2 P(o00)(€)Pdmale) + iy
Using P1) we get

lovlliy _ Clm(@))? (L+ 17 ]ar5)”
(1 + R2)2(5_t) - (1 + R2)2(s—t) ’

for all k € IN.
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Hence, for all € > 0 and R sufficiently large, we obtain
R €
6)  Ilp-vellzy < / (1+)[F(p-0x) (§)Pdma(€) + 5, for all k € IN.
0

Now using the fact that F(p.vg) = (v;C,F_1 [(1 +x2)_23TgF(<p)DHS = 0,

it holds from Lebesgue’s theorem |[¢.vg||%. < €, for all € > 0. Then the result
is proved. : ]

Notation. Let K C IR be a compact. We denote by H ;- ; s € IR
the subspace of HS consisting of distributions T supported by K. We have the
following theorem.

Theorem 3.3. (Reillich’s theorem) Let s,t € IR ; t < s. Then for
all compact K C IR, the canonical imbedding Hp, ;o — Hé,K is compact.

Proof. Let K = KU (—K) and let V a relatively compact neighborhood
of K. So, by virtue of Urysohn’s theorem ([4], p.237), there exists ¢ € D(IR)
such that ¢ =1 on VU (=V). Put

p(x) + (=)

U(x) = 5

, for all x € IR.

Then we obtain W.T' = T, for all T € H{ . The desired result holds from
Proposition 3.2. ]

Corollary 3.1. Let K be a compact included in IR. Then, for all s > 0,
there exists C' > 0 satisfying

0 Il < ([ € IPO©Pdna©) < CATlz, VT € He

Proof. Suppose that there is no constant C > 0 checking the left hand
side inequality of (7). Then, for all k € IN there exists T}, € H}, - satisfying

Tl > ([~ elr @@ Pamao)

Without loss of generality we can suppose that ||Ty||zs = 1. So it holds

. < 4s 2 _
lim / £\ F(Ty)(€)2dma(€) = 0.

k—o00



Bessel-Sobolev Type Spaces 233

By Reillich’s theorem we deduce that there exists a subsequence (T%,), of (T%)
converging to T in L?(dm,), and so, Holder’s inequality leads to

Tk, — Tl (dme) < CrxllTh, — Tl 12(dma)

which implies that klim |F(Tk,) — F(T)||oc = 0, since (see [8], p.139)
[1F(Tk,) — F(T)lloo < 1Tk, — T'l|11 (dma)- SO, We obtain

/ eS| (©)Pdmal€) = 0,

and hence T' = 0. On the other hand, by Plancherel’s theorem we obtain

1= [1T4 i < Ol oy + € | €41F@)(E) Pdma()¥p € IV

which leads to an absurdity by tending p to oc.
To complete the proof, it suffice to verify that

il < ([ €P@©Pan©) < 1+ Ol

1+C

Then the result comes out. n

Theorem 3.4. (Poincaré’s inequality) Let s,t € IR ; 0 <t < s.
Then there exists C > 0 satisfying

T |g: < C2C DTz, for alle >0 and T € HS . = H:

,[—E,E] :

Proof. Let T € Hj_ and f € Si(R). Put <Ti, f >= magz < T, f1 >
where f1(z) = f (£). Then T. belongs to H; ; and we have

/OO ENNE(T2)(§)Pdmal(€) < C/OOO E¥|F(T2)(€)Pdma(€), VT € Hj..

0

On the other hand using the fact that F(T3)(¢) = 82Q%F(T)(-g), we obtain

( In ?74t|F(T)(77)|2dma("7))% < 0 ( I 774S|F(T)("7)|2dma("7))

Thus, the desired result holds by virtue of Corollary 3.1. |
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