Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathematica
Balkanica

New Series Vol. 18, 2004, Fasc. 3-4

Computer Implementation of Solutions of BVP
for Finite Vibrating Systems !

Ivan H. Dimousk: *, Margarita N. Spiridonova **

Presented at Internat. Congress "MASSEE’ 20038”, 4th Symposium ”"TMSF”

The study of linear elastic vibrating systems (strings, beams, plates, shells) leads to
various boundary value problems (BVP) for equations of 2" and higher orders. As a basic
tool, usually, the Fourier method is used. However, the computer implementation of this
method faces difficulties connected with the slow convergence of the series involved. The
authors propose a way for avoiding these difficulties. On representative examples it is shown
how extensions of the Duhamel principle to the space variables enables to obtain a closed
form solution of various problems for finite vibrating systems. To this end, as in the classical
Duhamel principle, one special solution of the same problem, but for a very simple and special
choice of the initial value functions should be obtained, using, say, the Fourier method. Then
the solution for arbitrary initial value functions can be obtained in the form of a non-classical
convolution. The use of such Duhamel-type representations for numerical solution of a number
of vibrating problems by means of the computer algebra system Mathematica is illustrated.
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1. Introduction

One of the first examples of application of the Fourier method is the
problem of vibrating of a finite string:

Ut = Uge + F(2,t), 0<z<a, 0<t< o0,
u(0,t) = 0, u(a,t) =0
w(,0) = f(z), u(z,0) = g(z)
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For the homogeneous equation (F' = 0) the solution has the form:

nnt
t) = it —
(1) u(z,t) = E sin — (ansm + by, cos . ),
where

a, = i ag(x)sinﬂdx, b, = g-/af(a:)sin Eda:, n=123,...
nm Jo a aJo a
are the coeflicients of the Fourier sine expansion of the initial value functions.

From the computational point of view, a shortcoming of the explicit
solution (1) is the necessity to calculate many Fourier coefficients of the initial
value functions and to sum the series (1) in all points, where the values of the
solution are needed. These two operations are rather time-consuming. That is
why the Fourier method hardly could be used, say, in real-time control problems.

In our approach these two steps ((1) of expansion of the initial value
functions f(z) and g(z) into Fourier sine series, and (2) of summing the series
(1) in all points, where the solution is needed) are avoided. For the sake of
simplicity, let us consider the case when f(z) = 0 and g(z) be ”arbitrary”
chosen.

In order to write down an explicit Duhamel type representation of the

solution u(z,t), one should find the solution for the special choice f(z) = 0, g(z)
=z, ie.

2 n—1 t
Qz,t) = 2a Z = 1) sin = sin % :
a

and then to write down the general solution in the form

2) iz, ) = a {Q(z 5% g(z)}
where the convolution operation (i) has the form

(3) o(z) D v(z) = -l ah(z,g)dg,

with

(et = [ ole+z—mywimin— [ el =z~ n(inlsenl(€ ~ = — myaldn.
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In such a form the solution for f(z) = 0 and arbitrary g(z) is obtained
in Dimovski and Chobanov [2].

2. Simplifying the basic Duhamel representation

Further, the idea is to use the Duhamel-type representation (2) for a
computer implementation. But representation (2) looks rather involved. In
fact, it can be simplified. Indeed, the convolution (3) allows a differentiation in
an explicit form

@) o@D w@)] = 5o { [ wla+ = - werie
+ [* glla -2 - ehvilehsenla - = - el de -

Example 1. Consider the equation of a vibrating string

Utt = Ugy, 0<-’E<1,t>0

with the boundary and initial value conditions

u(0,t) =0, u(1,t) =0
u(z,0) = 0, u(z,0) = g(z).

Assuming that g(z) is differentiable (or consists of finite number of such

pieces) and satisfies the conditions g(0) = g(1) = 0, representation (2) takes the
form

5) w(e,t) = —3 [ 001 +2 - O(©)de

1 1
+3 [ 00 -2 - 6)g (e,
-
where
2 (o]
Qz,t) = = 1;((——1)"'1/11?) sin n7z sin n7t
is the solution of the same problem but for the special choice g(z) = z.
The above representation is convenient for computation of the solution
in arbitrary point of the domain. Experimental computations are made in the
environment of the computer algebra system Mathematica [6]. On Figure 1

visualization of the computed solution is shown, preceded by the graph of the
chosen function g(z).
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Figure 1

Example 2. Consider the equation of a free supported beam (see
Farlow [5]):

0%u otu
W:-—a—x—‘i,0<x<l,0<t<oo,

with the initial-boundary value conditions:
u(0,t) = 0, ugz(0,¢t) =0, u(1,t) =0, uge(1,t) =0
u(z,0) = f(z), ue(z,0) = g(z)
Using the series solution in Farlow [5], we have
o0
(6) u(z,t) = Z [an sin(nm)?t + by cos(n7r)2t] sinnme,
n=1

where
2 1 1
an = —2/ g(z) sin(nwz)dz, b, = 2/ f(z)sin(nmz)dz, n = 1,2,3,...
(nm)2 Jo 0

Further, we consider the case when f(z) = 0. Then from representation
. (5), we obtain

(7 u(w,) = —3 [ Quli+a - g(e)de
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1
+% /_I Qe (1 —z —&,t)g(|¢])sgnéd¢ ,
where

2 [e o]
(z,t) = = Z 1)1 /n?) sin(n7)*t cos n7z .

On Figure 2 the relief of the solution is shown, together with the graph
of the chosen function g(z). All computations are made using the system Math-
ematica again.

Figure 2

3. A non-local boundary value problem

The approach by Duhamel-type representation with respect to the space
variables works for non-local BVP too.

A famous non-local BVP is the so-called Samarskii-Ionkin problem for
the heat equation:

Utt = Ugz,
u(0,t) = 0, [y u(,t)d¢ = 0.
u(z,0) = f(z)

In Dimovski ([1], [3], [4]) the explicit convolution
1 1
(f +9)@) = 2/(@) [ g(€)dt +20(@) PGS
T 1
-2 [ f(e - O0g(€)de | 10 +2-9@d

+ [+ o - €l ngleDsenica - o - Ol dg

is used to obtain the representation
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u(z,t) = Qz,t) 2 £(2),
where

(o)
Mz, t) = Z {—2z cos 2nmz + 8nnt sin 2nwx} e in’’t

n=1

is the solution of the same problem, but for the special choice f(z) = z.
A visualization of the solution in the case when f(z) has the same form
as in Example 2 is shown in [4].

For an illustrating example now we consider a new type of boundary
value problem.

Example 3. Consider the following BVP:
Uy =Uzg, 0<2<1,0<t< 00

(8) u(0,¢) =0, [y u(&, t)dé =0
u(xv 0) =0, ut(z7 O) = g(z) .

Here again
9) u(z,t) = Oz, 1) D g(a),

where (z,t) is the solution of the same problem but for g(z) = z.
Formally, we obtain

(10) Q(z,t)

s sin2nmtx zxcos2nmwzx, . tsin2nnzx
= Z ( g — )sin2nnt — ———cos2nwip .
2n4m nmw nmw

n=1

Unfortunately, the series is very slow convergent and it hardly could be
used for numerical calculation of the solution using formula (9).

Instead of the solution of (8) for f(z) = z, we consider the solution
Q(z,t) for f(z) = 23/6 — z/12. The function f(z) satisfies both the boundary
value conditions f(0) = 0 and fol f(&d¢ =0.

For Q(z,t) we obtain

Q(a, t) = f: {z cos(2nmz) sin(2n7t)

4n3q3
n=1

3 (t cos(2nmt) 3sin(2nmwt)
4n3 73 8nt

) sin(2n7rx)} :
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Then the solution u(z,t) has the form
2

(11) u(z,t) = 56;—2 {Q(:z:, 8 % f(:z:)} .

It is a matter of simple check to see that
T
u(z,t) = ~202(0,09(@) -2 | Qule — & g’ (€)dt

1 1
- [ e +z-g0d©d - [ 0.0 -2 & 05 (eDde,

where

o] .
(12) Qz(z,t) = ngl {cos(2n1;:z;l)3s7:;1(2n7rt) +2n7 cos(2n 7 x)

9 (t cos(2nmt) 3 sin(2n7rt)) _zsin(2nwt) sin(2n7ra:)}
4n3 73 8nt 2n2 2 ’
This representation is rather convenient for computer implementation.
At the experimental computations, made with Mathematica system, different
values for the place n of truncating of the series (12) were used. On Figure 3
the relief of the numerical solution for n = 20 is shown. In this case g(z) has
the same form as in Example 2.

Figure 3
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4. Concluding remarks

We would like to point out some advantages of the use of Duhamel-type
representations of the solutions of the considered BVP, in comparison with some
known numerical methods.

e Compared with the Fourier method, the two time-consuming operations
mentioned above are avoided. In such a way, the proposed approach has all
the advantages of the Fourier method and avoids most of its shortcomings.

e Comparing with the use of difference methods, the values of the solution
can be obtained for the points where they are needed only and the stability
problem does not occur.

The computations related to the presented approach are performed by
means of the computer algebra system Mathematica. The programs for these
computations are part of a microenvironment under development, allowing in-
vestigation and application of the considered approach.
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