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In this paper non standard spectral problems for Laplace operator in a square domain
with various boundary conditions and conjugation conditions on the line interface are consid-
ered. It is proved that the eigenfunctions can be expressed by means of sine-type functions
while the eigenvalues satisfy some transcendental equation. The spectral problems of this type
are of a great importance in investigation of solutions of the initial boundary value problems
for parabolic and hyperbolic equations with concentrated factors.
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1. Heat conduction problem with concentrated capacity

Let © = {z]s = (21,22), 0 < 7 < 1, = 1,2}, @ = R x (0,T),
[ =09 x (0,T) and S be the segment {(£,22)]0 < z, < 1}, £ € (0,1). We
consider the parabolic problem

. 0u  0%u 0%u
(1) [1+Ix6s]?ﬁ— 522 ¥ a2 (z,t) € Q,
(2) UIF =0,
(3) u(a:,O) i ’u.o((l?), z € Q.

Here §s = 6s(z) is Dirac’s distribution concentrated on S and K = K(z2) €
L*>(0,1), 0 < K; < K < K,. Equation (1) models heat conduction process
with concentrated capacity on interface S (see [1], [3], [4]).
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It can be easily verified that the solution of (1)-(3) satisfies the equation:

ou_ oy o
ot 0z? ' 9z%’

(4) T €N UQT,

Q7 =(0,6) x(0,1), Qt = (&,1) x (0,1),

initial and boundary conditions (3), (2) and conditions of conjugation:

ou .Ou
(5) [’U.]S = u(€+0am2at)—u(§—'0’z2$t) =0, [%]s - I‘E\SJ
where — = —— is the normal derivative with respect to the external normal

on 89;1
to S.

2. Abstract setting of the problem

Let H be a Hilbert space endowed with an inner product (-, -) and norm
| - |l. For a linear, selfadjoint, unbounded, positive definite operator A with
domain D(A) dense in H, we define in a usual way the energy space Hy with
inner product (u,v)4 = (Au,v) and norm || - ||4- Then problem (1)=(3) can be
written as an abstract Cauchy problem (see (5])

B%Q+AU=0, t>0; U(0)=uo,
i

where B is a linear selfadjoint unbounded positive definite operator with domain
D(B) C H and A is unbounded in Hp. In our case H = L*(Q), Au = —Au and
o

Bu =[1+ Kég]u. Then Ha =W21 () and
ow 2 (8w)2 2 / 2 / . 2
2 — — — dz; w4 = d Kw2dz..
”w“A = /Q [(3.’121) + Oz “ ”B Qw (Z‘) T+ < w 1

3. Energy estimate

In order to obtain an energy estimate for the solution of the problem
(1)-(3), we take the product of (4) with u(z,t) and integrate the result on Q:

Oou
/./Q ’U.Edl‘l d.’L‘z://QuAud.’B]dl‘g
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Using a variant of Green’s formula on the right hand side of the equality, we

obtain:
//uAudzld:z:2=// uAudz, dzy
Q-uQt
2 2
ou Bu]
— dz,dry — —| dz,.
//(.7 uQ+t {(azl) +(6$2)] P1.692 /su[8z1 s 2

On the other hand,

au 1d 2
— = —— dz,.
// u 7 d.’l)l d$2 : // u d:l:] )

By the second condition of conjugation, we get

ou ou 1d
— = —dzy = =— [ Ku?dz,.
/su[a-ﬁ]sdmz /SKuatda:g th/s u® dzo
Thus

e [// u dzldm2+/Ku dzz] = // {(&El)z (5‘?;‘_2)2] doy dg,

i.e.

N =
Q..l&

llulls = —[lull-
We define A\ by
1 g ol
M ety [}

It can be shown (see [2]) that A; is the first positive eigenvalue of the spectral
problem

Aw = A Buw,

which has a discrete set of eigenvalues, while the eigenfunctions satisfy the
condition of orthogonality and represent a basis of the space Hp.
For the considered model problem, the spectral problem reads as follows
- Aw= 2w, z€Q\S,
(6) w(z)|an =0,
ow

[w]s = w(§ +0,22) —w( - 0,22) =0, — [a_] = AKw|s.
Tilgs
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Taking into account the inequality ||w||% > A1||w||%, w € Ha, we get

d 2 2
Sl = =2[lullh < —2M|lull3-
Integrating this inequality, and using the initial condition, the following estimate

can be obtained:

llullf < lluolly e,

// u?(z,t) dz; dz2+/lx’u2(z,t)dzg
Q s

£ g2t [// ud(z) dz, dzy + / Kug(z)dzz] :
Q S

4. Dirichlet’s spectral problem

or

In the sequel, we will assume that K is a constant. In this case the
solution of the spectral problem (6) can be written in the form w(zq,z2) =
v(z1)y(z2), where

o(3y) = { Asinazq, z; € (0,¢)

Bsina(l— 1), o1 € (£,1) ° y(zo) =sinjrzg, 7 =1,2,...

It is obvious that w(zq,z;) satisfies the boundary conditions. The values of
the constants A and B can be obtained from the first condition of conjugation:
A =sina(l — £), B = sin af. The equation —Aw = Aw gives A = a? + j2r2.

Using the second condition of conjugation, we obtain:
1 2, 52,2
(7) F[cota(l—{)%—cota{] = Lajw——.

In some cases, there exists another family of eigenfunctions vanishing
on the interface. Consequently, normal derivatives of these eigenfunctions are
continuous on S. Such eigenfunctions exist only if £ is rational, i.e. £ = g Then,

a = nqm, the eigenvalues are A\,; = a2 +(j7)? and corresponding eigenfunctions

are
vp(z1) = sinngrzy, n=1,2,...
1

yi(z2) =sinjmzy, j =

If £ = 0.5, the equation (7) takes the form

Wnj = va(T1)y;(72),

' 2 a o+ j%n?
(8) ECOt 5 = T
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For each value of j € N the equa-

tion has a countable set of solutions Ay ! L .
a;,© € N. The graphical solutions ; 12;223 lggigi 12?222
of the equation (8) for j =1,2,3,4 3 19'0532 19.0385 19.0180
is shown in Figure 1, and the nu- - - :
merical values of aij, i,j = 1,2,3 4 | 25.2882 | 25.2815 | 25.2715
are shown in Table 1. Table 1

In Figure 2, the eigenfunctions w;; for i« = 1,2,3 and 5 = 1,2 are

presented.

‘\
‘ 0']: .'1/

I ‘" e
,)o:s' 'II”'.' i
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5. Neumann’s spectral problem

Let us consider the heat equation with concentrated capacity (1) with
initial value (3) and Neumann’s boundary conditions

ou

9) onlr =0.
The problem (1), (3), (9) can be written in the form
ou 0%u 0%
50 Bzf 3:::%’ TEQUQT,
ou
ol =0 uz,0)=uo(z), z € Q,
ou _,0’&
[u]ls = w(€ + 0, zq,t) — u(§ —0,z2,t) =0, [b—n]s = I‘E IS'

Using the same procedure as above, one obtains the following spectral problem:

- Aw=Aw, z€Q\S,

ow| _
on lag 7’

-0 - 6_“’] = A\Kw|s
[w]S =Y 0z, s - :

The solution of this problem can be written in the form w(z1,z2) =
v(21)y(22), where

A cos az; z, € (0,8) - ; i=1.2
= ’ , y(zg)=cosjmze, j=1,2,...
v(z) { Bcosa(l —z,), z1 € (§1)

It is obvious that w(z;,z2) satisfies the boundary conditions. Using the
first condition of conjugation, the values of the constants are A = cosa(1l — £),
B = cos af. Taking into account the equality —Aw = Aw, we get A = a?+ j2x2,
By the second condition of conjugation the following equality can be obtained:

1 a2 +j21r2
— - t = —"
(10) cltana(l =€) + tanaf] S
2% + 1

Parasite solutions occur, if £ = sk = 0;1,2....m = 1,2,.:..

2m
Then, there exist eigenfunctions

vn(21) =cosm(2n+ 1)wrzy, n=0,1,2,...

Wnj; = vn(m)yj(l‘z), y](zZ) — COSjﬂ'.’L‘z, ] _ 1,2’ o

while the corresponding eigenvalues are Anj = [m(2n 4+ 1)7)? 4 (j7)2.
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Figure 3
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If £ = 0.5, the equation (10) takes the form

& a? + j2n?

—— tan — =
K3 o
For each value of j € N there exist T
a countable set of solutions a;,? € AY ! 2 -
. v, 1 3.7490 | 3.4068 | 3.2729

N of the equation. The graphical

} . .8 2 9.7910 | 9.7131 | 9.6361
solutions of this equation is shown 3
in Figure 3, while the numerical 3 | 15.9482 | 15.9245 | 15.8936
solutions for ay;, 4,7 = 1,2,3 are 4 | 22.1676 | 22.1578 | 22.1483
presented in Table 2. Table 2

In Figure 4, the eigenfunctions w;; are presented.

Analogous results are obtained for the spectral problem with third bound-
ary condition.
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