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On Some Properties of Complex Harmonic Mappings
with a Two-Parameter Coefficient Condition
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In 1984 J. Clunie and T. Sheil-Small initiated studies of complex functions harmonic in
the unit disc. Several mathematicians examined classes of complex mappings harmonic in the
unit disc with some coefficient conditions, e.g. [1], [2], [4], [6], [7], [8]. We present some results
which generalize problems considered, among others, in the papers [4] and [6]. The main
results concern starlikeness and convexity of harmonic functions satisfying a two-parameter
coefficient condition.
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starlike functions
Let A={2€C:|z|<1},P={(a,p) eR?:0< a < 1,p> 0},
Un(o,p) = an® + (1 —a)nP™t, n=2.3,..., (a,p) € P.

For a fixed pair (a, p) € P we denote by HS(«, p) the class of functions f of the
form

oo o0
(1) f=h+g, hz)=z+ Zanz", g(z) = anz", z€ A, b <1,
n=2 n=1

and such that
(2) b1+ ) Un(e,p) (Jan] + bal) < 1.

n=2
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Moreover,
HS(a,p) = {f € HS(a, p) : by = 0}.

The classes HS(1,1) HS%(1,1), HS(1,2) HS°(1,2) were investigated in
paper [2], the classes HS(1,p), HS%(1,p) (p > 0) were considered in [4] and the
classes HS(a, 1), HS®(a, 1) for a € (0,1) - in [6].

It is known that each function of the class HS%(1, 1) is starlike and every
function of the class HS%(1,2) is convex ([2]).

With respect to the following inequalities

Un(1,p) = < Up(a,p) < 0P =Un(0,p), n=2,3,..., (a,p) €P,
and by (2) we have the obvious inclusions
HS(0,p) c HS(ayp) C HS(1,p), (a,p) € P,

(3) HS®0,p) c HS®(a, p) € HS°(1,p), (a,p) € P.

Directly from the definition of the class HS (o, p) (HS%(c, p)) we get the
following.

Theorem 1.  Let (a,p) € P. If f € HS(a,p) (HS%(a,p)), then
functions

21 f(rz), zs e U f(efy), ze€ A, re(0,1), teR,
also belong to HS(c,p) (resp. HS®(a, p)).
Theorem 2. If0<a; <ax <1, p>0, then
HS(a1,p) C HS(ag,p),  HS%(a1,p) C HS (az,p).
If a € (0,1) and 0 < p1 < pa, then

HS(a,p1) D HS(a, p2), HS%a,p1) D HS(a, p2).

Remark 1. Let (a,p) € P. If f € HS(«,p), f of the form (1), then the
function fy of the form

f(Z)—blf(Z) 2 e A

fole) = T (1b1] < 1),
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belongs to the class HS%(a,p). However, if fo € HS%(a,p) and |by| < 1, the
function of the form

f(z) = fo(z) + blfo(z), z €A,
does not have to belong to HS(a,p).
Example. Let (o, p) € P and

1 2

(4) fila,piz) =2+ AT z€A.

We can see that fi(a,p;-) € HS?(a, p), of course. Moreover, f1(1,p;-) ¢
HS%a,p) for a € (0,1) and f1(a,p;-) ¢ HS°(0,p) for a € (0,1). It means that
the inclusions (3) are strict.

We can check that for 0 < [b;] < 1 the function z — fi(a,p;z) +
bifi(a,p; z), z € A, does not belong to the class HS(«,p).

Similarly as in the papers [2], [4] we obtain:

Theorem 3. Let (a,p) € P. If p > 1, then every function f €
HS%(a,p) is univalent and maps the unit disc A onto a domain starlike with
respect to the origin (f is a starlike function).

If p > 2, then each function f € HS(a, p) is univalent and maps A onto
a conver domain (f is conver).

Proof. If p > 1, then U, (a,p) > n forn=2,3,..., a € (0,1), so by the

condition (2) we obtain
oo

Zn (lan| + [bn]) < 1.

n=2

Therefore (see [2]), f is univalent and starlike with respect to the origin. If
p > 2, then by (2) we get

S0 (lanl + o) < 1
n=2

Hence ([2]), f is convex. [

Next, let a € (0, 1) and set p1 () = 1—loga(2—a), pa(@) = 2—log2(2—a),
loga1 = 0. We denote

Dy ={(a,p) € P :p>pi(a)},
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Dy ={(a,p) €P : p=pa(a)}.

The next theorems present results concerning starlikeness and convexity
of functions of the class HS%(a,p) for arbitrary (a,p) € Dy and (a,p) € Do,
respectively.

Theorem 4. If (a,p) € D1, then the functions of the class HS®(«,p)
are starlike. If (o, p) € Da, then the functions of the class HS%(a, p) are convex.

Proof. We can check that the following inequalities
Un(aap)2n7 (a7p)€D17 n:2737"'7

Un(a,p) > n?, (a,p) € Dy, m=2,3,...

hold. If f € HS%(a,p) for (a,p) € D1, then in view of the first inequality,
the condition (2) and of the mentioned result from [2] it follows that f is a
starlike function. Analogously, from the second inequality, f € HS%(a,p) for
(o, p) € Dy is convex ([2]). n

Naturally, in view of Theorem 3 it suffices to examine the cases p < 1
and p < 2, respectively.

Next, let A, = {z € C: |z| < r}, r > 0, with A; = A. Moreover, we
prove the following

Theorem 5. Let (a,p) € P\ Dy. If r € (0,75(ct,p)), where ri(a,p) =
2P=1(2 — ), then each function f € HS?(a, p) maps the disc A, onto a domain
starlike with respect to the origin. The constant r§(c, p) is the best possible.

Proof. For (a,p) € P\ Dy we have r§(a,p) < 1, of course. Let f €
HS%a,p), (a,p) € P\ Dy and let r € (0,78(cv, p)). By Theorem 1 the function
fr of the form f.(z) = r~! f(rz) belongs to the class HS°(a, p) and we have

o0 o0
> 0 (lanr™ 7+ bar" ) =D 0" (Jan] + [bal) -
n=2 n=2

In view of properties of elementary functions we obtain
"t < n(rg(a,p)"t < Unla,p), n=2,3,....

Hence f, € HS%(1,1) ([2]) for any r € (0,7%(c,p)) maps A onto a domain

starlike with respect to the origin. From this fact we get the assertion.
The constant r§(c,p) cannot be improved because of e.g. the function
fi(a,p;-) of the form (4), which belongs to the class HS%(a, p) (see Example).
[
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Theorem 6. Let (a,p) € P\ Do and set mo(a,p) = 2P72(2 — ). If
€ (0,7o(c, p)), then each function f € HS°(a,p) maps A, onto a convex
domain. The constant ro(ca,p) is the best possible.

Proof. For every (a,p) € P\ Dy we have ro(a,p) < 1. Further we
proceed analogously as in the proof of Theorem 5, examining that for any r €

(Ovr()(aap))
n?rnt < Un(a,p)y, n=2,3,....

Similarly, an extremal function is also the function fi(«,p;-) of the form
(4). [

Remark 2. One can easily check that the classes HS(a,p), HS(a, p),
(a, p) € P, are convex.

By the condition (2) we have also the following

Theorem 7. Let (a,p) € P. If f € HS(«,p),z € A, 2 # 0, then

|b1]

If(2)] < (1 + 1[0y |)|Z\+W

%,

£ 2 (L= Il 2] - gy P

The estimates are sharp.

Proof. Let f € HS(«,p), (a,p) € P, f of the form (1), and fix z €
A\ {0}. Then the condition (2) holds and after some simple transformations
we obtain

[e.9]

3 Pl 1 o Y AGY ) B W

Since U, (a, p) > Uz(a,p), n = 3,4,..., (a,p) € P, we have

- 1 — |by]
E an| + |bn .
n—o | ‘ | | UQ(a7p)

Hence

- n 1- |b1| 2
A<D (aal +1bal) 121" + 1+ D o] < L+ [orl) 2]+ o=l

that is the upper estimate.
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The lower estimate follows from the inequality

o0

[F()] = [2] = bl = Y (lan] + [bal) |2

n=2

and from the previous inequality for the coefficients.
Extremal functions are e.g. the functions of the form z — 2z + 017 +

%)22, Zr 2+ 017+ 23)(_2@10‘!);, 1] <1, z € A. [

From the first part of Theorem 7 we obtain the following

Corollary. For (a,p) € P the class HS(a, p) is a normal family.

Remark 3. It can be shown that the class HS(«,p), (a,p) € P, is not
compact (see [2], [6]).
However, we can prove

Theorem 8. Let (a,p) € P. The class HS?(a, p) is compact and the
extreme points of the class HS?(a,p) are only the functions z — z + ay,2z™,

— 2+ bpzk, 2 € A, where |ap| = m, |b| = m, m,k=2,3,....

Proof. Let (a,p) € P and let {fi}, fx € HS(,p), where fr = hi +Jr,
hi(0) = R (0) =1 =0, gx(0) = ¢,,(0) =1 =0, k = 1,2,..., be a sequence
uniformly convergent on compact subsets of A to a function f. Proceeding
similarly as in [6], we prove that f = h + g, where h, g are holomorphic in A,
h(0) = h'(0) =1 =0, g(0) = ¢’(0) — 1 = 0. Therefore f is harmonic in A and is
of the form (1) with b; = 0. We can easily check that f satisfies the condition
(2), because the functions fi, k = 1,2, ..., satisfy it.

The forms of the extremal points of the class HS%(a, p), (a,p) € P, we
determine in an analogous way as in [6]. [

The presented theorems generalize the respective results from the papers
[4], [6], [2]. The main idea of the research included in this paper and other pub-
lications of this kind comes from the classical conditions, that imply starlikeness
and convexity of functions holomorphic in the disc A (see [5]).
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