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1. Introduction
1.1. Denotations which will be used in the paper

Let U denote the open unit disk in Ci.e. Y ={z € C||z| < 1}, T =0U
and IT* denote the upper half plane i.e. IIt = {z € C|Imz > 0}.

For a given function f which is analytic on some region Q we will write
feHQ).

For a function f, f : Q@ 5 C*", Q C Rz € Q, a = (a1,2,...,0,),
aj € NU {0}, D*f = D2 f(z) denotes the differential operator

Daf _ a|°'|f

= al=o1+ar+ ...+ a,.
9z7'0252 ... 825" led "

LP(RQ) is the space of locally integrable functions on Q, i.e. f(z) € L} () if
f(z) € LP(Y), for every bounded subregion €' of Q. We denote by H> (i)
the space of bounded analytic functions in U. If f € H®(U), then the radial
boundary function

f*(e) = lim f(re®)

r—1
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is defined almost everywhere on T with respect to the Lebesque measure on 7.

1.2. Some notions of distributions

Let © be an open subset of R". C*(Q) denotes the space of all complex
valued infinitely differentiable functions on © and C5°(2) denotes the subspace
of C*(2) that consists of those functions of C"*°(2) which have compact support.
Support of a function f, denoted by supp(f), is the closure of {z € Q|f(z) # 0}
in €.

D(€2) denotes the space of C3”(€2) functions in which convergence is de-
fined in the following way: a sequence {¢\} of functions ) € C5°(Q2) converges
to p € C57(2) in D(R2) as A — Ag if and only if there is a compact set K C Q
such that supp(py) C K for each A, supp(p) C K and for every n-tuple a of
nonnegative integers the sequence {Dfpy(t)} converges to {Df¢(t)} uniformly
on K as A — Ag.

D'(€) is the space of all continuous, linear functionals on D(£), where
continuity means that oy — ¢ in D(2) as A — Ao, implies (T, p\) = (T, ), as
A= X, T € D'(Q).

Note. (T, ¢) denotes the value of the functional 7', when it acts on the
function .

A distribution 7' € D’(2) equals zero on an open set ' C Qif < T, ¢ >=
0 for every ¢ € D(Q2) with support in Q.

The support of T € D'(2), denoted by supp(T), is the complement in Q
of the largest open subset of Q where T equals zero.

For D(R") and D'(R"), we write D and D', respectively.

E = E(R") denotes the space of C§°(R") functions in which convergence
is defined in the following way: a sequence {¢\} of function ¢\ € F converges to
@ € Ein E as A = Ag if and only if for every n—tuple a of nonnegative integers
the sequence { D@\ (t)} converges to Df¢(t) uniformly on every compact subset
K of R" as A — Ag.

E’ is the space of all continuous linear functionals on F and the elements
of E’ are distributions with compact support.

Next, we will mention the notion of the direct product of distributions,
the convolution of distribution and some known results which will be used.

Let T € D'(O;) and U € D'(O;) and O, C R™®, O3 C R™ be open subsets.
The unique distribution, denoted by T'® U, in D'(O; x O3), defined by

<T®u,¢($,y)> = (Tu, < Uy, p(2,) > >

= <Z'{yq<T1,§P((L,y)> >7 (PED(OI XOQ)
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is called direct (tensor) product of T' € D’'(O;) and U € D'(O5).

With the use of the direct product for m = n, it is defined one of the most
important operations in the space of distributions, namely, that of convolution.

At the beginning, we consider the spaces of distributions D’(R"), and
later we give definition of convolution, when working in D’(2).

As we know, if f and g are two locally integrable functions on R™ such

that one of them has compact support, their convolution is a function h = f *¢
defined with

hw) = [+ 9)@) = [ fo - newdy= [ fwate - )y
Rn R"’
Let Ty and T, be the regular distributions generated by f and g respectively,

and ¢ € D(R™). By taking the last equation into account and using Fubini’s
theorem, we have:

(1.2.1) (Ty x Ty ) = (Tr @ Ty, p(a+ 1)), ¢ € DR

For arbitrary T and U in D' = D'(R"™), the equation (1.2.1) can be written
formally as

(1.2.2) <T *u,¢> = <T QU, oz + y)>, o € D.

When at least one of T' and &/ has compact support, the second term in (1.2.2)
is well defined. In general the right side of (1.2.2) may not exist for arbitrary T°
and ¢ in D'(R"™) since ¢(x + y) as a function of (z,y) does not have compact
support in R"” x R".

So, the convolution T'*U of two distributions T,/ € D’(R"), is defined by
(1.2.2), provided that the right side of (1.2.2) is well defined and then T+ € D’.
In that case the convolution can be computed as

(123) (T s, 0)=(To, <Uy, p(x +y) >y =(Uy, < To, p(a +1) >, ¢ € D.

If one of the distributions 7" and I is an element of E’ = E’(R"™), then the
convolution T * U exists and can be computed by (1.2.3).
If instead of U, we consider a function g of D, then T # g is infinitely
differentiable function on R”, i.e. if T' € D', g € D, then T * g is defined with
(T * g)(t) =< Ty, g(t —2) > and (T * g)(t) € C°(R").
Now, let O be an arbitrary open subset of R®, ¢ > 0 be a small positive real

number,

U.={z € R"||z| < €} and O.={z € O|d(z,d0) > ¢}, (d(z,00)= lenafol’b - yl).
y
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Let T and U belong to D’(O), such that one of them, let us say ¢, has

a compact support in O, such that supp(id) C U. and O, # @ (as on Picture 1
below), then in [8], it is shown that with

<T *Ll,go> = <T ®u,n(y)go(x+y)>, ¢ € D(O,),

where n(y) € D(O.), n(y) equals 1 on a neighborhood of supp({), is defined
convolution T * ¢/ in D'(O,).

Now, if instead of i € D’(O), we consider a € D(U.), we get representa-
tion for T x a: (T * o)(z) = <Ty,a(x - y)>, z €0, and T xa € C*(0,).

Picture 1

1.3. Blaschke products, Blaschke distributions and some of
their properties

Let {z,} be a sequence of points in II* such that
(oo}

Y. .
(131) E TT;.”P <OO, Zn=$n+zyn €H+
n=1

Let m be the number of z, equal to 0. Then the infinite product

. ' _fz—i moo]zfl—}-llz—zn
(1.3.2) B(z) = <z+i> L[l P
converges. on II*. The function B(z) of the form (1.3.2) is called Blaschke
product.

B(z) is in H°(II*), and the zeros of B(z) are precisely the points z,,
each zero having multiplicity equal the number of times it occurs in the sequence

{zn}-

Note: If the number of zeros z, in (1.3.2) is finite, then we call B(z)
finite Blaschke product.
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Let B(z) be a Blaschke product, z = z + iy € I+, with zeros {z,} that
belong to the upper half plane ITt.
By < B},go > we denote:
+o0
(1.3.3) < Bt,p>= lir(r)l+ B(2)p(z)dz, z==z+iye Ot ¢ € D(R).
y—>
In [5], it is proven that Bt is a distribution on D, called upper Blaschke
distribution on D.
Similarly, for B(z) being a Blaschke product with zeros z,, n € N that
belong to the lower half plane II~, by < B™, ¢ >, for ¢ € D we denote
+oo

(1.3.4) < B ,p>= lirg+ / B(2)p(z)dz, z=z—iyeIll”, ¢ € D(R).
Yy—

B~ is distribution on D, called lower Blaschke distribution on D.

Note. In the above definitions, when B(z) is finite Blaschke product, we
call the associate Blaschke distribution finite Blaschke distribution.

The Blaschke distribution is a new notion in the theory of distributions
and has useful applications in the problems of approximation. The introduced
Blaschke distributions in [5] were used for representing some distributions in D’
as a limit of sequence of Blaschke distributions. In [6], it is given another appli-
cation of the Blaschke distribution concerning approximation, i.e. some regular

distribution in S’(R) are approximated by finite, convex, linear combinations of
Blaschke distributions.

2. Main results

Theorem 1. Let T € E' and Bt be an upper Blaschke distribution in
D'. Then Bt x T is upper Blaschke distribution on D.

Proof. Let T € E’ and Bt be an upper Blaschke distribution in D’.
Then there exists Blaschke product B(z + iy;) with zeros z, € IIT, n € N, such

that 400

(2.0.1) = < Bt,p>= lim B(z + iy;)e(z)dz, ¢ € D.
yl—)0+

Since, T € E’, the convolution Bt % T exists and according to the definition of
convolution, for ¢ € D, we have that

(2.0.2) < BYxT,p>=< B*, < T,,0(z +y) >>
Let us consider the function

U(z) =< Ty, p(z+y) > .
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First of all, we will show that ¥(z) is infinitely differentiable function.
plety+h) —pz+y)

h

h — 0. From here, we get
aw_d
dz  dz

.1
:flﬂbﬁk Ty,p(x+y+h)>—<Ty,p(z+y) >]

The expression converges to ¢'(z +y) in D, as

< Ty, p(z+y) >

T is linear

T e(z+y+h) —o(z+y)\ Tis continuous
< v B > -

= lim
h—0

_ <Ty’}3i“o¢(x+y+h;)z_ so(x+y)> _ <Ty’¢,(z+y)> _ _<T;”‘P(Q_+y)>' |

Similarly, we get that
d"v
o (—1)"<TZS"), ez + y)>, for every n € N, i.e,,
(2.0.3) ¥(2) € C*(R).

In the following, we will show that ¥(z) € D.

Since T € E', it follows that T has a compact support. Let K7 be the
support of T, K, be the support of ¢ and «(t) be a function of C*°(R) equals
1 on K7 and equals zero outside a neighborhood O(Kt) of K7. Then

<Ty, p(z+ y)> = <Ty, a(y)e(e+ y)>-

The support of a(y) is contained in O(K7). The support of ¢(z + y) is the
set {y | 2 +y € K,}. (We get this set via translation of K, by —z). The
intersection O(K71)N{y | z+y € K} is empty set, for z which do not belong to
some compact set. That means that, for fixed z, a(y)p(z+y) =0, for all y = R.
The last is true, because of the following: if y € R\ supp «, then a(y) = 0; if
y € supp(a), then y € O(K'1), and since O(K7)N{y | 2+y € K,} = 0, we have
that y € {y |z +y € K,} i.e. p(z+y)=0.

In any case, we get a(y)p(z +y) = 0, for all y € R (for the fixed z).
That means that:

<Ty,<p(w + y)> = <Ty,9f(y)so(a: 5 y)> =0.

So, we got that the function <Ty, p(z + y)> equals zero for all 2, which do not
belong to some compact set, i.e.

(2.0.4) P(z) = <Ty, ez + y)> has a compact support .
From (2.0.3) and (2.0.4), it follows that ¥(z) € D. Now (2.0.2), gets the form
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<B+ *T, <p> = <B+,\Il(z)>, U(z)e D, ie.

+00
<B+ * T,f,o> = lim B(z + ty;)¥(z)dz, @€ D,
y1 =0+t
is upper Blaschke distribution in D’. u

Theorem 2.  Let {B,(z)} be a sequence of Blaschke products with
zeros in the upper half plane, such that converges to function f(z) € H®(1T1),
uniformly on a compact subsets of II*, as n — oo. Let T € E'(IIT) with
support in 11T, such that supp(T) C U(zo,€), where € > 0 is a small, positive
real number, Il = {z € It | I'm z > €}, 2z € . and U(20,€) = {z €
II* | |z — 20| < €} C .. Then the sequence {T * B,} converges to T * f,

uniformly on compact subsets of M,y = {z € It | Im z > Im z + ¢}, as
n — 0.

Proof. Let the conditions of the theorem be satisfied. According to the

part 1.2, the convolutions T x B,, and T * f exist, they are infinitely differentiable
functions on Il and they are given by:

(T*Bn)(t)=<Tz,Bn(t—z)>, tell.,, neN and

(Tx W) = (T, f(t =), te.

Let K be a compact subset of I1,, ., arbitrary chosen, and ¢t € K, z € II.. Then
\H»B@@%«T*ﬁanzwnJ%a—a>—QnJa—aN

= [Tz, Ba(t = 2) = f(t = 2))I-

If 2 € Uy, ¢, according to the assumptions we made in the theorem, t — z belongs
to some compact subset K; of [I*. Now, using the fact that {B,(z)} converges
to f(z), uniformly on compact subsets of I[IT, as n — oo, the compactness of
K, C I*, we get that {B,(t — z)} converges uniformly to f(t — z), on Ky, as
n — oo. Finally, using the continuity of the distribution T € E’(II*), we get
that

|<T2,Bn(t— z)— f(t— z)>| —0 as n > o0, Vt€ K,
|<T* ) () — (T*f)(t)>|—>0 as n — oo, Vt€ K.

If z € IIT\U,, ., then T equals zero and the conclusion of the theorem is trivial.
n
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Corollary. Let T € E'(II*) with support in IIT, such that supp(T) C
U(20,€), where € > 0 is a small positive real number, [I.={z € It |Im z >
e}, 20 € Il and U(zp,e)={z € Tt ||z — 20| < €} C Il.. Let f € H(IIT) be
such that |f(z)| < 1, z € IT*, | f*(z)| < 1, 2 € R. Then there erists a sequence
{Bn(2)} of finite Blaschke products with zeros in the upper half plane, which
converges to the function f(z), uniformly on compact subsets of 1T, as n —+ oo
and for which the sequence {T x B,} converges to T * f, uniformly on compact
subsets of I, c = {z € 1T | Im z > Im 2 + €}, as n — oo.

The proof of the corollary is an immediate consequence of Theorem 2
and another theorem, given in [3] which says that every function f € H(IT),
|f(2)] <1, zeIlt, |f*(z) <1, = € R can be approximated by a sequence of
finite Blaschke products uniformly on each compact subset of IIt.
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