Mathematica
Balkanica

New Series Vol. 18, 2004, Fasc. 3-4

Interpolation in the Class MP?, p > 1
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In this paper we give sufficient conditions for sequence of complex numbers (A\)521,
(ck)7Z; so that the interpolation problem has a solution in the class M?, p > 1.

AMS Subj. Classification: 30E05

Key Words: holomorphic function, interpolation, MP-space

1. Definition of some spaces of holomorphic functions and some
known results

Let D = {z € C'| |z| < 1} be the unit disk. We denote by MP the space
of holomorphic function in D such that

/Qﬂ(log+ Mf(0))Pdh < oo,
0

where '
Mf(0) = sup |f(re”)|
0<r<1
and
0, 0<a<l1
+ ) >
log"a = { loga, a>1 (see [1]).

By NP we denote the set of holomorphic functions on the unit disk D such that

2m )
sup / (log™ | f(re?)))Pdb < co.
o<r<1Jo

By HP? we denote the set of all holomorphic function on the unit disk such that

2
sup / |f(re®)PdB < oc.
0<r<1Jo
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The following inclusions are true:

JrPc(N?, [N CMCN.
p>0 p>1 p>1

For p > 1 it holds N? = MP. Also, it holds N # M (see [3]).
We denote by b(z) the Blaschke product

-1l

Zl—|)\] ) <oo, z€D

and

Aj— 2z |Aj]
71;[]9 1—Xjz Aj

For the Blaschke product it holds |b(z)| < 1, for z € D (see [4]).

Let X be a class of holomorphic functions defined on the unit disk and
(Ar)2, be a sequence in D. For the sequence (c;)72, of complex numbers, the
interpolation problem is the problem of finding the function f € X such that

f) =¢; for keN. (1.1)

Let Y be a family of sequences of complex numbers. The sequence (A\g)52, is
the interpolation sequence of the pair (X,Y"), if for every sequence (¢;)32, C Y
exists function f € X such that (1.1) holds.
The sequence is uniformly separated, if there is positive number § such
that
inf |bg(Ag)| > 0.
Jnf |bp (A)] 2
By I*° we denote the set of all bounded sequences of complex numbers.

Carleson (1958) has proved the following result:
The sequence (A;)32, Ak € D for which ) (1 — |Ag|) <oo is the interpo-
1
lation sequence for the pair (H,1°°), if and only if it is uniformly separated.
Let (A\,) be a sequence of complex numbers such that A\, € D, A\, # A\,
for n #m and > (1 — | \x|) < 0.
1

For all 0 < p < oo with ¥ we denote the set of all sequences of complex

numbers (c;) such that S7(1 — |Ag|?)|ck|P < oo.
1
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Let 0 < p < oo. The sequence (A;)52,, Ay € D for which > (1 — |Ag]) <
1

00, is the interpolation sequence for the pair (H?, IP), if and only if it is uniformly
separated.

The above result for 1 < p < oo is obtained by H.S. Shapiro and A.L.
Shields (1961) and for 0 < p < 1 is obtained by V. Kabaila (1963).

We give a condition for these sequences (A;)52, and (cx)7,; so that a
function f € MP with the property f(Ag) = ¢k, k = 1,2,.... exists.

We will use the next theorems.

Theorem A. The sum of a uniformly convergent series of holomorphic
functions is a holomorphic function in every inner point on the set, where the
series converges uniformly, see [5].

Theorem B. (Principle for compactness for holomorphic functions)
Let (fn) be a sequence of functions which are holomorphic on region G and for
which it holds: for every closed set B C G exists a constant M (B) such that for
every function of the sequence (fy,) it is true

|fn(2)] < M(B) for every z € B.

Then the sequence (f,) has subsequence which converges uniformly on every
closed subset from G, see [5]

Holder’s inequality. If ay and by are complex numbers, k =1,...,n

1 1 n n 1 n 1
and if —+—=1, p>1, then Z lagby| < (Z ]ak]p>p . (Z ]bk]q)q
p q k=1 k=1 k=1

2. Main results

Theorem 1. Let p > 1 and let (\g)32, be a sequence of complex
o0

numbers such that A\ € D and Z(l — I)\k|)% < oo. Let (c)72, be a sequence

k=1
of complex numbers such that
.- !/\ |
Z TorOow)| i |log ci| < 0o for some € which satisfies 0 < e < 1.
k

k=1

Then there exists f € MP such that f(X\;) =c¢;j for j € N and f ¢ H®, for every
s> 0.
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Proof. Because of 0 < |A\;x| < 1 and p > 1, it follows that Z(l— |Ak]) <
k=1
oco. Let f(z) = expg(z), where g(2) = g1(2) + g2(2) + g3(2) and

0 0
1 _ |>\k| a—l—l
Z 1 — e ng 92(2) = - Z(l - |>‘k|)7
k=1

k:l

o be(®) (=l
93(2) = kZZI be (M) ’ (1 — ze—0k)e -log ¢,

where 0, = arg A\, and o = —.

It is obvious that f()ﬁ) =cj, jEN

Since f is a holomorphic function, it is sufficient to prove that g(z) is
holomorphic function. This is a corollary of the above expansions via Theorem
A. Further, we get the following estimates:

00 00
1_|)\k| a+1 1_|)\k| a+1 A
| < E E < fi A
lg1(2)| < 2 = e wk 2 (= |2)® TSEE or some A > 0,
00
>y br(2)] (1= Mel)*
k=1

o0
PP (1 — el B
< : - -1 < — B )
> |bk (Mg [1 — ze—k|e |log cy| < 1=z or some B > 0

Let s > 0. Let fi(z) = expgi(2), fa(2) = expgs(z), Ax = (1 — [Xg|)*L.
We will estimate |f1(2)]:

)

1_ |/\k| a+1

|f1(2) |—exp(ReZ (1 — ze—ik)e )
k:l

S AR ! S Ao L= 1)
= exp(kZ:: k e(W) N EXp(kz:; F 6(1 — 2rcos(6 — 6;) + 7"2)0‘)

(1 — are” («9—«9k) + (Oé) 2 —2i(0—0k) — .. )

= A
- kz:l ke (1 —2rcos(0 — ) +12)e
~ exp ( d Akl — arcos(0 — 0) + (5)r? cos2(6 — 6;) — .. )
(1 —2rcos( — ) +r2)e
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ZeXP(iAk 1—041"—(‘;)7"2—... )
k=1

(1 —2rcos(6 — 6;) +r?)e

2—(1+ar+(5)r*+
M1 =2rcos(6 — Hk)—l—r?)a)

ad 2—(1+nr)>
= A
exp (Z k (1 —2rcos(6 — ) + 7"2)"‘)
Ay
(1 —2rcos(f — ) +r2)e

I
@
»
ol
/
ANgER
=

>exp((2—-(1+7)%)

B
We use the inequality e* > %, B >0and z > 0. Now,

2r .
sup [ e a9
0

0<r<1
2T
> sup /exp(s(2 -1+ A de
T o<r<l (1 —2rcos(f — 0y) + r2)e
=0

or
/ 1 sP(2—(1+r)*)PAY
> sup [ —
0<r<1 (p1) 1 — 27 cos(0 — O) + r2)er

0

1
Since o = —, then

27 1
27 _ p )P
sup/ | f1(rei?))? d0>—A’1’ sup /(2 (1+r)r) do
0<r<1Jo '

0<r<1 1—2rcosf +r2
0

Sy
= —AP271 sup
T 0 1—r?

Since fo(z) = exp g3(z) has no zero, it exists dy > 0 such that:
|fa(z)] > 80 >0, Vze D={z : |2] <1}.

So we have

2 2
. 271' . . .
/ Frd®)do = 1° / ()P | folre®)[*dB > 5ol / Fo(re?)do = oo,
0
0 0
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where [ = exp g2(2).

Now we show that f € MP. We use the inequalities log™ ab < logta +
log™b and (a + b)P < 2P(aP + bP) for @ > 0 and b > 0. For p > 1 it holds
MP = NP, in the sense of a set.

We show that f1 € MP. We have shown above (in the estimation of
AN that Re 3 ke
Now, the following holds:

> 0 for |2| < 1.

> A
log™ 1) =log™ exp (Re Y- 17— Ky
k=1

o0 0
:ReZ(l_ze z@k Z]l—ze 10k|o<'

k=1
1
P

o 569 < (5 4)7 (3 )

k=1

Let 1 < ¢ < pand — = 1. Then from Holder’s inequality we have

1
q

~

[e.e]
/ 1
It is true that: E AY < 400 and o <1 (@ =-).
p
k=1

Then, if z = re? (0 < r < 1), we get

2

00 2
. / do
k=1

0

ie. f1 € MP.

1
Since Z — | A)® | O(g;k)|| < 00, in a similar way, for f; we can show
fo € MP.
It holds exp g2(z) € MP, so f € MP. [
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